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The anomalous collision frequency that results from microturbulence in a Hall thruster
plume is experimentally characterized. A combination of quasi-linear theory and measure-
ments of ion density oscillations are employed to estimate an effective electron collision that
results from the growth of the electron drift instability in the acceleration zone of a 9-kW class
Hall thrusters. These values are compared to measurements of the actual electron collision fre-
quency as inferred from an experimental technique based on laser induced fluorescence. In the
near-field plume where the assumptions underlying the quasi-linear framework are satisfied,
the wave-driven collision frequency is found to agree within experimental uncertainty with the
measured collision frequency. However, the wave-driven effects are shown to over-predict the
collision frequency in the thruster acceleration zone. These results suggest that while electron
drift instability may be a dominant driver for anomalous transport in the Hall thruster, there
may be limitations in applying the proposed quasi-linear framework to relate the measured
wave properties to this transport. These results are discussed in the context of potential effects
that may violate the quasi-linear assumption, including nonlinear wave-wave coupling and
non-equilibrium electron distributions.

Nomenclature
By = Applied magnetic field
E, = Applied electric field
g = Gordeev Function
Je = Electron current density .
kxy,z = Wavenumber in the axial, azimuthal, and radial directions.
Ade = Debye Length
L = Discharge chamber length
m = Electron mass
Ne = Electron density
Ve = Total electron collision frequency
Ve = Classical electron collision frequency
vaN = Anomalous electron collision frequency
Wee = Electron cyclotron frequency
q = Fundamental charge
ol = Larmor radius
T, = Electron temperature (eV)
uj = Ion drift speed in axial direction
Vde = Electron drift speed in Hall direct

I. Introduction
The understanding of anomalous electron transport in Hall thrusters remains a significant challenge in the modelling
and development of these devices. Hall thrusters employ crossed magnetic and electric fields to constrain electrons into
an azimuthal Hall current to improve the residence time of electrons as they ionize a neutral gas propellant. Electrons are
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expected to travel across the magnetic field lines following classical particle-particle collision models, but experiments
have demonstrated that the electron mobility is orders of magnitude higher than could be explained by collisions[1]].
This so-called anomalous electron transport has yet to be adequately explained, which impedes efforts to model overall
thruster operation and behavior which require an electron transport model [2].

Different theories have been proposed to explain this effect [3H8]], but the emerging consensus points toward transport
driven by the formation of coherent small-scale instabilities [9]]. Recent kinetic simulations [[10-16]] and analytical
models [[17H19] suggest that the high azimuthal E X B velocity of the electrons results in the growth of the so-called
electron drift instability (EDI). The EDI grows at the expense of electron kinetic energy and enhances the cross field
mobility. While there have been several numerical and theoretical studies on this proposed transport mechanism, the
experimental evidence has been more limited. Indeed, although recent experiments show the presence of this instability
[20-23]] in Hall thrusters, there has been no experimental data directly demonstrating that this instability results in the
observed transport levels.

While we have recently demonstrated that the EDI could be solely responsible for observed transport level, the
results were inconclusive due to missing information about the instability dispersion relation, which determines how
much the oscillations in the plasma enhance transport [24]. Most notably, the wave-driven transport was shown to
be extremely sensitive to the wavenumber along magnetic field lines, which was not directly measured. Additionally,
mapping of wavenumber in the dispersion relation to experimentally measured frequencies was performed crudely and
could have introduced significant uncertainty in the final result.

This work aims to resolve these previous issues through better determination of the radial wavenumber and implement
a more refined technique for converting wavenumber to frequency space. To this end, the paper is organized as follows:
In Section II we outline the plasma theory used to calculate the anomalous collision frequency. In Section III we detail
the experimental setup and methodology. In Section I'V. we present the results of the experiment and finally in Section
V. the results are discussed.

IL. Theory
In this section, we motivate a theoretical and experimental framework for inferring the anomalous collision frequency
from the onset of low-level oscillations in the thruster plume. To this end, we first outline the problem of anomalous
electron transport. We then introduce a formula for relating the properties of wave turbulence to an effective transport
coefficient. Finally, we discuss methods for experimentally evaluating this expression for anomalous transport.

