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The performance of an axisymmetric multi-fluid Hall thruster code that incorporates a
self-consistent, data-driven closure model for the anomalous electron transport is investigated.
Five different operating conditions of the H9 magnetically shielded Hall thruster are simulated
with the Jet Propulsion Laboratory’s Hall2De. In order to capture the inherent uncertainty
associated with the closure model, O(100) simulations are run for each condition, each of
using a coefficient set sampled randomly from a probability distribution. The results of these
simulations provide probabilistic predictions of thruster performance quantities including
thrust, and discharge current, as well as several component efficiencies and centerline plasma
properties. The model is found to yield converged solutions at all conditions, with large 10 kHzrange oscillations and performance trends with voltage and flow rate similar to experiment.
The model under-predicts the thrust by 15-25% and over-predicts the discharge current by 20%
on average compared to experiments at the same discharge voltage and mass flow rate. This
performance discrepancy is due to lower beam utilization, mass utilization, and divergence
efficiency than experiment, resulting from high Hall parameters in the acceleration region,
which lead to a protracted ion acceleration region. The physical processes underlying this
result are discussed in the context of future data-driven modeling efforts.
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electic field vector
magnetic field vector
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charge of species 𝑠
mass of species 𝑠
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pressure of species 𝑠
velocity vector of species 𝑠
current density vector of species 𝑠
momentum-transfer collision frequency between species 𝑠 and species 𝑡
anomalous electron collision frequency
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I. Introduction
all-effect thrusters are electric propulsion (EP) devices that feature moderate to high specific impulse and high
thrust density compared to other conventional EP systems. This makes them attractive both as station-keeping
thrusters for satellites as well as deep space thrusters for both robotic[1] and crewed[2, 3] missions. As the scope of
missions employing Hall thrusters expands, the need for capable modeling and simulation (M&S) tools increases. This
need is driven both by the desire to reduce qualification testing time for long-duration missions and to explore design
space to develop thrusters with new levels of power and efficiency. One example of the utility of M&S tools is the recent
development of magnetic shielding, the mechanism behind which was in part discovered using simulations[4, 5], and
which has been responsible for a dramatic increase in Hall thruster lifetime[6].
Despite the utility of M&S tools, there remain unsolved problems in Hall thruster physics and operation which
preclude the development of fully-predictive simulations. Most notably, in the crossed-field plasma in the thruster’s
annular channel, electrons diffuse across the confining magnetic field lines orders of magnitude more quickly than
expected from classical theory[7]. This “anomalous” process has a profound influence on the structure of the Hall
thruster plasma, governing key aspects of efficiency and acceleration. While many theories have been proposed for this
effect, there is an emerging consensus that it is largely attributed to the presence of the growth of kinetically-driven
micro-instabilities which produce an effective drag on the electrons[8]. The challenge from an M&S perspective is thus
how to self-consistently model the effect of these modes in a thruster code.
With that said, while high-fidelity kinetic modeling is a valuable tool in directly capturing the physics of the processes
driving the anomalous transport, the high computational expense makes them infeasible for practical engineering
simulations of whole thrusters. We are therefore interested in fluid models of this transport. These offer a drastic
reduction in computational cost, but their reduced fidelity means they will not be able to self-consistently capture the
inherently kinetic nature of this anomalous transport. This motivates the need to develop approximate models of the
anomalous transport which can be represented in a fluid framework.
Historically, the enhanced electron transport is represented in a fluid framework via the introduction of an effective
transport coefficient—typically in the form of an anomalous electron mobility or anomalous electron collision frequency
[7]. There is a long history of attempts to develop self-consistent models of the anomalous collision frequency,
from Bohm diffusion[9], to algebraic (zero-equation) turbulence models[10–13], to more complex turbulence models
consisting of a system of partial differential equations[14]. To date, however, none have proved predictive across multiple
thrusters and operating conditions[15]. Practically, this has posed a major impediment for M&S of Hall thrusters.
Without a validated model of the anomalous collision frequency, it is impossible to determine how a given thruster
will perform from its geometry and operating conditions alone. The development of such models is thus of paramount
importance to future Hall thruster M&S efforts.
In order to develop models which are applicable to a wide variety of thrusters and operating conditions, we have
started exploring a data-driven approach to try to find an expression for the electron transport coefficients. In the first
work in this vein, Jorns[15] used symbolic regression on a dataset of anomalous collision frequencies inferred from
experimental measurements to propose algebraic closure models for this coefficient. In this work, the author was able
to produce several models capable of predicting the anomalous collision frequency profile of a thruster not in the
training data with greater accuracy than previously-proposed first principles models . However, the models were not
self-consistently implemented into a Hall thruster simulation, so it was unclear whether these predictions would yield
converged simulations with thruster performance and plasma properties similar to experiment.
To address this outstanding question, in a follow on work [16], we used an external loop to implement one of these
models into Hall2De, a state of the art fluid Hall thruster code developed at the Jet Propulsion Laboratory[17]. We
simulated the H9, a 9-kW class magnetically shielded thruster[18], and compared the model predictions to experimental
results. We found that the integrated model resulted in a converged simulation with features qualitatively similar to
experiment for a thruster not in the training dataset. We also obtained probabilistic predictions by drawing samples from
an inferred distribution of model fit coefficients and running simulations at each coefficient set.
While this work was an initial proof of concept of the utility of a data driven model, it had a number of limitations.
First, the collision frequency model was not directly implemented into the code, instead relying on an external loop to
monitor the simulation and progressively modify the input parameters. As a result, we had to specify the anomalous
collision frequency predicted by the data-driven model as a piecewise-linear function along the channel centerline,
which was then projected along the magnetic field lines using Hall2De’s standard approach[17]. While the off-centerline
scaling may not significantly impact the simulation results[19], the external loop likely reduced the coupling between
plasma and anomalous collision frequency models, which could have affected the solution. As a second limitation, we
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only examined one operating condition, and the number of cases we ran to generate statistics for the predictions was
sparse with only twenty points. Lastly, we did not consider the impact of the cathode anomalous collision frequency,
which also may play an important role in governing the plasma dynamics in Hall thrusters[20, 21].
In light of the limited scope of the previous work, the need is apparent for a fully self-consistent implementation of
the data-driven model into a Hall thruster simulation and for a more comprehensive evaluation of its predictive qualities.
To this end, we expand the implementation of the data-driven closure model to be applied locally everywhere in the
domain, making for a more self-consistent test. We also expand the dataset for comparison by simulating five operating
conditions on the H9 magnetically-shielded Hall thruster for which we have experimental performance measurements.
We improve the statistical estimates from our models as well by expanding the number of simulations to 𝑂 (100) per
condition, each simulation using a coefficient set drawn from an inferred distribution. Lastly, we treat the scaling
coefficient of the cathode anomalous collision frequency as uncertain, and sample from a distribution of this coefficient
in concert with the other sampled model fit coefficients. This process yields probabilistic predictions of thrust, discharge
current, anode efficiency, and centerline plasma properties at each condition, which are then compared to experiment.
This paper is organized in the following way. In Sec. II, we review the problem of electron transport in Hall
thrusters and summarize previous attempts to model it in a fluid framework, including our own data-driven approach. In
section III, we describe the model calibration procedure and review the capabilities and setup of our simulation. In
section IV, we show probabilistic predictions for thrust, discharge current, specific impulse, and several efficiencies for
the H9 at five operating conditions, and compare to experimental values. In section V, we discuss these results in the
context of previous and future closure modelling attempts. Finally, in section VI, we summarize our findings.

