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The electron energy transport in a multi-fluid Hall thruster model is modified to in-
vestigate effects on the plasma discharge of a Hall thruster. Direct measurements of the
anomalous collision frequency are used to close the effects of non-classical momentum
transport. This closure allows for variation of the energy equation to independently cap-
ture non-classical energy transport. Ion velocity and electron temperature profiles along
centerline as well as global performance metrics of the discharge are employed to assess
model performance. The non-classical electron heat flux perpendicular to magnetic field
lines and wall energy losses are parametrically varied in attempt to match experimental
measurement. It is found that a purely classical heat flux provides an improved agreement
with measured plasma properties than when the anomalous collision frequency modifies
the heat flux. An order of magnitude reduction of the energy losses to the wall and heat
flux described by a classical Fourier’s law correctly captures local plasma properties along
channel centerline and match thruster discharge current. These results are discussed in the
context of anomalous transport closures and boundary conditions in Hall thruster models.

I. Introduction

Despite the extensive flight heritage of Hall thrusters,! > there are aspects of the physics of these devices
that remain poorly understood.® In particular, the cross-field electron transport, the way in which bulk elec-
tron properties are transferred across magnetic field lines, is orders of magnitude higher than can be explained
by classical effects. This poor understanding of the non-classical transport has precluded development of
predictive Hall thruster models.

Due to the engineering and practical advantages afforded by such models, there has been extensive work
in investigating ways to account for these non-classical effects. These efforts have primarily focused on
approximating the non-classical effects as an effective “anomalous” collision frequency that enhances the
cross-field electron mobility. Proposed “closure” models for this collision frequency have been based on
Bohm-like diffusion,” wall collisions,®? shear-suppression,'%'2 turbulence analogs,'®'4 wave driven, 517,
dimensional analysis, '® and data driven forms. ' Despite this variety of attempts, none of these models have
proved fully predictive when integrated into a self-consistent Hall thruster model.

While progress continues on these closures to capture the effects on momentum transport, the same level
of scrutiny has not been applied to how non-classical effects could modify the electron energy transport
in Hall thrusters. It is common practice to represent the heat flux using a Fourier formulation?® while
scaling the thermal conductivity using the anomalous collision frequency based on the momentum transport
equations. 2131 While this approach has been expedient in previous implementations, to our knowledge, there
has yet to be rigorous demonstration that this approach to heat flux closure stems from first principles. To
this point, recent numerical and experimental work has shown that using the anomalous collision frequency
to enhance the heat flux in Hall thrusters in practice may not be appropriate. Numerical simulations using
this form have been unable to simultaneously match experimental ion velocity and electron temperature
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measurements. " Experimentally-measured electron temperatures with non-invasive diagnostics have been
shown to be a factor of two higher than previous probe and numerical values.??33 Combining the lack of
theoretical justification with this inability of the closure to adequately describe measured electron energies,
the need is apparent to revisit the treatment of anomalous energy transport in Hall thrusters.

To address this need, the goal of this work is to explore, through simulation, parametric modifications to
the energy equation in a fluid-based Hall thruster model in an attempt to explain the experimentally observed
temperatures, ion velocities, and performance metrics. The rest of the paper is organized as follows: In Sec.
II we review anomalous transport in electron fluid models. In Sec. III we describe the Hall thruster and
multi-fluid model used in this work. In Sec. IV we detail the modifications we will make to the energy
equation to capture higher electron temperatures. In Sec. V we present our results and in Sec. VI discuss
these results in the context of accounting for anomalous transport in the electron energy equation.

II. Fluid Theory of Electron Transport in Hall Thrusters

In this section, we first describe the steps of Hall thruster operation. We then present how the bulk
electron momentum transport framework is modified to account for non-classical effects. We then discuss
how the non-classical terms impact the energy transport and how they have been specified historically.
Finally, we provide a high-level overview of the electron energy boundary conditions.

A. Principle of Operation

Figure 1 shows an image of Hall thruster with a canonical radial magnetic and axial electric field topology
along with a cutaway view of the main components of the thruster. The four main thruster components are
a thermionically emitting cathode, anode, discharge channel, and magnets. The anode and cathode form
the operating circuit of the thruster to set up the axial electric field. The discharge channel is where the
majority of the electron confinement, ionization, and ion acceleration occurs. The radial magnetic field is
provided by either permanent magnets or electromagnets.

Electric Field

Figure 1. a) Operating Hall thruster and b) cross-sectional schematic of Hall thruster illustrating principle of
operation.