A. Problem of anomalous transport

Figure [I]shows a representative geometry of the Hall effect thruster. This cylindrical crossed-field device employs
a radial magnetic field B that is perpendicular to an applied axial electric field E in order to confine electrons for
efficient ionization. The magnetic field strength is selected such that while the electrons are strongly magnetized
(pe << L, where p; is the electron Larmor radius and L is thruster channel length) and constrained to an E X B drift, the
ions(p; > L) are not magnetized and freely stream out of the device. As a result, ions are accelerated electrostatically
while in principle electrons are confined.

Due to particle-particle collisions, electrons should exhibit some small mobility across magnetic field lines in the
direction of the electric field. However, due to the effect of some non-classical mechanism, the observed electron
transport levels are orders of magnitude larger than could be explained by collisions. Most recent efforts to explain this
cross-field transport phenomenon have focused on how the formation of microscale instabilities propagating in the
E x B direction could increase cross-field transport.

B. Relating properties of plasma turbulence to transport
The onset of electrostatic fluctuations can promote cross-field transport levels that exceed the classical value. We
can represent this impact by introducing an anomalous force R, to the electron momentum equation:

d(mnv,)

p +V - (mnv,v,) = —qn(g +V, X B - V(nT,) — mnv v, + Ran. (D

Here m is electron mass, n is electron density, v, is the electron velocity, E and B are externally applied electric and
magnetic fields, and v, is the classical electron collision frequency. Following the quasi-linear techniques of Davidson
and Krall[25]], the anomalous force term can be represented by the phase-averaged interaction between electric field and
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Fig. 1 Schematic of a Hall thruster with the wave direction coordinate system. The components are &, along
the electric field vector, k, in the E X B direction, and k, along the magnetic field lines.

density perturbations in the azimuthal direction and related to an effective collision frequency (v,,) by

Ran = —e(dEdn) = _mnvanVExB (2)
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Here the perturbations terms denoted by dx are fast oscillations about some mean value X, Vgxp is the electron velocity
in the azimuthal direction driven by the crossed axial electric and radial magnetic fields (Vgxp = Ex/B;), and w, is
electron cyclotron frequency. The brackets here indicate taking the phase average of the terms inside. If electric field
and density oscillations are in-phase, this phase averaged term will be non-zero and result in an effective force.

In order to evaluate the anomalous collision frequency, we need measurements of the density and electric field
perturbations. However, while measurements of local density oscillations are simple to collect, the same is not true
of local electric field oscillations. In lieu of direct electric field oscillations, if we know the type of instability that is
present in the plasma, we use its dispersion relation to relate the electric field amplitude to the density measurements.
Simulations have shown the electron drift instability is most likely to form and result in the cross field transport. This
drift-driven instability develops due the high azimuthal electron velocity against the relatively stationary ions. The
instability grows at the expense of the electron kinetic energy and acts as an effective drag force.

With this in mind, following the work of Ducrocq et al. and Cavalier et al.[17, [I8]], the dispersion relation for the
Hall thruster geometry (Fig. [T) is given by
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Here w is the complex oscillation frequency, w. is the electron cyclotron frequency, w; is the ion plasma frequency,

k= /k,% + ki + k% is the oscillation wavenumber, & is the wavevector component traveling in the axial direction, ky is
the component in the E X B direction, k is the component in the radial direction (along magnetic field lines), Vp.y is
the azimuthal electron drift velocity, Vj, is the ion beam velocity in the axial direction, Ap. is the Debye length, and



P = Vine/wee is the electron Larmor radius at thermal velocity V; . = +/gT./m where T, is expressed in electron-volts.
Following this dispersion relation density perturbations can be related to plasma potential oscillations by:
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where g, and g; are the real and imaginary components of the Gordeev function respectively. Finally, we assume the
potential perturbations can be represented by a Fourier decomposition and are related to the electric field perturbations
by

5= Bliye' V) +cec. 7)
ky
OE = -V = —iky6¢, 3

where c.c. denotes the complex conjugate and ¢ (k) 18 the complex amplitude at wavenumber k. With these relations,
the anomalous collision frequency is given by
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The Gordeev function related term g; /(1 + g,)? + g% is a proxy for the growth of the instability at a particular
wavenumber. Therefore this equation shows that the anomalous collision frequency will be high when both the
oscillation amplitude (|ng|/n) is large and the oscillations coincide with wavenumbers of high growth from the
dispersion. Alternatively, if a measured oscillation is strong at a particular frequency, but that frequency does not map
to high growth rate, then it will not strongly contribute to enhanced transport.