II. The problem of anomalous electron transport in Hall thrusters
In this section, we discuss the nature of anomalous transport in the Hall thruster—both with respect to the channel
and in the cathode near field. To this end, we first describe the geometry of the system and how transport is modeled in a
fluid framework. We then outline closure models that have been proposed for both regions to date.
A. Cross-field transport in the channel
1. The closure problem

Fig. 1 Principle of operation of a Hall thruster illustrating relevant fields and drifts. 𝐸® is the electric field, 𝐵® is
the magnetic field, 𝑗 ®𝑑𝑒 is electron current, and 𝑉𝑎 is the voltage applied to the anode. Ions (𝑖 + ) are in blue, while
ˆ and field-parallel ( k̂) coordinate vectors are indicated.
electrons (𝑒 − ) are in red. The field-perpendicular (⊥)
Figure 1 depicts the operation of a typical Hall thruster. Electrons streaming from a thermionic cathode toward the
anode become trapped orbiting the radial magnetic field lines in the channel of the device, restricting their movement
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toward the anode. The axial electric field created by the applied voltage orthogonal to the applied magnetic field induces
a strong azimuthal Hall current. The high-speed electrons in this current impact and ionize neutral atoms injected into
the channel. These ions follow the axial electric field, accelerating out of the device, while the plume is kept electrically
neutral by the injection of additional electrons downstream from the cathode.
Although the electrons are highly-magnetized and in the ideal case confined to drifts strictly in the Hall direction,
classical theory allows them to diffuse across the magnetic field lines via collisions with ions and neutrals. In a fluid
formulation, this process is typically represented (neglecting electron inertia) with a generalized Ohm’s law:

𝑗 𝑒⊥
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=
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𝑒𝑛𝑒

(1)

In this equation, 𝑒 is the fundamental charge, 𝑚 𝑒 is the electron mass; 𝜔 𝑐𝑒 is the electron cyclotron frequency (𝑒𝐵/𝑚 𝑒 );
ν𝑒 is the classical electron collision momentum-transfer collision frequency, which is the sum of the electron-ion (ν𝑒𝑖 )
and electron-neutral (ν𝑒𝑛 ) collision frequencies; 𝑛𝑒 is the electron number density; 𝐸 ⊥ is the cross-field component of
the electric field, and ∇⊥ 𝑃𝑒 is the cross-field electron pressure gradient. We see that when 𝜔 𝑐𝑒 /ν𝑒 > 1, increasing ν𝑒
directly increases the cross-field electron current 𝑗 𝑒⊥ . The classical forms for the electron-ion and electron-neutral
collision frequencies in this expression are known[22] and as such it is possible to calculate the classically expected
cross-field electron transport in these devices. The problem of “anomalous“ cross-field transport stems from the fact that
experiments have shown that the cross-field electron transport is several orders of magnitude in excess of what classical
collisions alone would predict[7]. It is standard practice in fluid-based models for Hall thrusters to try to approximate
this enhanced transport by introducing an ad-hoc collision frequency e.g.
ν𝑒 ≈ ν𝑐 + ν 𝐴𝑁 .
Here, ν𝑐 = ν𝑒𝑖 + ν𝑒𝑛 and represents the classical contributions to the total electron collision frequency, and ν 𝐴𝑁 is the
anomalous collision frequency coefficient. This coefficient can be changed and adjusted until simulation results for the
electrons (and be extension other plasma properties) match experimental measurements. This is the current practice
done in both hybrid particle-in-cell[23, 24] and fluid Hall thruster simulations[17, 19]. While this approach allows
simulations to match experimental measurements with a high degree of accuracy[5, 25], it introduces a challenge for
making predictions. Indeed, introducing this new parameter opens the plasma governing equations, leaving us with one
more variable than we have equations for. Ideally, just as there are closed form solutions for classical collisions, we
would want a similar one for the non-classical effects.
In this work, we are interested in zero-equation closure models for the anomalous collision frequency. A “closure
model” is an expression or formula for an unknown quantity which makes the number of equations equal to the number
of unknowns in a system, and which is in terms of quantities already being modelled by the existing governing equations.
The simplest closure model would be one which assumes that the unknown quantity is constant, while more complex
ones depend on the plasma properties. A “zero-equation” model is a model which takes the form of an explicit expression
for a quantity of interest, in contrast to one-equation or two-equation models which require the solution of additional
partial differential equations[14]. There is a long history of attempts to capture anomalous transport with a zero-equation
closure derived from first principles, including models based on Bohm diffusion[9, 24], wall effects[7, 26, 27] and
plasma turbulence[10–12]. However, none of these models has been fully-predictive or extensible between thrusters, so
we turn to data-driven methods to discover new models of this phenomenon.
2. Adopted closure model
In a recent effort, Jorns[15] has proposed to apply data-driven methods to address the closure problem. Using a set of
hand-tuned anomalous collision frequency profiles for a number of different thrusters as a dataset and employing symbolic
regression, Jorns found at least three candidate models which performed better than previous first-principles closures.
However, these closures featured numeric fit parameters which did not have clear physical meaning. Additionally, these
models were inferred from steady-state one-dimensional thruster data, so it remained unclear how well these models
would perform when integrated into a full time-resolved Hall thruster simulation. In this work, as in our last work[16]
we focus on the simplest of the three candidate models, which we reproduce below:

ν 𝐴𝑁 = 𝜔 𝑐𝑒 𝑐 0 +
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In this model, the anomalous collision frequency scales with the electron cyclotron frequency, the magnitude of the ion
velocity |u𝑖 |, and inversely with the ion sound speed 𝑐 𝑠 and the electron E × B drift speed in the azimuthal direction v𝑑𝑒 .
This collision frequency is applied in the field-perpendicular direction in the bulk of the Hall thruster discharge. In the
cathode plume (defined as the location radially inward of 𝑟 = 0.8𝑟 𝑐,𝑖𝑛 , where 𝑟 𝑐,𝑖𝑛 is the radial location of the inner
channel at the thruster exit plane), we apply a different model for anomalous collision frequency.
B. Electron transport in the cathode plume
1. The problem of closure
Figure 2a depicts a centrally-mounted hollow cathode with its associated magnetic field and field-aligned coordinate
system. Electrons emitted from the cathode stream outward along the magnetic field lines until they eventually encounter
the main Hall thruster ion beam. Some of these electrons remain with the beam to keep it electrically neutral as it leaves
the device, while the remaining others then stream toward the anode across the field lines.
As with the thruster channel, experimental and computation evidence have shown that anomalous collisionality is
present in the plumes of hollow cathodes like those used in Hall thrusters[28, 29]. Experiments have shown that there
are two primary types of anomalous electron transport in the cathode plume[29]. The first is ion-acoustic in nature
and acts primarily along the magnetic field lines. The other results from azimuthally-propagating anti-drift waves[30]
and yields cross-field electron transport. In this work, we consider the effect of the parallel transport only. In thruster
models, the effect of this anomalous collision frequency on the electron dynamics can be represented with a generalized
Ohm’s law. In this case, however, the transport is considered in the parallel direction to the applied field:
∇ k 𝑃𝑒
𝑚 𝑒 ν𝑒
𝑗𝑒 k = 𝐸 k +
.
(3)
2
𝑒𝑛𝑒
𝑒 𝑛𝑒
In this equation, we see that the field-aligned potential and pressure gradients 𝐸 k and ∇ k 𝑃𝑒 scale with the anomalous
collision frequency for a fixed density 𝑛𝑒 and parallel electron current 𝑗 𝑒 k . We can see from this equation introducing
an additional anomalous collision frequency in the cathode plume can lead to steeper gradients in both pressure and
electric field. This is consistent with experimental measurements. Indeed, it has been shown that incorporating
anomalous transport in the cathode plume can significantly increase the agreement between Hall thruster simulations
and experiments[20]. As is the case with the Hall thruster channel dynamics, however, introducing this additional
collision frequency again opens the governing fluid equations. We therefore need to select a closure model for the
cathode anomalous collision frequency.

Fig. 2 (a) Magnetic field lines (yellow) and magnetically-aligned coordinate system of a centrally-mounted
hollow cathode. Ion acoustic waves propagate primarily in the field-aligned direction. (b) The region of the
plume in which the cathode anomalous collision frequency model is applied.
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2. Adopted closure model
Following the work of Mikellides et al [28] and Jorns et al[29], we adopt a model for the transport based on the
Sagdeev model[31]:

ν 𝐴𝑁 ,𝑐𝑎𝑡 ℎ𝑜𝑑𝑒 = 𝛼𝑀𝑒 𝜔 𝑝𝑖

𝑇𝑒
.
𝑇𝑖

(4)

Here, 𝑀𝑒 is the electron Mach number, 𝜔 𝑝𝑖 is the ion plasma frequency, and 𝛼 is a proportionality constant of order
0.01[32, 33]. In this model, the spectrum of the ion acoustic turbulence is saturated by nonlinear ion Laundau damping.
The wave grows linearly with the electron drift speed, leading to a dependence on the electon Mach number.
While it has been shown that this model may not be able to accurately capture oscillations in the cathode plume[21],
it has been used with great success to improve the fit between experiment and simulation in hollow cathodes[28] and
Hall thrusters[20]. In terms of actual implementation for this closure, unlike the case of the wave-driven effects in the
Hall thruster channel, the IAT will not persist far downstream of the cathode. To represent this in practice, we therefore
confine the region where this closure is adopted. This region is shown graphically in Fig. 2b. Outside this region, the
anomalous cathode collision frequency is assumed to be negligible.