To run the thruster, a potential difference is first created between the anode and cathode via a power
supply. The cathode is then ignited to emit electrons that are attracted to the anode by the potential
difference. As the electrons enter the thruster discharge channel, they encounter the magnetic and electric
fields which form an E x B drift in the azimuthal direction. This drift impedes the electron motion towards
the anode. The trapped electron population creates a sharply peaked electric field, which in turn heats the
electrons through Ohmic heating. Meanwhile, a neutral gas, typically a noble gas such as xenon or krypton,
is flowed through the anode down the discharge channel. When this gas encounters the warm electron
population, it is ionized by electron impact collisions. The ions are rapidly accelerated by the electric field,
producing thrust while these collisions with heavy species permit the electrons to cross magnetic field lines
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and eventually reach the anode. The electrons stripped from the neutral particles replenish the drifting
electron population while the continuous stream of electrons emitted from the cathode follows the ion beam
to maintain quasi-neutrality in the thruster plume. In sum, while the ions serve to generate thrust, thruster
operation is driven by the electron dynamics, which makes capturing the electron transport paramount for
accurately modeling these devices.

B. Momentum Transport Model

In Hall thruster electron fluid models, the electron momentum transport is typically described by a modified
form of the generalized Ohm’s law.2126:31:34 This formulation allows for conservation of electron momentum
without the need to explicitly evaluate a momentum flux or resolve the fast timescales of electron transport
which significantly reduces computational expense and complexity. To arrive at the typical Ohm’s law used
in Hall thruster models, we consider the electron momentum equation where we assume that pressure is
isotropic and electron inertia and viscous effects are negligible
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Here R, is the resistive drag force on electrons due to collisions, e is the fundamental charge, je is the electron
current density, B is the magnetic field, n. is the electron number density, E is the electric field, p. is the
scalar electron pressure, m, is the electron mass, v,; is the electron-ion collision frequency, Z is the charge
state of the ion, j; z is the ion current density of charge state Z, and n; z is the ion density of charge state
Z. The term on the left-hand side represents the drag force on electrons due to collisions and the electron
velocity, the electric and magnetic field terms represent momentum transfer due to the Lorentz force, the
electron pressure term represents momentum transfer due to spatial gradients in the electron bulk properties,
and the ion current density captures the contribution of the ion velocity to the momentum transfer between
electrons and ions.

Generally, the drag force is represented in terms of the electron current density and the electron collision
frequency per Braginskii closure.2? However, if only classical collisions are accounted for, the electron cross-
field mobility will be under-predicted by orders of magnitude.”® Therefore, the resistive force is split into a
classical and anomalous term

Ee = Re+ Ran = meﬁe,c 'j)e + meVanje,Lj—- (2)

Here 7, . is a tensor that accounts for the fact that the electron collision frequency is non-isotropic in a
partially magnetized plasma, v, is the non-classical collision frequency, and 1 represents the direction
perpendicular to the magnetic field. It is important to note that the non-classical, hereafter referred to as
“anomalous,” collision frequency is generally only considered to act in the perpendicular direction. Therefore,
in a general Hall thruster model, Ohm’s law is given by
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By iterating on the form of v,,, the electron momentum cross-field transport can be enhanced to match
experimentally observed values of thruster discharge current and ion velocity. However, quantifying v,,
predicatively is unsolved and the search for a predictive form is still ongoing. The form for v,,, used in this
work will be described in Sec. IV.A.

C. Energy Transport Model

The internal electron energy equation in a fluid framework is given by 2!
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where T, is the electron temperature, ¢ is the heat flux, and Q is a body heating term. Physically, the
first term on the left-hand side represents the time rate of change; the divergence term contains bulk flow
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“convective” and heat flux “conductive” transfer; the first term on the right is Ohmic heating; @) represents
energy transfer due to body heating; and the final term on the right-hand side represents losses due to
high-energy electrons convecting energy faster than the mean velocity.

Historically, there are two ways that anomalous transport is factored into the electron energy equation
in Hall thruster modeling. The first is the increased Ohmic heating due to higher cross-field mobility. "
This effect arises due to the growth of the electron current density from larger cross-field transport. This
heightened current density will then enlarge the Ohmic heating, meaning we can split the Ohmic heating
into a classical and anomalous term:

E'je:(E'je) +(Eje) . (5)
(&3 an
We note here this anomalous heating term is inherently coupled to the value of the anomalous collision
frequency and cannot be adjusted independently of the momentum transport.