C. Inferring wavenumber spectrum of fluctuations

In practice, as we describe in the next section, nearly all the background plasma state variables in Eq.[O}—electron
temperature, density, electric field, and magnetic field — can be measured. In principle, the spectrum of density
fluctuations as a function of wavenumber, n ky also can be inferred. For example, measurement with coherent Thomson
scattering[26] can directly determine this quantity, while we previously have used Beall analysis combined with ion
saturation probes to infer this property(23}24]]. However, there are limitations with both techniques. While the collective
Thomson scattering technique can directly determine |ny|/n, it is limited in the wavenumber space it can access. This
technique can only see part of the spectrum at high wavenumber, and notably did not detect a local maximum in
oscillation amplitude within the wavenumber domain. This implies that the wavenumbers with the highest amplitudes
and perhaps strongest contribution to transport could not be seen. Alternatively, the probe-based technique can only
access small wavenumbers relative to where the maximum growth is expected, but it can measure the entire frequency
domain expected of the EDI.

In light of these limitations, we instead work in frequency space when evaluating the anomalous collision frequency.
We measure the time-resolved fluctuations in the plasma and apply a Fourier transform. This yields the power spectrum
as a function of frequency, |n.|. If the dispersion relation w(k,) is known, we thus can in principle can invert it to
transform [n,| — [nk,|. The challenge with this approach, however, is the EDI dispersion relation (Eq. is not
necessarily a one-one function between frequency and wavenumber. Therefore, we must employ a method for assigning
an effective wavenumber and value of the Gordeev function at each frequency.

An example dispersion relation for the EDI in the Hall thruster acceleration zone in shown in Figure[2] The growth
rate is peaked at multiple discrete wavenumbers corresponding approximately to harmonics of the electron cyclotron
resonance frequency: ky = nwe, /VExB, where n in the harmonic mode number. The real frequency at each harmonic is
centered in periodic regions of high dw/dk,. Outside the harmonic, the slope of real frequency turns negative before
leveling out and then turns positive again approaching the next harmonic. It is in this region between the harmonics
where the dispersion relation no longer is a one-one function between frequency and wavenumber.

In order to make a one-one function we first use our calculated dispersion relation to create map between frequency

and the dispersion related term in Eq. ﬂ —ky (I-i-ggw’ which is also not a one-one relation. We then create bins in the
frequency domain and assign to each bin the average value of —k, m within the frequency range. An example of
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Fig.2 Representative dispersion relation of the EDI the Hall thruster plume. Real frequency (blue) and growth
rate (orange) are plotted against the azimuthal wavenumber £, .

this process is shown in Fig. [3| where we use the results of the sample dispersion relation in Fig. 2] Here the impact
of the discrete peaks in growth rate is retained, albeit with noise that depends on both the width of the frequency bin
and the wavenumber resolution used when solving the dispersion relation. As discussed in the Sec. [I} this approach
of mapping frequencies to wavenumber is a substantial improvement over the previous methodology used in Ref[24]]
where the averaging was effectively done over the entire frequency space and reduced to a constant value. This earlier
approach largely ignored the discrete nature of the dispersion relation.

I11. Experimental Setup

A. Test article

All data for this experiment was collected using the H9, a 9-kW class Hall effect thruster developed jointly by
NASA’s Jet Propulsion Laboratory, the University of Michigan, and the Air Force Research Laboratory [27, 28]]. The
H9 employs a magnetically shielded topography [29]], and uses a center-mounted LaBg hollow cathode. This thruster
was tested in the Large Vacuum Test Facility (LVTF) at the University of Michigan. The H9 was operated at 300V and
15A with a xenon flow rate of 165 sccm through the anode and a 7% cathode flow fraction. The thruster body was
electrically tied to the cathode.