III. Methods
Now that the models for beam and cathode anomalous collision frequency have been established, we can describe
our implementation of these models into a Hall thruster simulation. We first discuss how we determined the distribution
of the model coefficients for both models. Next, we briefly describe the fluid code used in this work, the thruster we
simulate, and the data to which we compare our results. Lastly, we describe the process by which we compute global
performance metrics and efficiencies from the simulation output and tabulate simulation input parameters.
A. Model calibration
Both our data-driven model and the cathode anomalous collision frequency model have free parameters that must be
calibrated against data. However, there is inherent uncertainty in the coefficients stemming primarily from uncertainty
in the proposed model. We want to capture this rigorously and in turn be able to quantify how it impacts certainty in the
integrated model predictions. To this end, we formulate our model calibration process as a Bayesian inference problem.
In this approach, we represent the model coefficients, 𝑐 0 , 𝑐 1 , etc. probabilistically, i.e. as distribution functions. The
nature of these distribution functions can be inferred by comparing the model predictions to data. The algorithm for
this is based Bayes’ theorem (Eq. 5), where we obtain an expression for the probability 𝑃 of that model parameters
Θ = {𝑐 0 , 𝑐 1 , 𝑐 2 } being correct given our model 𝑓 that we have observed the data 𝑑:

𝑃(Θ | 𝑑, 𝑓 ) =

𝑃(𝑑 | Θ)𝑃(Θ | 𝑓 )
.
𝑃(𝑑)

(5)

Here 𝑃(Θ | 𝑑) is the posterior probability, or the probability of the model parameters being correct after seeing the data,
given the model; 𝑃(𝑑 | Θ, 𝑓 ) is the likelihood, or the probability of seeing the data assuming the model parameters are
correct, given the model; 𝑃(Θ) is the prior probability, or the probability of the model parameters being correct before
seeing the data, and 𝑃(𝑑) is the evidence, or the probability of seeing the data.
1. Closure model for cross-field transport
In calibrating the our data-driven model, we take 𝑑 to refer to the set of ten piecewise-linear calibrated anomalous
collision frequency profiles from validated simulations described in Ref.[15]. This data spans three thrusters at multiple
operating conditions, with powers ranging from 1 to 6 kW.
The prior probability, 𝑃(𝜃 | 𝑓 ), encapsulates our knowledge of what the model coefficients should be prior to the
inference procedure. In our previous effort [16], we took the priors to be uniform distributions on some interval. Here, we
assume a more permissive Gaussian priors which allows the parameters to take any value. In the absence of more detailed
information, we assume the prior probability of the coefficient set {𝑐 0 , 𝑐 1 , 𝑐 2 } to be the product of three independent
normal distributions centered on previous estimates of these coefficients. We use 𝑐 0 = −0.0337, 𝑐 1 = 2.39, 𝑐 2 = 3.32
as the mean of our prior distribution, as these were the coefficients initially described in Ref.[15]. We then have
6

𝑐 0 ∼ N (−0.0337, 𝜎𝑝0 ), 𝑐 1 ∼ N (2.39, 𝜎𝑝1 ), and 𝑐 2 ∼ N (3.32, 𝜎𝑝2 ). Here, 𝜎𝑝𝑖 is the standard deviation of the prior
distribution of parameter 𝑖. The overall prior probability density function for a model with 𝑁 𝑝 parameters with normal
priors is given by

𝑃(𝜃) =

𝑁𝑝
Ö
𝑖=1

1
√
𝜎𝑝𝑖

"


2#
1 𝜃 𝑖 − 𝜇 𝑝𝑖
exp −
.
2
𝜎𝑝𝑖
2𝜋

(6)

The prior standard deviation of coefficient 𝑖, 𝜎𝑝𝑖 , is a hyperparameter, an uncertain number which is not formally part of
the parameter set being inferred. Tuning hyperparameters from data is a nuanced problem [34–36] and one outside of
the scope of this work. Instead, we simply assume 𝜎𝑝 = 3.0 for all three parameters, which gives the prior distributions
a similar variance to the previous work without explicitly constraining them to a fixed range of values.
As in our previous work, we assume that the likelihood, 𝑃(𝑑|𝜃, 𝑓 ) is Gaussian in form. The full expression for our
likelihood is:
"

2#
10 𝑁
1 ÕÕ 1
1 log10 ν 𝐴𝑁 (𝑇𝑖 , 𝑧 𝑗 ) − log10 𝑓 (Θ, 𝑇𝑖 , 𝑧 𝑗 )
.
𝑃(𝑑 | Θ, 𝑓 ) =
√ exp −
𝑁 𝑖=1 𝑗=1 𝜎 2𝜋
2
𝜎(𝑇𝑖 , 𝑧 𝑗 )

(7)

For each of the training datasets {𝑇1 , 𝑇2 , . . . , 𝑇10 } we have 𝑁 grid points {𝑧1 , 𝑧2 , . . . , 𝑧 𝑁 } at which various surrogate
plasma data, including the calibrated anomalous collision frequency, are known, and at which our model 𝑓 for the
anomalous collision frequency can be evaluated. At each grid point, we assume the data is prediction plus some
Gaussian noise. 𝜎(𝑇, 𝑧) is the standard deviation of this noise at axial location 𝑧 on the centerline of thruster 𝑇. We infer
the base-ten logarithm of the anomalous collision frequency so that we do not bias our predictions toward regions where
the anomalous collision frequency is high. This is important because the anomalous collision frequency is typically
low in the ionization and acceleration regions, and the solution is very sensitive to the value of ν 𝐴𝑁 in this region[19].
Taking the logarithm of the anomalous collision frequency in the likelihood evaluation means a factor of two difference
when ν 𝐴𝑁 ∼ 106 Hz is treated the same as when ν 𝐴𝑁 ∼ 109 Hz, prioritizing a solution which matches the data well at
all orders of magnitude.
We adopt a three-zone model for the noise. Mikellides and Lopez Ortega have shown that Hall2De is insensitive to
changes of the anomalous collision frequency of up to two orders of magnitude when 𝑧/𝐿 . 0.65 and up to a factor of
two in the plume [19] 𝑧/𝐿 & 1.5, where 𝐿 is the thruster channel length. The noise model we use in this work weights
these regions accordingly:


3𝜎

 𝑁

𝜎(𝑇𝑖 , 𝑧 𝑗 ) = 𝜎𝑁


 2𝜎𝑁


𝑧/𝐿 < 0.65
0.65 ≤ 𝑧/𝐿 ≤ 1.5
𝑧/𝐿 > 1.5

(8)

Here, the “base noise” 𝜎𝑁 is another hyperparameter, which we set to 2. The evidence, 𝑃(𝑑) is typically difficult to
evaluate. However, if data 𝑑 is fixed with respect to the model 𝑓 and parameters Θ, it acts solely as a normalizing
constant on the posterior probability. The Markov chain Monte Carlo methods we employ in this work can sample from
un-normalized posterior distributions, so evaluating the evidence is unnecessary.
Armed with these inputs, we now have a prescription for evaluating the probability distribution of coefficients. To
visualize these distributions and to obtain sample coefficient sets with which we can run simulations, we employ the
Delayed-Rejection Adaptive Metropolis algorithm[37] to sample randomly from the distribution. Figure 3 shows the
resulting joint and marginalized probability distributions for the model coefficients from Eq. 2 after drawing one
million samples. The three histograms on the diagonal of Fig. 3 are the marginal probability density functions of each of
the parameters 𝑐 0 , 𝑐 1 , and 𝑐 2 . These represent the overall probability of seeing each of the the three parameters without
reference to the other two parameters. The three plots in the bottom left of Fig. 3 represent the joint distributions of the
coefficients with respect to each other, and show how, if at all, the coefficients are correlated. We can see that the joint
distribution of 𝑐 0 and 𝑐 1 appears roughly elipsoid, with the long axis pointing down and to the right. This indicates that
𝑐 0 and 𝑐 1 are negatively correlated, which, with reference to Eq. 2, makes sense, as a smaller (more negative) value of
𝑐 0 would require a larger value of 𝑐 1 to give a similar result. The other parameters appear uncorrelated, as their joint
distributions are roughly circular in shape.
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Fig. 3 MCMC posterior probability distribution function on the model coefficients. One million samples were
drawn from the posterior. The acceptance percentage was 40%. Bright regions are regions of high probability
(many accepted samples), while dark regions have low probability (few samples).