The second way in which the energy equation has been modified in the past to account for anomalous

effects is through the heat flux:

(j: q_; + Jana (6)
where ¢, ¢, denote the classical and anomalous contributions respectively. For the classical term, we have
a Fourier law based on traditional Brangiskii closure?°:

(jc = —K)VTe (7)

Here k denotes the thermal conductivity tensor, which in the partially-magnetized plasma of the Hall thruster
has both perpendicular and parallel components:
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where v refers to the classical electron collision frequency and a and b are coefficients tabulated as a function
of effective charge state Z* in Ref. 20.

For the non-classical term in Eq. 6, it is common in Hall thruster models?!:26:31:34 to adopt a term that
allows for cross-field heat flux and has similar scaling to the classical Fourier law (c.f. 35):

NeTeVan
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In effect, employing this result is equivalent to assuming that the effective anomalous collision frequency acts
as an inter-species collision frequency in the determination of perpendicular heat flux. While this type of
substitution is expedient and intuitive, first-principles underpinnings for this representation of non-classical
heat flux are not well-founded. Indeed, the canonical method for arriving at this Fourier law is to assume
the transport is driven by an electron-ion Coulombic, Fokker-Planck collision operator.2 However, several
of the proposed mechanisms for anomalous transport do not have this effective form. Notably, there is an
emerging consensus that wave-driven effects are a key driver for momentum transfer.363° The way these
waves exchange momentum with the electrons has not been shown to be equivalent to an effective Fokker-
Planck collision operator, thus calling into question the simplified representation shown in Eq. 9. With
this in mind, when specifying the anomalous effects on the energy transport in Sec. IV, we focus on this
contribution, ¢, and its influence on the fluid predictions for the thruster dynamics.

D. Boundary Conditions

While the above sections describe the governing equations for electron transport, solving the equations
requires specification of the boundary conditions. For the electron transport, the key quantities that need
to be specified at the boundaries are the electron current density flux fe - 1, the electron temperature, and
the electrostatic potential. In general, the heat flux should also be specified, however, most Hall thruster
models set ¢, = 0 at all boundaries. 2*31:34 Figure 2 shows a notional computational mesh for an SPT100 Hall
thruster with boundary conditions types labeled. There are four types of boundary conditions present in Hall
thrusters: the axis of symmetry, the cathode, free flow boundaries, and thruster walls. Bulk quantities do
not generally flux through the axis of symmetry, so all fluxes at that boundary are set to 0. For the cathode
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boundary, the key quantities are typically directly specified?!3! from either a separate cathode model?! or

experimental measurements. ? At free flow boundaries either the value or gradient of the electron temperature
and electrostatic potential is specified. 23134 The electron flux is set equal to the negative ion flux?31:34
via invoking current conservation with ions able to freely flow out of the boundary.

Cathode =]
Free

Flow

Walls

Axis of Symmetry

Figure 2. 2D axisymmetric computational mesh of a SPT100 Hall thruster. Notional ranges are shown for
different types of boundary conditions.

The wall boundaries are handled using a sheath treatment. The exact implementation, however, varies
depending on if the surface is conducting or insulating. For conducting walls, such as the anode, the elec-
trostatic potential at the boundary is directly specified2'3134 which can be used to determine the potential
difference between the plasma and the wall. The temperature at the walls is set to the near-wall temper-
ature. 23134 From these specifications, the electron flux is then determined by near wall electron density,
electron thermal speed, and a factor based on the potential to account for the sheath repelling slow-moving
electrons. 213134 At insulating boundaries, current conservation is invoked to set the electron flux to the
walls equal to the ion flux V - j'e =-V '5;-.21’31’34 The ion flux to the walls is prescribed by the ion number
density near the wall and the ion velocity as set by the Bohm criterion. The electron temperature is handled
similarly to the conducting case in treating the electron temperature near the walls as equivalent to the
electron temperature at the wall.2!3! The potential is specified via a gradient to the wall based on the
sheath criterion, which can account for secondary electron emission effects. 213134 As the exact specification
of the boundary condition depends on the model being utilized, we display the forms of these conditions
employed in this work in Sec. I11.B.

IITI. Hall Thruster Model

In this section, we first describe the thruster and data set used in this work. We then conclude with a
description of our multi-fluid model and relevant simulation parameters.