The experimental layout for characterizing the H9 is shown in FigH] with the key diagnostics shown: wave
measurement probes and laser optics for laser induced florescence (LIF) measurement of the beam ions. The wave
probes are used to determine the power spectrum of ion density oscillations at various positions in the plume, and the
LIF measurements are used to estimate local plasma parameters and provide a baseline anomalous collision frequency.

B. LIF setup for inferring background plasma properties

Following the works Perez-Luna and Dale, we determine plasma density, electric field, electron temperature,
ion beam velocity, and anomalous collision frequency non-invasively through laser-induced fluorescence (LIF)
measurements[30} 31]]. LIF is used to measure the axial ion velocity distribution function at multiple locations along
channel centerline from the thruster exit plan to almost a channel length down stream. The ion velocity distribution
function (VDF). can then be used to solve the one-dimensional Boltzmann equation for density, temperature and electric
field when combined with a downstream boundary condition for density. This downstream density is estimated using
the wave probes which are biased far into the ion saturation current regime. The electron collision frequency can
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be calculated using the electron momentum equation as described in Ref. [31]]. The LIF results in this paper were
previously published in Ref.[24] and are repeated here for completeness with only the density and electron collision
frequency being slightly changed due to more precise estimation of downstream density compared to the previous work.

C. Ion saturation probes

We employed ion saturation probes for measuring the fluctuations in ion density. These cylindrical probes were
oriented in the x direction, parallel to the ion beam, to minimize the effect of ram current and mounted on fast motion
stages to quickly the inject the probes in the plume and minimize perturbative effects. The probes collected data at
fixed locations along channel centerline that overlapped with the LIF data-set with spatial uncertainty of +2mm due the
length of the probe tips.

The ion saturation probes are biased to -45V using batteries. The current is read across a low-inductance and
low-capacitance 100Q resistor into a ATS9462 16-bit digitizer. The fluctuations in ion saturation are then related
to fluctuations in plasma density by iss,/Isq; = 7i/ii where we have assumed electron temperature oscillations are
negligible. Here we assume quasi-neutrality has the electron and ion density oscillation amplitudes to be roughly the
same magnitude.

By performing a Fourier analysis, we can determine the power spectrum |n,|/n, and by using the cross-correlation
between two probe signals we can estimate the wavenumber of the oscillation. As discussed in the previous section,
these probes can only directly measure the low wavenumber domain. The largest directly measurable wavenumber is
7/Ax, where Ax is the spacing between the probes. In total there were 3 probes, with one pair being offset in the axial
direction by 1 cm and another in the radial 1.5 cm.

IV. Results
In this section we present the results of our investigation, starting first with plasma parameters determined from the
LIF technique and then the wave estimated collision frequency. Here we will also provide a brief discussion on the
sources of uncertainty in each diagnostic.

A. Background plasma properties

The main four plasma parameters inferred from LIF, ion velocity, electron temperature, electric field strength,
and plasma density are shown in Figure|5|as a function of position in the plume with z/L denoting the exit plane of
the thruster. The majority of the ion acceleration occurs in just a narrow region downstream at z/L =~ 1.1 which is
commensurate with the peak electric field observed at this location and a narrow peak in electron temperature. As
described in Ref[31] the LIF-Boltzmann integration technique only directly yields the normalized density gradient
(Vn/n), In order determine the density profile a downstream density measurement is needed to anchor the integration.
For this we used the mean ion saturation current from the wave probes. This yielded a plasma density between
2 -3 x 10" m? at the end of the LIF domain. The density profile shown in Figure represents the range of densities
that can occur at each location in the domain due the uncertainty in the downstream measurement.