Using our probability distribution of fit coefficients, we can visualize how the variance in 𝑐 0 , 𝑐 1 , and 𝑐 2 affect the
predictions of our model. To this end, we show in Fig. 4 the resulting predictions for the centerline anomalous collision
frequency (along with 95% credible intervals) for two of the ten points in the training data. To generate these plots,
we evaluate the model on the data at each sampled set of fit coefficients. At each grid point, we compute the median
predicted value of ν 𝐴𝑁 and a 95% high density credible interval (the smallest interval containing 95% of the predictions).
We plot the median prediction of ν 𝐴𝑁 /𝜔 𝑐𝑒 in black and the credible interval in blue. The red dashed line represents the
inferred anomalous collision frequency profile from the validated simulations that we were calibrating against.
The most probable coefficients according to our procedure are {𝑐 0 , 𝑐 1 , 𝑐 2 } = {−0.0015, 1.04, 2.16}, which differ
somewhat from those obtained in Refs.[15, 16]. This can be attributed to the fact that our updated likelihood deemphasizes the downstream anomalous collision frequency in favor of a closer match in the acceleration region. This
yields different fit coefficients. Fig. 4 depicts the worst fit among the ten produced, while Fig. 4 is among the better
fits. We see that both fits agree well with the inferred anomalous collision frequency just downstream of the exit plane
(1 ≤ 𝑧/𝐿 ≤ 1.25) while over-predicting the upstream collision frequency and under-predicting the downstream collision
frequency. Referring to Fig. 3, we see that 𝑐 0 is typically very small, 𝑐 1 is close to unity, and 𝑐 2 is 𝑂 (5). Since the ion
sound speed 𝑐 𝑠 is typically a few orders of magnitude smaller than the electron drift velocity v𝑑𝑒 , we can simplify Eq 2
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(a)

(b)

Fig. 4 Simulated centerline anomalous collision frequency profile as predicted by the data-driven model for
thrusters 1 (a) and 5 (b) in the training data. The blue filled area represents 95% credible interval.

to show that our data-driven model scales with:
𝑢𝑖
ν 𝐴𝑁
≈ 𝑐1
.
𝜔 𝑐𝑒
v𝑑𝑒
This means that the goodness of fit is largely constrained by the ratio of the ion velocity to the electron drift velocity,
and that the shape of the profile is insensitive to the coefficient choice. The coefficient with the largest impact, 𝑐 1 , only
serves to scale the profile up or down. While we get a very good fit considering the simplicity of the model, the only
coefficient with the ability to affect the shape of the curve, 𝑐 2 , has only a minor impact on the solution, so we fit some of
the test data points (Fig. 4b) better than others (Fig. 4a).
2. Closure model for cathode plume
There is significantly less data available for calibrating the cathode anomalous collision frequency profile than for
the beam collision frequency. The data we rely on for this work comes from Georgin and Jorns[21], who compared the
predictions of several cathode anomalous collision frequency models to time-resolved measurements. They found a best
fit coefficient of 𝛼 = 0.003 for the Sagdeev closure model which we employ in this work. (Eq. 4). In the absence of
other data to compare against, we assume that log10 (𝛼) is normally distributed about log10 (0.003), with a standard
deviation of a factor of three in either direction:
log10 (𝛼) ∼ N (log10 (0.003), log10 (3)).

(9)

This distribution, while centered about the best fit point in Ref [21], encapsulates our uncertainty about 𝛼 in two
ways. First, other studies have found a value of 𝛼 ∼ 0.01 gives good agreement between Hall thruster simulations and
data [20] , and Eq. 9 gives significant probability weight in this region. Second, Georgin’s data comes from the cathode
employed in the H6 thruster[38], which is a slightly different cathode than the one used in the H9, the thruster we are
simulating, so it is unreasonable to constrain our distribution of 𝛼 too narrowly around his estimate.
B. Simulated thruster and operating conditions
All simulations in this work were performed using the geometry and magnetic field topology of the H9[18, 39], a
magnetically-shielded Hall thruster developed in a partnership between the University of Michigan (UM), the NASA Jet
9

(a)

(b)

Fig. 5 a) H9 magnetically-shielded Hall thruster in operation with outline of computational domain and b)
schematic of computational domain including all boundaries
Case

𝑉𝑑 (V)

𝐼 𝑑 (A)

𝑚¤ 𝑎 (mg/s)

𝑇 (mN)

𝑃𝑏 (Torr)

Simulations

10−6

1
300
15
14.8
292.9 ±3.5 4.8 ×
100
−6
2
300
20
18.5
377.6 ±3.8 5.8 × 10
98
−6
3
400
15
15.4
350.8 ±3.4 5.0 × 10
99
4
500
15
16.1
405.1 ±3.4 5.3 × 10−6 97
5
600
15
15.4
447.2 ±3.0 5.4 × 10−6 100
Table 1 Experimental discharge voltage 𝑉𝑑 , discharge current 𝐼 𝑑 , anode mass flow rate 𝑚¤ 𝑎 , measured thrust
𝑇, and measured background pressure 𝑃𝑏 , and number of simulations for all test cases. Data from Ref. [40]
.
Propulsion Laboratory, and the Air Force Research Laboratory, and which was not present in the training dataset. A
picture of the thruster with a depiction of the simulation domain, boundaries, and reference coordinate system is shown
in Fig. 5. We examined five operating conditions, summarized in Tab. 1. Each case used xenon as the propellant. The
performance data in this table was collected in 2021 at UM[40]. We compare our simulation results to both this data and
laser-induced fluorescence measurements of the ion axial velocity in the acceleration region, collected at UM in 2018.
C. Description of Hall thruster model
Armed with our prescription for the data-driven model, distributions on its fit coefficients, and a thruster to simulate,
we next turn to implementing our model self-consistently in a Hall thruster fluid model. To this end, following our
previous work from Ref. [16], we used Hall2De, a two-dimensional axisymmetric fluid and particle-in-cell plasma code
developed by the Jet Propulsion Laboratory. The details of its plasma model and solution procedure are described in
detail elsewhere[17, 25]. In brief, Hall2De treats ions as unmagnetized and electrons as fully-magnetized and inertialess.
Electrons are solved on a magnetic field-aligned mesh and ions can be solved either on the same mesh or on a separate
Cartesian grid. We track three ion charge states (Xe+ , Xe2+ , and Xe3+ ) and two ion fluids (cathode ions and beam ions).
The ions are assumed to be cold and their azimuthal motion is neglected. As the mean free path for neutral-neutral
collisions is very long in Hall thrusters, they cannot be treated as fluid. Instead, they are treated using a line-of-sight
viewfactor algorithm similar to those used in radiation transport computations[41].

10

Input

Value

Run time
6 ms
Time step
9 ns
Number of charge states
3
Number of ion fluids
2 (1 beam and 1 cathode)
Ion temperature
500◦ C
Cathode boundary electron temperature 5 eV
Cathode flow fraction
7%
Cathode ionization fraction
5%
Table 2 Simulation parameters

For the simulation boundary conditions, we assume that at insulating surfaces such as the channel walls and pole
covers, as well as at the outflow boundaries, the net current and electric field are both set to zero. At conducting faces
like the anode, a sheath forms and the electron current and potential are determined from the state of the plasma in
the cell adjacent to the boundary edge. On the thruster centerline, all fluxes and gradients are set to zero to enforce
axisymmetry. The electron temperature is set to 2.5 eV on the outflow faces, and its gradient is set to zero at all other
faces, save for the cathode. The cathode boundary is a plasma source with user-provided mass flow rate, ionization
fraction, and electron temperature. The cathode flow fraction is set to 7% to match experiment, but no data is available
for the ionization fraction and electron temperature at the cathode keeper face. Parametric studies showed that the
plasma solution was insensitive to these parameters, so we set them to 5% and 5 eV, respectively (see Appendix B).
We evaluate our data-driven model for the anomalous collision frequency on all field-perpendicular edges and in
all cells. We specify the model coefficients in the simulation input file. For each operating condition, we sample 100
coefficient sets (𝑐 0 , 𝑐 1 , 𝑐 2 , 𝛼) from the data-driven coefficient distributions in Fig. 3 and the cathode anomalous collision
frequency distribution Eq. 9. We set up a simulation input file for each of the coefficient sets, and then run a simulation
using that input. Each simulation uses its case’s pre-computed initial condition. These were generated by running
cold starts at that case’s flow rate and voltage for 0.5 ms of simulation time. The simulations are run in parallel on the
Great Lakes supercomputer cluster at the University of Michigan. Each simulation uses 8 cores, and was run for 0.6
milliseconds of simulation time, at a timestep of 9 nanoseconds per iteration. Each batch of 100 parallel simulations
took on average 15 hours to run. The simulation parameters discussed in this section are summarized in Tab. 2.
D. Computation of performance parameters
We briefly describe here how all performance metrics evaluated in the next section were computed from the
simulation output. We compute the thrust, 𝑇, by integrating the ion axial momentum flux over the outflow boundaries:
∬
𝑚 𝑖 𝑛𝑖 𝑢 𝑖𝑧 (u𝑖 · 𝑛)
ˆ 𝑑𝑆.