A. Thruster and Dataset

In this work we model the H9, a 9 kW-class Hall thruster jointly developed by the University of Michigan,
the Air Force Research Laboratory, and the Jet Propulsion Laboratory (JPL).4! The H9 features a magnet-
ically shielded topology and a center mounted cathode with a nominal operating envelope of voltages from
300 to 800 V*2 and discharge currents from 15 to 30 A.%3 For this investigation, the operating condition
is a 300 V discharge voltage, 15 A discharge current, 5 pTorr background pressure, and krypton propel-
lant. We chose this condition as measurements of the electron temperature profile, ion velocity profile, and
performance metrics were all available.3344 Table 1 gives the values of the global performance metrics for
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this operating condition. Figure 3 shows the plasma datasets for the axial component of ion velocity and
electron temperature in the azimuthal direction as a function of axial position along channel centerline as
a function of position downstream of the anode. Note the small error on the ion velocity curve is due to
the measurement noise from Laser-Induced Fluoresce not causing significant uncertainty in the bulk velocity
prediction. 4> Near the channel exit, we see an increase in the ion velocity and a locally peaked electron tem-
perature. Both these trends indicate the presence of a strong electric field, compared to other parts of the
domain, that accelerates the ions and Ohmically heats the electrons. It is worth noting that the maximum
65 eV temperature observed is higher than the previous 30-40 eV range of temperatures expected from probe
measurements and numerical simulations. 434647 This discrepancy is thought to be due to probes perturbing
the discharge which is not present in the non-invasive measurements. 33

Table 1. Global operating conditions for H9 operation on krypton at 300V discharge voltage and 15A discharge
current 44

Global Quantity Value Error

Discharge Current 15 (A) 0.1 (A)
Thrust 235.8 (mN) | 2.5 (mN)

Anode Efficiency 52.2 (%) 1.1 (%)
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Figure 3. Experimental measurements of the axial component of ion velocity and the electron temperature in
the azimuthal direction for H9 operation on krypton at 300V discharge voltage and 15A discharge current.33
The data is plotted as a function of normalized position from the anode along channel centerline.

B. Multi-fluid Model

The multi-fluid Hall thruster model we utilize in this work is Hall2De. Hall2De is a 2D axisymmetric r-z
Hall thruster code originally developed by JPL that solves for electron properties on a magnetic-field aligned
mesh. An example magnetic field aligned mesh can be seen for a SPT100 Hall thruster in Fig. 2. As the
formulation of the code has been extensively described elsewhere?!4859 we limit our description here to a
high-level overview with a particular focus on the electron dynamics that we modify.

The treatment of the heavier species in the code varies between a fluid'” and PIC®! formulation. In this
work, we use the fluid representation for heavy species. Neutrals are treated using a viewfactor representation
that assumes neutral particles travel in straight-line trajectories until they are either ionized or leave the sim-
ulation domain.*® The ions are separated into multiple fluid populations based on the electrostatic potential
that the ion was born at and their charge state. Continuity, momentum, and energy equations are solved for
each population. The continuity and momentum transport is solved using a semi-implicit predictor-corrector
scheme®? while the energy is solved using a forward-in-time centered-in-space representation.

In all versions of the code, electrons are represented as a fluid. The electron density is determined from
the total ion density based on assuming quasi-neutrality. The electron current density is calculated from
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the generalized Ohm’s law given by Eq. 3. The electrostatic potential is subsequently specified from total
current conversation in which ion current density and electron current density (from the generalized Ohm’s
law) are invoked. The electron internal energy (temperature) is described by Eq. 4. Numerically, the
electron energy equation is solved with a first-order, forward-in-time, centered-in-space representation. The
time rate of change, convection, and conduction terms are treated implicitly while the source terms on the
right-hand side of Eq. 4 are treated explicitly. This semi-implicit formulation, along with taking substeps
of the heavy species timestep when updating the electrons, allows for stable advancement of the electron
properties without imposing severe timestep restrictions.

The Q term in Eq. 4 is split into elastic and inelastic contributions. Here, elastic refers to scattering
collisions where energy is conserved between species tracked by the model such as Coloumb collisions. In-
elastic refers to collisions where the energy is lost into unaccounted for modes such as photons emitted from
electron impact excitation. The bulk heating due to elastic collisions is accounted for using a Braginksii
formulation?® that is proportional to the temperature difference between the electrons and heavy species.
The energy contribution of the inelastic collisions consists of an ionization and excitation component. Ion-
ization energy losses are computed as the product between the ionization rate and ionization energy for each
ionization reaction. The excitation losses are computed as the product of an average excitation loss per
ionization event and the ionization rate with the average excitation loss being a fitted function of electron
temperature. 2!