B. Dispersion relation

The measured radial and axial dispersion relation are shown in Figures [6| and [7] as Beall plots. Beall plots are
effectively histograms in frequency and wavenumber where the counts are the power spectrum at that frequency and
wavenumber combination [32]. The radial dispersion shows several blob-like structures at the frequencies corresponding
to the EDI resonant frequencies and wavenumbers on the order of 50-150 rad/m. The axial dispersion shows substantial
structure in frequency domain belonging to the EDI. The Beall plots exhibit substantial phase wrapping where the
dispersion relation appears continually wrap around the edge of the figure, which is indicative of oscillation wavenumbers
larger than can be directly measured due to the finite probe spacing. We highlight this effect in Fig. [§] where we
have repeated the Beall plot in wavenumber space to demonstrate the continuous structure. This unwrapped structure
is very similar to the example dispersion relation shown in Figure [2] where the parts of the dispersion that were not
one-one relations were smoothed over in the experimental data. This very clear axial data allows for a second method of
estimating the radial wavenumber. The slope of the dispersion relation near the resonance harmonics is strongly related
to the value of the radial wavenumber. By iterating on the radial wavenumber in our calculation of the theoretical
dispersion, we can find what values gives the closest match to the slope seen in the Beall plots. The value determined
from this method is approximately 150 rad/m, close to what we estimated from the radial probes. This wavenumber
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Fig. 5 Plasma properties inferred from LIF measurements. a) Ion beam velocity, b) axial electric field, c)
electron temperature, and d) ion density are plotted against axial position normalized by the channel length

where z/L = 1 is the exit plane of the thruster.
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Fig. 6 Measured radial dispersion relation from experiment.

corresponds to a normalized value (k,4p.) of about 0.0075 in the acceleration region and is the value used in solving
the dispersion relation when we calculate anomalous collision frequency.

C. Power spectrum of oscillations associated with EDI

The relative density oscillation amplitudes (n,,/n)?* collected by the wave probes at various positions are shown in
Figure[9] Here several distinct harmonics are visible starting at 4dMHz and every ~2.7MHz thereafter. These are the
frequencies corresponding to where the growth rate is a local maximum such as seen in Figure 4| and have previous been
matched to EDI cyclotron resonances[23]]. These are also the frequencies that show up as the high intensity zones in the
Beall plots. Along the channel centerline, the oscillations are at their strongest in the acceleration zone then drops off
and stays roughly constant towards the end of the near-field. This trends makes sense when considering the wave should
originate in the acceleration region where its energy source, the E X B electron velocity, is largest.

D. Collision frequency

Using the methods described in Sec. [lIL we can calculate the anomalous collision spatial profile using the power
spectrum at each location(Fig. [0 and the Gordeev function terms determined from the dispersion relation at each
position (ex: Fig. [3) to evaluate Eqn. [0 This result is plotted in Figure[I0]along with the collision frequency determined
from LIF and the classical particle based collision frequency. Due to the uncertainty in the density profile described in
Section [[TI] the results are shown in Figure[I0|as a range of possible values. For the wave driven collision frequency, we
reevaluate the dispersion relation for each possible density, and for the LIF result, the spread in collision frequencies
comes from the estimation of the electron velocity which depends on density (see Ref[31]]).

The collision frequency profile inferred from LIF has a minimum value on the order of the classical collision
frequency at the location of peak electric field (z/L = 1.125) then increases monotonically by over an order of magnitude
going downstream. Conversely, the wave driven collision frequency is at its maximum just upstream of the peak
electric field where the temperature is also high, but is approximately constant elsewhere in the plume. There is relative
quantitative agreement between the two methods in the downstream near field region, but the wave driven value is
almost two orders of magnitude larger than expected from LIF in the acceleration zone. The magnitude of both collision
frequencies in this acceleration region makes qualitative sense. Indeed, from a macroscopic perspective, we expect that
a peak in electric field should correspond to the minimum in electron collision. Similarly, since the EDI grows at the
expense of the E X B drift, it also follows that the wave-driven collision should be largest at the peak electric field where
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E X B is also at its maximum value. While both of these trends are thus physically plausible, it is intriguing that the
anomalous collision frequency is orders of magnitude higher than the actual transport. We discuss possible reasons for
this is discrepancy in the next section.

V. Discussion

The calculated anomalous collision frequency from both LIF and wave theory are found to be roughly within the
same order of magnitude in the downstream near field region, but there is a divergence in the acceleration zone. This is,
to our knowledge, one of the first direct confirmations that there is sufficient energy to explain the transport—in at least
some regions of the plasma. With that said, the wave driven collision frequency is about two orders of magnitude larger
than the value inferred from LIF, which is on the order of the classical collision frequency in this region.