𝑇=

(10)

outflow

Here, 𝑢 𝑖𝑧 is the component of the ion velocity parallel to the 𝑧ˆ axis, 𝑑𝑆 is the differential surface area, 𝑛ˆ is the surface
normal vector, and 𝑚 𝑖 is the ion mass. The discharge current 𝐼 𝑑 is found by integrating the sum of the ion and electron
currents over the anode boundary:
∬
(𝑒𝑛𝑖 (u𝑖 · 𝑛)
ˆ − (j𝑒 · 𝑛))
ˆ 𝑑𝑆.

𝐼𝑑 =

(11)

anode

With thrust and discharge current, we can compute the specific impulse 𝐼𝑠 𝑝 and anode efficiency 𝜂 𝑎 :

𝐼𝑠 𝑝 =

𝑇
𝑔0 𝑚¤ 𝑎

(12)
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𝜂𝑎 =

𝑇2
.
2𝑚¤ 𝑎𝑉𝑑 𝐼 𝑑

(13)

Here, 𝑔0 = 9.81 m/s2 , 𝑚¤ 𝑎 is the mass flow rate through the anode, and 𝑉𝑑 is the discharge voltage. These four parameters
alone will give us a high-level overview of our thruster’s performance, but in order to better characterize a thruster it is
often useful to break the anode efficiency down into several components, following the model proposed by Hofer[42]:
𝜂 𝑎 = 𝜂 𝑚 𝜂 𝑑 𝜂 𝑏 𝜂v 𝜂 𝑞 .

(14)

Here, 𝜂 𝑚 is the mass utilization efficiency, 𝜂 𝑑 is the divergence efficiency, 𝜂 𝑏 is the beam utilization efficiency, 𝜂v is the
voltage utilization efficiency, and 𝜂𝑞 is the charge utilization efficiency. To compute these, we first need to compute
the ion beam current, the axial component of the beam current, and the beam current fraction for each charge state.
The beam current 𝐼𝑏 and axial beam current 𝐼𝑏𝑧 are found by integrating the ion current density and axial ion current
density, respectively, over the outflow boundaries:
∬
𝐼𝑏 =
∬
𝐼𝑏𝑧 =

𝑒𝑛𝑖 (u𝑖 · 𝑛)
ˆ 𝑑𝑆

(15)

𝑒𝑛𝑖 𝑢 𝑖𝑧 ( 𝑧ˆ · 𝑛)
ˆ 𝑑𝑆

(16)

outflow

outflow

For a charge state 𝑗, the beam current fraction of that charge state Ω 𝑗 is found by integrating the beam current fraction
of only that charge state:
Ω𝑗 =

1
𝐼𝑏

∬
𝑒𝑛𝑖 𝑗 (u𝑖 𝑗 · 𝑛).
ˆ

(17)

outflow

In this expression, 𝑛𝑖 𝑗 and 𝑢 𝑖 𝑗 are the density and velocity of ions at charge state 𝑗. With these quantities in hand, we
can compute our five efficiencies. We begin with the mass utilization, which is the ratio of the ion mass flow rate to the
anode mass flow rate and measures how effectively the propelland is ionized:
𝑚¤ 𝑖
𝑚𝑖
=
𝑒 𝑚¤ 𝑎 .
(18)
𝑚¤ 𝑎
𝐼𝑏
The divergence efficiency measures how collimated the ion beam is and is given by the square of the ratio of the axial
ion beam current to the total ion beam current:
𝜂𝑚 =



𝐼𝑏𝑧
𝜂 𝑑 = cos 𝜃 𝑑 =
𝐼𝑏

2

2

.

(19)

The beam utilization efficiency represents what fraction of the discharge current is composed of ions, and is the ratio of
the ion beam current to the discharge current:
𝐼𝑏
.
𝐼𝑑

𝜂𝑏 =

(20)

The voltage utilization efficiency represents how much of the discharge voltage is used to accelerate ions:
𝜂v =

𝑉𝑎
.
𝑉𝑑

(21)

Here, 𝑉𝑎 is the effective “acceleration voltage” which is computed by averaging the ion kinetic energy over the outflow
boundaries. Lastly, the charge utilization is a correction factor to account for multiply-charged ions:
Í
𝜂𝑞 =

3
𝑗=1 Ω 𝑗 /

p

2
𝑍𝑗
.

Í3

𝑗=1 Ω 𝑗 /𝑍 𝑗

(22)

Here, 𝑍 𝑗 = 1 for singly-charged ions, 2, for doubly-charged ions, and 3 for triply-charged ions. Armed with these
efficiencies, we are able to estimate the different contributions to Hall thruster performance and evaluate the impact of
anomalous collision frequency models on the overall thruster performance.
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IV. Results
In this section, we present the probabalistic predictions from our data-driven model of thruster performance,
efficiency metrics and plasma parameters extracted from the thruster channel centerline. We begin by examining the
distributions of thrust, specific impulse, discharge current, and anode efficiency at the 300 V and 15 A condition, then
show how the median predictions of each of these metrics trend with voltage and flow rate. We then analyze several key
efficiency metrics and the plasma properties along the thruster centerline to diagnose areas where the model may differ
from experiment. Finally, we analyze the time-resolved behavior of our simulations.
A. Probability distributions for performance predictions at 400 V and 15 A
In Fig. 6, we present histograms of the predicted performance at the 400V and 15 A condition. The thrust is
under-predicted, with a median thrust of 285 mN and a 95% credible interval of 210 - 310 mN, 19% lower than the
experimental value of 350 mN (Tab. 1). The discharge current is over-predicted, with a median of 18 A (95% credible
interval of 12 - 20 A) compared to the 15 A of the experiment. The low thrust leads to a low specific impulse, with a
simulated median 𝐼𝑠 𝑝 of 1900 s (95% credible interval 1500 - 2200 s) compared to 2350 s in the experiment. Finally, we
find a median simulated anode efficiency of 39% (95% credible interval of 30-45%) compared to 65% in the experiment.
The experimental thrust, efficiency, and specific impulse are not contained within the simulated credible intervals.

Fig. 6

Histograms of performance metrics at the 400 V and 15 A condition

B. Comparison of median performance metrics and experiment
To see how performance trends across voltages, we plot the median predictions and 95% credible intervals against
the experimental data for all five conditions. Fig. 7. We see that, like the experiment, the thrust increases linearly with
voltage and is underpredicted by 40-60 mN for all conditions except the 600 V and 15 A condition, where the thrust is
underpredicted by 120 mN. For 300 V, 400V, and 500 V (at 15 A), the discharge current does not change significantly
with voltage, which matches experiment, though the simulated discharge currents are 3 to 4 A higher than experiment.
At 600 V and 15 A, the median discharge current drops to a value closer to experiment. Interestingly, at the 300 V and
20 A condition, the median simulated discharge current is predicted nearly exactly, though there is high uncertainty in
this value. As 𝐼𝑠 𝑝 scales linearly with thrust, we see the same trends as we see in the Fig. 7a, with a linear increase with
voltage for all conditions except 600 V and 15 A. Finally, while the experimental the anode efficiency trends slightly
upward at higher voltages, the median simulated anode efficiency trends slightly downward or remains flat.
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In addition to accurately capturing the experiment trends with respect to voltage, our model also seems to predict the
correct trends with increasing mass flow rate, though we only have two points to compare to (300 V and 15 A and 300 V
and 20 A). The thrust increases with higher flow rate, though the increase in thrust in the simulation between 15 A and
20 A is only 40 mN, compared to a difference of nearly 100 mN in the experiment. As we would expect, the discharge
current increases as well with increased flow rate, though again by a smaller magnitude than in the experiment (3 A in
the simulation vs 5 A in the experiment for the same change in flow rate). The specific impulse and anode efficiency
change little at higher flow rates in both simulation and experiment.