As mentioned in Sec. II.D, we set the heat flux at all boundaries to 0. Therefore, we have to specify
three terms at each boundary: the electron temperature, the electrostatic potential, and the flux fe -n. At
the cathode boundary, the temperature and potential are specified as Dirichlet conditions and the electron
flux is computed as the product of the ion number density, which is also a Dirichlet condition, and the
electron thermal speed. Note that this specification treats the properties as being uniform across the cathode
boundary. At free flow boundaries, the electron temperature is specified as a Dirichlet condition, the potential
specified as a Neumman condition with V¢ =0 where ¢ is the electrostatic potential, and the electron flux
set equal and opposite to the total ion flux which is formally expressed as

Je = —%z7Z7]i. . (10)

At conducting wall boundaries, the electron temperature is set by the temperature of the nearest cell
center. The potential is specified as a Dirichlet condition with the potential drop across the sheath being
the difference between this condition and the potential of the nearest cell center. Using the temperature and
potential difference, the electron flux to the wall can be calculated as?!

o maz(Ag,0)

je = je,the Te y (11)

eT,
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where A¢ = ¢ — Viyau is the potential drop across the sheath and je 1 = —ene is the electron thermal

flux. Physically, this expression is only valid for an electron repealing sheath (A¢ > 0) and describes how
the sheath reduces the electron flux to the walls. Additionally, the sheath modifies the average energy per
electron that reaches the walls causing the total convective loss to the wall to be given by2!+52

(7o) = (o 7) (2T + Ag) (12)

where (j'eTe) -7 is the total convective electron energy loss to the walls. This expression describes the
convective energy losses to the walls at conducting surfaces.

At insulating wall boundaries, the flux is specified using Eq. 10 which enforces current conservation to
the walls. Like in the conducting case, the electron temperature is set by the temperature of the nearest cell
center. The potential is specified as a Neumann condition with V¢ = 0. However, the energy loss is computed
similarly to the conducting boundary with modifications to account for secondary electron emission. That
is, the potential drop across the sheath A¢ is calculated as®?

2m;
A¢ =Teln < - (]- - 7)) ’ (13)
TMe
where m; is the mass of the ion and ~ is the secondary electron emission coefficient. In Hall2De, ~ is a
fitted function of electron temperature for a given wall material with an upper limit set by to space charge

7
The 38th International Electric Propulsion Conference, P. Baudis Convention Center, Toulouse, France, June 23-28, 202}
Copyright 2024 by the Electric Rocket Propulsion Society. All rights reserved.



limitations.?? The convective energy flux to the walls then becomes?!:%3

- . T, + (1 — y)A
(jeTe) “h = (je ’ ﬁ) —:a(T(A¢> (?)/) 0 (14)
Yo7, [TAP
1+ 56 Te T

For this expression, the current density flux is still determined from Eq. 11 as in the conducting case, but
the potential drop across the sheath is given by Eq. 13 rather than directly computed from the potential
difference to the boundary. When there is no SEE, v = 0, the forms of Eq. 12 (for conductors) and Eq. 14
(for insulators) agree, so Eq. 14 can be thought of as a more general form that accounts for SEE. In the
thruster simulated here, the anode and pole covers are conducting while the channel walls are insulating.
Modifications to these boundary conditions made in this work are further discussed in Sec. IV.

Table 2 displays the relevant baseline simulation parameters we used in this work. We used the experi-

Table 2. Hall2De Simulation Parameters

Parameter Value
Discharge Voltage 300 V
Mass Flow Rate 11.8 mg s~ !
Background pressure 5 pTorr
Number of ion fluids 2
Discriminating Potential 40V
Kr charge states 0,1,2,3
Cathode flow fraction 7%
Cathode ionization fraction 5%
Cathode electron temperature 3.0eV
Far field electron temperature 2.5 eV
Wall material Boron Nitride
Wall temperature 500 °C
Heavy Species Timestep 8 ns
Simulation duration 1.5 ms

mental data as described in Sec. III.A to determine discharge voltage, mass flow rate, background pressure,
wall material, and wall temperature. In this work, we employ six ion populations consisting of three charge
states and two potential levels. The existence of three charge states is consistent with performance mea-
surements**®* while two populations has been found to be sufficient to correctly describe ion behavior.?°
The discriminating potential was set to 40 V, with ions born at potentials above this level added to the
main beam population and ions born at potentials below this level added to the cathode population. The
cathode properties were set based on measurements of the H9 cathode.®® The far-field electron temperature
values are the average of the typical range of electron temperature in the far field plume.?' The timestep of
the heavy species was set to a fixed value of 8 ns. Finally, we found the simulation run time of 1.5 ms was
sufficient for the model to converge to a steady discharge oscillation and average out any initial transient
effects that may arise.