The wave driven transport is predicting higher transport levels due to the high electric field and electron temperature
in this region resulting in larger values of g;/((1 + g,)* + g?) in Eqn. @ Similarly the predicted growth rate is the
highest at this location due to the high electric field, even though the measured collision frequency from LIF is at its
minimum. To illustrate this point we plot in Figure [11| the mean growth rate (¥ = >, yx/>x 1) , which is a more
physically intuitive proxy for the Gordeev terms in Eqn]against the wave energy density which we define as:

Er = Zn(%")z. (10)
k

Both the energy density and growth rate are at their maximum near the peak electric field, which is why the calculated
anomalous collision is at its maximum here.

There are a few potential reasons to explain this inconsistency between measured low collision frequency and
the expected high collision frequency from theory. First, although we are assuming quasi-neutrality, simulations of
the electron drift instability have shown that due to non-linear effects the amplitude of ion density oscillation can be
significantly higher than the electrons[12]]. Our wave probes measure ion density while the density terms in equation
[ refer to the electron amplitudes. If this effect is occurring, then wave driven collision should be uniformly lower,
assuming the discrepancy between ion and electrons remains even throughout the acceleration zone. This could
potentially bring the LIF and wave driven values close together in the acceleration region, but there would now be
divergent behavior in the downstream near-field region.

As a second possible explanation, we note that the collision frequency in the near-field region may not fully described
by just the EDI dispersion relation. Simulations have shown that the non-linear effects lead to the formation of a
modified two stream instability (MTSI). The MTSI is likely non-linearly coupled to the EDI, but the theory we have
developed in this work does not capture this process or its its impact on transport—particular in the lower frequency and
wavenumber domain.

A third explanation for the discrepancy stems from the assumption in the EDI dispersion relation that the electrons
are well represented by a Maxwellian distribution. If this is not the case, the effect of oscillations on anomalous transport
can significantly change. The original work on the EDI dispersion relation by Ducrocq et al.[[17] showed that the
electron velocity distribution function could become distorted as the wave grows and saturates. This distortion reduces
the envelope of wavelengths that can still grow and reduces the influence of the already developed wave. This effect is
expected to occur more in the acceleration region where the wave forms and distorts the distribution function during its
initial growth. Downstream, the electron could potentially be more Maxwellian due to the absence of the energy source
for the instability, and the electrons can more easily reach equilibrium. A similar result was demonstrated by Lafleur et
al.[33]] using 2D PIC simulations that showed the formation of non-Maxwellian distributions resulting in growth rates
significantly lower than values determined by assuming a Maxwellian as well as a reduced anomalous friction force.
This same work also showed that deviation was most pronounced at the acceleration zone, whereas downstream, the
Maxwellian and non-Maxwellian results were closer in agreement.

VI. Conclusion
In this paper, we performed measurements of plasma oscillations and electron mobility. We applied quasi-linear
theory to relate the plasma oscillation to wave-driven electron transport. Previous work applied similar methods but
could not conclusively demonstrate that the measured transport level could be attributed to wave effects. This was
due to a lack of precise determination of radial wave number, which strongly determines how much the waves affect
transport. Similarly, the previously employed technique for determining how the impact of each frequency largely
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ignored the discrete resonant nature of the instability. We improved upon this work by performing a more rigorous and
precise estimation of the radial wavenumber, as well more accurately taking the resonant nature of the instability into
account when calculating the wave driven transport. This significantly reduced the uncertainty our calculated collision
frequencies.

Through use of quasi-linear theory the predicted collision frequency due to the electron drift instability related
oscillations were shown to be in close agreement with the measured near-field electron collision frequency but
significantly over-predicted the collision frequency in the acceleration zone. Possible explanations for this disagreement
were proposed. Among these explanations, we have highlighted the potential role of non-equilibrium distributions in
the acceleration zone impacting the momentum exchange of the wave with the background electrons. This interpretation
is consistent with the conclusions of some recent, reduced dimensional kinetic simulations. Taking into account these
effects will be crucial for further modelling of the EDI and its effect on electron transport in Hall thrusters.
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