Fig. 7 Evolution of a) thrust, b) discharge current, c) specific impulse and d) anode efficiency with respect
to discharge voltage for both simulation (blue) and experiment (magenta). The markers represent median
predicted values and the uncertainty bars represent 95% credible intervals on the predictions.
With these figures in hand, we can summarize our data-driven model’s predictive performance. We underpredict
thrust by 40-75 mN at most conditions, overpredict the discharge current by 2-4 A, underpredict the specific impulse by
300-400s and underpredict the anode efficiency by less than a factor of two. However, with the exception of the 600 V
and 15 A condition, we qualitatively reproduce experimental trends for thrust, specific impulse and discharge current
with respect to both voltage and mass flow rate. We can now turn to analyzing what drives this lower performance.
C. Efficiency breakdown
To determine why the performance of the simulated thruster with our data-driven model is lower than experiment,
we break down the thruster performance into component efficiencies, outlined in Sec. III.D. In Fig. 8, we show how
our computed efficiencies compare to experimental values for the 400 V and 15 A. In this figure, we compute the
anode efficiency from the thrust and discharge power, while the “probe” anode efficiency is the anode efficiency is the
product of the other five efficiencies. We find that the charge and voltage utilization efficiencies are within uncertainty
of experiment, while the mass utilization, beam utilization, and divergence efficiencies are significantly lower.
In Fig. 9 we present how these efficiencies change with voltages and flow rate. Note that we do not have experimental
efficiency data for the 500 V and 600 V conditions. We see that that the median simulated mass utilization is flat with
voltage, except for at the 600 V and 15 A condition, where it declines by 7% compared to the 500 V and 15 A condition.
The beam utilization efficiency appears to trend up with voltage, though the 95% credible intervals do not significantly
change, so it is statistically possible the beam utilization remains flat. The divergence efficiency is also uniformly lower
than experiment, with only small variation at increasing voltage and flow rate. The charge and voltage efficiencies
are very similar to experiment, with a median simulated charge efficiency 1-2% higher than experiment and a median
14

Fig. 8

Simulated (blue) and experimental (magenta) efficiencies at the 400 V and 15 A condition

Fig. 9 Evolution as a function of dischage voltage of a) Probe anode efficiency, b) mass utilization efficiency,
c) beam utilization efficiency, d) voltage utilization efficiency, e) charge utilization efficiency and f) divergence
with respect to discharge voltage for both simulation (blue) and experiment (magenta). The markers represent
median predicted values, and the uncertainty bars represent 95% credible intervals on the predictions.

simulated voltage efficiency 1-3% lower. The probe anode efficiency is consistent with the anode efficiency determined
from the thrust and discharge power, indicating that our efficiency model captures all of the relevant factors affecting the
thruster performance. The variance at 300 V and 15 A is significantly lower than at the other conditions.
In summary, the data-driven model predicts similar charge and voltage utilization efficiencies to experiment, but
significantly reduced divergence, beam utilization, and mass utilization efficiencies. To understand why these efficiencies
are low, we now turn to analyzing the centerline plasma properties.
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D. Centerline plasma properties
In Fig. 10 we present simulated centerline profiles of the axial ion velocity, electric potential, normalized anomalous
collision frequency, and electron temperature for the 400 V and 15 A condition. Compared to the laser-induced
fluorescence measurements of ion velocity in Fig. 10a, we find that the simulated ion velocity profile is significantly
more shallow than the experiment, with an ion acceleration region two thruster-lengths long. This is four times the
length of the experimental region. Consistent with this more protracted acceleration, the potential profile in Fig. 10b
is also shallow. The anomalous collision frequency profile (Fig. 10c looks qualitatively similar to those in Fig. 4a
and Fig. 4b, but axially-stretched and shifted downstream, with the inflection point occurring at 3 thruster-lengths
downstream of the exit plane. Near the exit plane, at 𝑧/𝐿 = 1, the anomalous collision frequency is between 1/30 and 1
times the cyclotron frequency. This is unusual, as the anomalous collision frequency is typically 𝑂 (0.01)[19], a factor
of two or three lower than the lowest value predicted by our model. Lastly, we see that the electron temperature curve is
very wide, nearly three thruster-lengths in extent. It reaches a median peak of 45 eV at an axial location of 𝑧/𝐿 = 2, with
a variance of nearly 75% in both directions.
While the variance in the anomalous collision frequency is approximately uniform throughout the domain, the
variance in predictions at the 400 V and 15 A condition for ion velocity, plasma potential, and electron temperature reach
their maximum in the acceleration region, and decline deeper into the plume. This holds true across all other conditions
(seen in Appendix A), except for 300 V 15 A, where the variance in the acceleration region is much lower than the other
conditions, but the variance in the far plume is much larger, with a ∼150 V variance in the predicted potential drop.

Fig. 10 Simulated centerline profiles of a) ion velocity, b) potential, c) normalized anomalous collision frequency
and d) electron temperature at the 400V and 15 A condition. Ion axial velocity data obtained via laser-induced
fluorescence is depicted as a dashed red line in (a)

E. Time-resolved analysis
Lastly, we examine the time-resolved behavior of our simulations and compare to experiment. Our last work found
𝑂 (10) kHz oscillations in the thrust and discharge current and axial displacement of the acceleration region in time
with these oscillations, both of which are consistent with the well-known Hall thruster breathing mode[43]. We find
a similar result in this study. In Fig. 11, we compare median and 95% credible intervals of the discharge current
power spectra from our simulations to experiment, finding a 10 kHz-range oscillation in each case and qualitatively
similar shapes. At 300 V and 15 A, we find a primary peak at 10 kHz, compared to 13 kHz in the experiment, with
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a secondary higher-frequency oscillation at 35 kHz, compared to 47 kHz in the experiment. This may indicate a
harmonic of the breathing mode[44] or some kind of ion transit time instability[7]. At 400 V and 15 A, the peaks are
less well-defined in both simulation and experiment, with a simulated peak at a median value of 8 kHz compared to an
experimental peak of 12 kHz. The other peaks are less well-defined in the experiment, while the simulation has a small
secondary peak at 38 kHz. Finally, at 500 V and 15 A, we have median simulated peaks at 7 and 40 kHz compared
to a experimental peaks at 13, 64, 126, and 190 kHz. The latter two peaks are harmonics of the first peak and may
be related to azimuthally-propagating cathode waves[30], which cannot be captured in an axisymmetric fluid code.
Fig. 12b summarizes the trends in the simulated low-frequency oscillations. We see that the low frequency peak is
uniformly about 5 kHz below the experimental peak, and that the 95% credible intervals in peak location allow for a
shift of up to 5 kHz in either direction of the median. Fig. 12a shows that the median peak to peak amplitude of the
simulated oscillations is a factor of two to three higher than the experiment, with 95% credible intervals containing
oscillations of over 100 V for the two higher-voltage conditions.

Fig. 11 Spectral densities of discharge current oscillations for the simulations (black) compared to experiment
(red) at (a) 300 V and 15 A, (b) 400 V and 15 A, and (c) 500 V and 15 A. The grey filled area represents a 95%
credible interval

(a)

(b)

Fig. 12 Comparison of (a) peak to peak amplitudes (median and 95% credible interval) and (b) peak frequencies
(less than 50 kHz) between simulation (blue solid line) and experiment (magenta dashed line)
The relatively wide variance in magnitude of the power spectra and peak to peak amplitude at each frequency
compared to the median (around two orders of magnitude in some places) indicates that there are sets of coefficients
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sampled for the data-driven models that may yield disparate oscillatory behavior. To illustrate this, we show in Fig. 13
representative time-resolved discharge current traces from three simulations at 400 V and 15 A to experiment. We see
that the oscillation characteristics vary significantly with changes in the model coefficients. In Fig. 13a, the simulation
qualitatively matches the experiment, albeit shifted upward. In Fig. 13b, the discharge current oscillations are large and
coherent, with almost no high frequency content. Finally, in Fig. 13c the simulation is more quiescent, settling to a
nearly constant discharge current after an initial oscillation. These variations in oscillatory state in part explain the wide
variance in the power spectra shown in Fig. 11 and Fig. 12a. With that said, we note these significant variations in
oscillation characteristics are not present in the 300 V and 15 A condition. This may in part explain why the variance in
the model predictions of performance and acceleration region plasma properties is much lower at that condition (see
Appendix A).