IV. Interrogating the Anomalous Energy Transport

In this section, we discuss the forms of the three anomalous transport terms we investigated in this work.
We start by discussing the experimentally measured closure for the effective momentum collision frequency
that we subsequently treat as “ground truth” for interrogating the energy transport. We then introduce
modifications to scale the heat flux closure. Finally, we introduce a modified form of the wall boundary
condition to adjust energy losses to the walls.
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A. Measured Momentum Collision Frequency

In this work, we do not vary the anomalous collision frequency. Rather, we specify it using experimental

measurements of the inverse electron Hall parameter, Q2! = —=, which describes the ratio of the collision

frequency to the cyclotron frequency.3? Figure 4 displays the inverse Hall parameter as a function of axial
distance from the anode with the measured profile being between the dotted lines. These measurements
are the result of a combination of incoherent Thomson scattering measurements of the electron properties
coupled with measurements of the ion velocity acceleration from laser-induced fluorescence. The data yielded
by these two techniques coupled with a quasi-1D Ohm’s law allowed these previous efforts to measure the
anomalous collsion frequency directly and non-invasively. The profile displays the canonical shape of an
anomalous transport curve with a moderate level of transport in the channel, a local minimum near the
location of the peak magnetic field, and a high level of transport in the near-field plume. However, this profile
does not exhibit as large of magnitude variation in the inverse Hall parameter as is typically seen in such
models. 334047 This departure from previous profiles is notable as the steep reduction in the local minimum
is usually required to produce the steep ion acceleration observed in Hall thrusters. The implications of this
departure are further discussed in Sec. VI.B.

1071

1072

Inverse Hall Parameter

0.0 05 10 15 20 25 3.0
Axial Position, Channel Lengths

Figure 4. Experimental measurements of the inverse Hall parameter as a function of axial distance from anode
along channel centerline. The dotted lines denote the bounds of experimental measurements. The data beyond
is extrapolated. Data from Ref. 33. The dashed vertical line denotes the location of peak magnetic field.

If we assume that the anomalous collision frequency dominates the total electron collision frequency,
which is true for most of the thruster domain,*” these values approximately specify the ratio of the anomalous
collision frequency to the cyclotron frequency. Therefore we take this profile as the ground truth value for
the ratio of the anomalous collision and cyclotron frequencies, i.e. Q71 ~ Ao AN

For regions outside the dotted lines shown in Fig. 4 the expernnental techmque was unable to measure the
profile, so we extrapolate the value of the anomalous collision frequency as a constant. The main justification
for this extrapolation downstream of the experimental region is that previous numerical investigations have
suggested that the non-classical inverse Hall parameter remains approximately constant downstream of the
peak magnetic field. For the region upstream of the dashed lines, orders of magnitude variation in the
upstream value can increase the thrust by 25%.47 However, these studies suggest that this change does not
impact the shape of the electric field in the acceleration region. Furthermore, the measured profile in Fig. 4
exhibits at most an order of magnitude variation in its local minimum, which is typically the largest variation
in anomalous transport profiles. Therefore, we do not expect the assumption of constant anomalous collision
frequency inside the channel to invalidate our general approach or vary by more than an order of magnitude.
Finally, we note that this data is only available along centerline. Off centerline, the collision frequency is
specified by scaling the centerline collision frequency along the same magnetic field line by the ratio of the
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magnetic field magnitudes. Formally this scaling is expressed as

where [ indicates a magnetic field line, the subscript cl indicates centerline, and d is a scaling coefficient.
We set d=-1 as this value was successfully utilized in previous empirical calibration of anomalous collision
profiles. *” Physically, we note that this scale is consistent with the idea that collision frequency is Bohm-like
(proportional to magnetic field magnitude) along field lines.