Fig. 13 Comparison of simulated (red) and experimental (black) discharge current oscillations for three
simulations at 400 V and 15 A (a) (𝑐 0 = −0.00092, 𝑐 1 = 1.17, 𝑐 2 = 1.73, 𝛼 = 0.0044), (b) (𝑐 0 = 0.0065, 𝑐 1 =
1.04, 𝑐3 = 10.26, 𝛼 = 0.0031), (c) (𝑐 0 = −0.0052, 𝑐 1 = 1.49, 𝑐 2 = 3.71, 𝛼 = 0.0032)

V. Discussion
We now turn to discussing the results of our simulations and provide possible explanations for the discrepancies
between our work and experiment. We then assess the impact of the cathode anomalous collision frequency on the
variance in our results and finally assess the limitations and implications of our approach.
A. Physical explanation for low performance predictions from model
From the efficiency results in Sec. IV.C, it is clear that an increased plume divergence, low mass utilization efficiency,
and decreased beam utilization efficiency are the main causes of the reduced total efficiency predicted by the model. We
examine in this section the potential underlying causes for these discrepancies.
We first address the beam utilization efficiency. Starting with the steady-state electron fluid momentum equation
and neglecting inertia, we arrive at a generalized Ohm’s law, which describes how the electron current depends on the
magnetic field strength, electric field, electron pressure gradient, and electron collision frequency:
(ν𝑒 + ν 𝐴𝑁 )

𝑚𝑒
j𝑒 = 𝑞 𝑒 𝑛𝑒 E + ∇𝑃𝑒 − j𝑒 × B
𝑞𝑒

(23)

Decomposing this into the field-parallel (k), field-perpendicular (⊥) and azimuthal (𝜃) directions, we arrive at an
expression for the electron current across the magnetic field (Eq. 25),
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Ω𝑒
𝑞 𝑒 𝑛𝑒 𝐸 k + ∇ k 𝑃𝑒
|𝐵|


1
Ω𝑒
(𝑞 𝑒 𝑛𝑒 𝐸 ⊥ + ∇⊥ 𝑃𝑒 )
=
|𝐵|
1 + Ω2𝑒

𝑗𝑒 k =

(24)

𝑗 𝑒⊥

(25)

Here, we have introduced the Hall parameter Ω𝑒 , which is equal to the ratio of the electron cyclotron frequency
𝜔 𝑐𝑒 to the total electron collision frequency ν𝑐 + ν 𝐴𝑁 . We can see that as the Hall parameter decreases toward 1
(as anomalous collision frequency increases), the cross-field electron current density grows substantially. Figure 10c
shows that our model predicts that the Hall parameter should be between 1 and 30 near the exit plane (assuming
ν 𝐴𝑁 ≈ ν𝑐 + ν 𝐴𝑁 ) in contrast to typical values of around 100[19]. This corresponds to a large increase in cross-field
electron current in the acceleration region, which would increase the discharge current relative to the amount of plasma
in the device. The beam utilization efficiency is the ratio of the ion beam current to the discharge current, so the
increased discharge current at all of the 15 A conditions except 600 V that we observe in Fig. 7b would reduce the beam
utilization efficiency. At the 600 V condition, the median discharge current is the same as experiment, but the thrust
is lower than at the 500 V and 15 A condition, indicating that the ion beam current is likely low, which would also
decrease beam utilization.
The low predicted Hall parameter in the channel and near the exit plane also has an impact on the ion beam
divergence. We see in Fig. 10a and b that the ion potential gradient and thus electric field and ion acceleration profile
are relaxed compared to both the data and the calibrated simulation. For a fixed electron current density and magnetic
field strength, we can rearrange Eq. 25 to show that the electric field strength needed to get that amount of current across
the field lines scales linearly with the Hall parameter for Hall parameters greater than 1 (Eq. 26), all else held equal:

(𝑞 𝑒 𝑛𝑒 𝐸 ⊥ + ∇⊥ 𝑃𝑒 ) = 𝑗 𝑒⊥ |𝐵|

(1 + Ω2𝑒 )
.
Ω𝑒

(26)

This equation shows that a low Hall parameter like we observe in our simulation will generally yield low electric fields,
which would explain our results. To illustrate this, Fig. 14 compares a condition with a high peak electric field to one
with a low peak electric field. The only difference between these simulations is the magnitude of the anomalous collision
frequency near the exit plane. We see that a shallow potential gradient leads to a high beam divergence. Relating this
back to our results, it is apparent that an anomalous collision frequency profile like the one predicted by our model
produces shallow potential gradients, gradual ion acceleration, and low divergence efficiency.
Lastly, we address the low mass utilization efficiency. As can be seen in Fig. 10d, the median peak electron
temperature predicted by our model this work at the 400 V and 15 A condition is 30 (95% credible interval 15-45) eV,
compared to 50-60 eV in validated Hall2De simulations. These low electron temperatures likely result from a reduction
in Ohmic heating as the small simulated Hall parameter leads to reduced cross-field impedance. This naturally leads to
lower ionization rates and to lower mass utilization.
With a lower divergence efficiency and lower mass utilization efficiency, the reason for the low thrust compared to
experiment becomes readily apparent. The amount of plasma being produced is lower overall, and the plasma that is
produced is less axially-focused. This reduced mass utilization contributes to the low beam utilization efficiencies, as
in addition to the discharge current being higher than experiment, the ion beam current is lower. The reduced mass
utilization efficiency at 600 V and 15 A (Fig. 9a) is puzzling, given that the median electron temperature continues to
climb from the 500 V 15 A condition. The reduction in plasma density that a lower mass utilization efficiency would
imply is corroborated by the reduction in discharge current observed at this condition (Fig. 7b). This anomaly helps
explain why the thrust is lower at that condition than would be expected by extrapolating the trend from lower voltages,
and why the beam utilization efficiency is the same as the other conditions despite the discharge current being lower.
B. Effect of the cathode anomalous collision frequency on model predictions
One other factor that may impact the quality of our model predictions in the cathode model. This is an important
consideration as well given that the uncertainty associated with this collision frequency model was not addressed in our
previous work [16]. To quantify the effect of the variance in the cathode anomalous collision frequency on the variance
in our model predictions, we perform a parametric study of thruster performance (discharge current and thrust) as a
function of the cathode anomalous collision frequency scaling coefficient 𝛼 at the 300 V 15 A condition. All other
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(a)

(b)

Fig. 14 Comparison of electrostatic potential (Phi) and ion streamlines (white lines) for two thruster simulations
with (a) a steep potential gradient and narrow acceleration region (similar to experiment), and (b) a shallow
potential gradient and wide acceleration region (typical of the model predictions in this work).

parameters were held constant. In Fig. 15 we show the results of this study and overlay the probability distribution for 𝛼
used in this work. We find that the solution is insensitive to the cathode anomalous collision frequency over most of
the distribution, with thrust and discharge current changing less than 10% within one standard deviation of the mean.
Significant performance differences only begin to occur for 𝛼 > 0.01, a region encompassing only the upper 15% of the
probability mass of our distribution, i.e. a one that is infrequently sampled. Thus, we can conclude the bulk of the
variance in our predictions likely results from the variance in the ion beam anomalous collision frequency model and
not in the cathode model.
C. Comparison to previous modeling efforts with data-driven closure
In a previous study, we performed a proof-of-concept assessment of the ability to integrate a data-driven model
into Hall2De. This previous work had a number of limitations, however, including the fact that we only implemented
the data-driven model only along the centerline of the thruster; we only simulated one condition(300 V and 15 A);
and we only produced twenty samples from the posterior distribution. This work expands upon Ref. [16] in a number
of significant ways. Most importantly, we implemented the anomalous collision frequency model directly into the
Hall thruster simulation, which much more tightly couples the model to the plasma than the external loop approach
previously adopted. We also drew five times more samples from the posterior distribution than in that work, giving us a
much robust estimation of the distribution of our performance predictions.
As in the previous work, we find thrusts significantly below experimental values, although we find discharge currents
5-10 A higher than in the previous work. This yields an overall better match with the experimental discharge current,
but results in a lower predicted anode efficiency. Other differences in this work include the axial profile of the various
plasma parameters. Most notably, while Ref.[16] also showed a protracted acceleration region (an acceleration region
about one thruster length in extent compared to one about half as long in experiment), the acceleration region length
found in this work is two times larger. There are a few possible reasons to explain these differences in results. First, it is
possible that some of the differences seen are due to radial effects on the structure of the acceleration region. In Hall2De,
the anomalous collision frequency at a point off of the thruster centerline is found by following the magnetic field line
passing through that point back to the centerline and scaling the centerline value of the anomalous collision frequency by
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Fig. 15 Change in thrust and discharge current with increasing cathode anomalous collision frequency coefficient 𝛼. The probability distribution of 𝛼 is shown in grey. All simulations performed on 300 V 15 A condition,
with cathode 𝑇𝑒 = 5 eV and cathode ionization fraction = 5%.