Van(ﬁ) = Van(ﬁcl)wce(ﬁcl) ( (15)

B. Heat Flux Modification

As described in Sec. II.C, the inclusion of the anomalous collision frequency in the thermal conductivity

has yet to be given a first principles justification. Therefore, as we seek to match higher than expected

temperatures, a reasonable first approach is to modify the anomalous contribution to the heat flux. To do

so, we introduce a scaling factor in front of the historical anomalous closure in Eq. 9 to vary its contribution
Nele, -

Jan = —Can,kb(Z%) —"VT, 1, (16)

MeWe,

where cqp, ,; is a time-independent, tunable coefficient. This equation is a generalized form of the anomalous
heat flux in Eq. 9, with the two forms agreeing when ¢, » = 1 and the total heat flux being purely classical
when cqp . = 0. Physically, a larger ¢,y will increase the heat flux resulting in more rapid diffusion of
energy. This effect will then lead to flatter axial temperature profiles as the energy is spread across the
domain. To keep model complexity low, we treat cqyn . as a constant throughout the computational domain.
By observing the response of the electron temperature to value of the scaling coefficient, we can evaluate
the extent to which it is reasonable to use the anomalous collision frequency in computing the electron heat
flux.

C. Boundary Condition Modifications

As outlined in Sec. II.D, the boundary conditions are another aspect that can influence the energy transport
in the thruster. Previous thermal modeling work that used Hall2De to supply estimates of plasma heat loads
to the walls of a magnetically-shielded Hall thruster reduced these loads to accurately match the measured
temperatures in the thruster.?® This result suggests that Hall2De may over-predict the energy losses to the
walls, making it is reasonable to scale them down. Physically, magnetic field lines in Hall thrusters are
generally thought to be isothermal.®? With isothermal field lines, the electron energy is a balance between
transport across the field line and the sum of bulk heating and the wall losses at the ends of the field line. 26
Thus, diminishing the energy losses to the walls would be expected to increase the electron temperature
along channel centerline and match the experimental profile.

Per Sec. II1.B, Hall2De represents wall losses as a convective term (jeTe) - 7. To alter the overall losses,
we scale the flux of electrons to the wall. Specifically, we introduce a factor in front of the thermal flux in
Eq. 11:

. mawz(86,0)

je N = ije,the Te 5 (]-7)
where ¢, is a tunable coefficient. Physically, ¢,, < 1 represents fewer electrons impacting the walls than
would be expected from the nominal boundary condition leading to overall lower losses. As we are adjusting
the flux of electrons to the wall, ¢,, is applied to every wall and treated as a constant throughout the domain
regardless of the wall being conducting or insulating. That is, Eq. 17 is applied to Egs. 12 and 14 in place of
Eqg. 11. Note that the combination of these equations results in the scaling factor being applied to the wall
losses more generally, which would also account for effects that decrease near-wall electron temperatures.

V. Results

In this section, we present trends of the model’s performance metrics, ion velocity, and electron temper-
ature as we vary the the coefficients described in Sec. IV. We first show the profiles of the model using the
measured collision frequency to specify both the anomalous collision frequency and the anomalous heat flux.
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We then adjust the contribution of the anomalous collision frequency to the electron heat flux to investigate
its validity. Finally, we reduce the electron flux to the walls to increase the electron temperature along
channel centerline.

A. Measured Collision Frequency Closure

Figure 5 displays the axial profiles of the electron temperature and ion velocity determined from the model
with the anomalous collision frequency profile specified by Fig. 4. These plots have both ¢4y . and c,
set to unity (i.e. the baseline approach). As can be seen for both profiles, the model does not match
the experimental data within error. The peak electron temperature is approximately % of the measured
value while the ion acceleration towards the end of the channel is too shallow compared to the measured
profile. Table 3 shows a comparison between the model and experimental global performance quantities.
For the global metrics: the discharge current is under-predicted by over 2 A, the thrust is under-predicted
by approximately 20 mN, and the anode efficiency matches within error. As thrust scales with discharge
current,®? it might be expected that the under-prediction in thrust would be corrected if the discharge current
was closer to 15A. However, the inability of the model to capture both the local properties and discharge
current while using the ground truth anomalous collision frequency suggests that the typical anomalous heat
flux closure used in Hall thruster models cannot correctly capture the observed values. This result motivates
adjusting the heat flux and wall loss contributions to the energy equation to better match the experimentally
observed data.
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Figure 5. Comparison of experimental and model profiles of a) electron temperature and b) ion velocity along
channel centerline. Model predictions are for the case of con,x =1 and ¢, = 1.

Table 3. Global performance metrics for experiment and model with measured collision frequency.