the relative magnetic field strengths of the two points. In our previous work, we implemented the anomalous collision
frequency on centerline only, adopting this framework for off-centerline scaling. However, in our present work we
make no such assumptions about the radial scaling. Mikellides and Lopez-Ortega[19] have demonstrated that for a
static anomalous collision frequency profile applied on the thruster centerline, the off-centerline scaling does not have a
significant effect on the steady-state plasma properties in Hall2De simulations. Thus, while radial effects may play some
role in the discrepancy between our present results and our previous work, they are unlikely to be the sole cause.
The second possible reason stems from the noise model we have used for model calibration. In addition to allowing
a larger amount of variance than the previous work, our model also preferentially fits the minimum of the anomalous
collision frequency and fits log10 (ν 𝐴𝑁 ) instead of ν 𝐴𝑁 . Given the insensitivity of the shape of the anomalous collision
frequency curve to coefficient choice (as discussed in Sec. III), it is unlikely that the second factor impacts the solution
much, but the increase in overall variance means our simulations explore a much wider range of coefficients than in the
previous work, suggesting that the results seen in the previous work may have only been representative of a small region
of the parameter space.
D. Implications for validity of this data-driven closure model
Although the model investigated in this work can predict the time-averaged anomalous collision frequency profile
of a number of thrusters, including those not in its training data[15], it is unable to produce quantitatively accurate
predictions when implemented self-consistently into a Hall thruster code. This suggests that calibrating a model based
on time-averaged surrogate thruster data may be insufficient to guarantee good predictive performance. This work has
shown that the plasma is very sensitive to the shape of the anomalous collision frequency profile, so small deviations
from the inferred profile, particularly in the acceleration region, could yield large differences in behavior. In addition,
feedback between the plasma and anomalous collision frequency model may exacerbate any small differences that exist
at the start of the simulation. This possibility is supported by the wide range of possible oscillations that this model
produces (Fig. 13) and suggests that suggests that a time-resolved component to the calibration may be important to
obtain the correct behavior.
E. Implications for exploring other closure models
The computational infrastructure built in support of this work will enable the exploration and evaluation of many other
closure models for the anomalous collision frequency. In calibrating the model for this work, we built a generalizable
inference tool which can infer model coefficient distributions using the methods outlined in Sec. III and available thruster
data. This tool works for zero-equation closures similar to that investigated here as well as for closures employing
multiple partial differential equations. In addition, we now have developed the capability of running hundreds of
Hall2De processes simultaneously, enabling rapid characterization of the impact of closure model coefficients on thruster
performance. Given the large number of data-driven and physics-based closure models for the anomalous collision
frequency left to be investigated[15], the ability to rapidly calibrate and evaluate such models will prove indispensable
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in attempting to find one which can yield qualitatively-accurate predictions.

VI. Conclusion
In this work, we sought out to probabalistically evaluate the predictive quality of a data-driven model of the Hall
thruster anomalous collision frequency, motivated by a desire to predict the performance of a thruster from operating
conditions and geometry alone. To this end, we incorporated this model into a state-of-the-art fluid code and ran
simulations on a magnetically-shielded thruster at five different operating conditions. At each operating condition, we
ran 𝑂 (100) simulations, each with a different set of model coefficients sampled from a precalibrated distribution.
We have shown that such a model can produce convergent solutions for a thruster not in its training dataset over a
wide variety of operating conditions. That is, the model is self-consistent and fully predictive. Moreover, the model we
investigated was able to accurately predict the trends in performance metrics and oscillations with respect to increasing
mass flow rate and discharge voltage. Generally, however, the model under-predicted thrust and over-predicted discharge
current, resulting in low simulated anode efficiencies. The model also produced a much more protracted acceleration
region than experimental data show, leading to shallow cross-field gradients, low divergence efficiency and low mass
utilization efficiency compared to experiment. The major implication of this finding is that even though the data-driven
model matches surrogate training data with a high degree of fidelity, its self-consistent implementation gives rise to
predictions that deviate from experimental observation.
With that said, while the data-driven model tested in this work may not have quantitatively matched experimental
results, the infrastructure and procedures developed for this work will permit the testing of a wide variety of additional
models, accelerating the search for one which might be able to achieve the goal of performance predictions from
geometry and operating conditions alone. Despite some limitations with the current work, this data-driven approach
remains a promising method for developing and evaluating models for the anomalous collision frequency.
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Appendix A: Supplementary figures at other conditions
In this section, we present histograms of performance quantities and probabilistic predictions of centerline plasma
properties for the 300 V and 15 A, 300 V and 20 A, 500 V and 15 A, and 600 V and 15 A conditions. As noted in the
body of the work, the variance in the predictions at these conditions, particularly in the thruster acceleration region, is
significantly higher than at the 300 V and 15 A condition.
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A. 300 V and 15 A

Fig. 16

Histograms of performance metrics at the 400 V and 15 A condition

Fig. 17 Simulated centerline profiles of a) ion velocity, b) potential, c) normalized anomalous collision frequency
and d) electron temperature at the 400 V and 15 A condition. Ion axial velocity data obtained via laser-induced
fluorescence is depicted as a dashed red line in (a)
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B. 300 V and 20 A

Fig. 18

Histograms of performance metrics at the 300 V and 20 A condition

Fig. 19 Simulated centerline profiles of a) ion velocity, b) potential, c) normalized anomalous collision frequency
and d) electron temperature at the 300 V and 20 A condition. Ion axial velocity data obtained via laser-induced
fluorescence is depicted as a dashed red line in (a)
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C. 500 V and 15 A

Fig. 20

Histograms of performance metrics at the 500 V and 15 A condition

Fig. 21 Simulated centerline profiles of a) ion velocity, b) potential, c) normalized anomalous collision frequency
and d) electron temperature at the 500 V and 15 A condition. Ion axial velocity data obtained via laser-induced
fluorescence is depicted as a dashed red line in (a)
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D. 600 V and 15 A

Fig. 22

Histograms of performance metrics at the 600 V and 15 A condition

Fig. 23 Simulated centerline profiles of a) ion velocity, b) potential, c) normalized anomalous collision frequency
and d) electron temperature at the 600 V and 15 A condition. Ion axial velocity data obtained via laser-induced
fluorescence is depicted as a dashed red line in (a)
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Appendix B: Results of cathode boundary sensitivity study
Here, we present the results of a sensitivity study carried out to help determine appropriate cathode plasma boundary
conditions. We show in Fig. 24a that increasing the cathode electron temperature by 2.5 eV increases the thrust by just
5 mN, and the discharge current by only 0.2 A. In Fig. 24b, we show that increasing the cathode ionization fraction
(defined as the ratio of ion to total mass flow rate exiting the cathode) has a negligible impact on the performance
quantities for ratios, with the thrust increasing by 5 mN and the discharge current by 0.1 A for an increase of a factor of
1000 in the cathode ionization fraction. These results indicate that the choice of these parameters is unimportant in
determining the overall plasma solution and thruster performance, so the choices made for this work (𝑇𝑒 = 5 eV and
𝑚¤ 𝑖 /𝑚¤ = 0.05) are reasonable and unlikely to be significant.

Fig. 24 Variance of the thrust and discharge current with (a) changing cathode boundary electron temperature,
and (b) changing cathode ion to neutral mass flow rate ratio. All other parameters were held constant, and the
cathode anomalous collision frequency coefficient was fixed at 0.001
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