Global Quantity | Experimental Value | Experimental Uncertainty | Model Value

Discharge Current 15 (A) 0.1 (A) 12.82 (A)
Thrust 235.8 (mN) 2.5 (mN) 217.21 (mN)

Anode Efficiency 52.2 (%) 1.1 % 52.0 (%)

B. Heat Flux Scaling

To examine the effect of including the anomalous collision frequency in the anomalous heat flux, Fig. 6
displays the axial profiles of the electron temperature and ion velocity along channel centerline and the
global performance metrics as the cq, ,; coefficient, as defined in Eq. 16, varies. Note that only the largest
and smallest values of ¢y, are shown on the axial profile plots for clarity, but the intermediate values
fall between the two values. Reducing the anomalous contribution to heat flux leads to higher maximum
temperatures; however, it decreases the temperature on the tails of the profile. Physically, the lower heat
flux prevents axial diffusion of the electron energy, which traps the energy otherwise flowing upstream and
downstream of the peak temperature region. Thus, the improvement in maximum temperature comes at the
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expense of the match to the experimental data greater than 1.5 channel lengths downstream. Notably, even in
the case where the heat flux is purely classical, the model still under-predicts the peak electron temperature
by almost 15 eV. This result suggests that it may not be possible to match the observed temperatures by
tuning the cross-field heat flux alone and additional modifications to the electron energy are required.

Interestingly, the ion velocity profile in Fig. 6(b) has a sharper acceleration near the channel exit for
lower values of ¢4y, while the downstream match of the profiles is relatively unaffected. In other words,
tuning the energy transport improved the ability of the model to correctly capture momentum transport
as indicated by a steeper acceleration (stronger electric field). This trend is likely a result of the increased
pressure gradient in the generalized Ohm’s law. We will return to this point in Sec. VI.

For the global metrics, all values of ¢, under-predict the discharge current by greater than 2 A,
with the cqp , = 0 having a 0.2 A larger discharge current than cg, . The thrust is under-predicted by
approximately 15 mN and similar to the discharge current sees an increase with decreasing cun,x. The
anode efficiency matches to within uncertainty except for cqy , = 0 suggesting that the thrust is growing
faster than the discharge current. These trends are explainable by an increase in ionization rate at lower
values of cqn . As the ionization rate is driven by the electron temperature, the increase in peak electron
temperature should be expected to increase the number of ions produced. The increased number of ions
would then directly increase the discharge current and thrust as they are accelerated downstream. From an
efficiency standpoint, higher ionization rates improve the mass efficiency which translates into an increase in
anode efficiency. This trend suggests that a match in the peak electron temperature is not only critical for
matching the local plasma properties but the global metrics as well.
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Figure 6. Comparison of experimental and model profiles along channel centerline of a) axial electron temper-
ature and b) axial ion velocity as cqn,~ is varied. Comparison of experimental and model c) discharge current
and thrust, and d) anode efficiency for as cqn, is adjusted. In c) and d) horizontal lines with shaded region
represent experimental measurement and error while points represent model predictions. For all plots ¢,, = 1.

C. Wall Losses

Figure 7 displays the axial profiles and global metrics for when the wall loss coefficient ¢,, from Eq. 17 varies.
For these plots, we set cqn,. = 0, so the heat flux is purely classical. As before, the axial profiles are a subset
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of coefficient values for clarity of presentation. The most notable trend in scaling c,, is that the electron
temperature profiles are able to match the experimentally measured values. As c¢,, scales the electron flux
to the walls, this result suggests that the higher than expected temperatures could potentially be attributed
to an effective decrease in the electron flux toward the walls. Note that while ¢,, = 0.01 produces a peak
temperature that agrees better with the measurements, the maximum temperature of ¢,, = 0.1 is within
the experimental error, meaning that the preference between c¢,, = 0.01 and 0.1 should be determined by
comparisons between other quantities.

For all values of ¢, the ion velocity profiles are generally the same, although ¢,, = 0.1 does provide
a steeper acceleration in the latter half of the channel. The only noticeable trend is the increase in the
ion velocity through the first half of the channel as ¢, is reduced. This trend is likely a pressure gradient
effect as increased wall losses flattens the electron temperature profile in the first half of the channel. The
remaining discrepancy between the profiles is in the region near the channel exit, which will be explored
further in Sec. VI. For the global metrics, however, the discharge current, thrust, and anode efficiency all
increase as the wall loss decreases with the discharge current matching the experimental value for ¢,, = 0.1.
Thus, while the value of ¢,, = 0.01 provides a closer match to the peak electron temperature than ¢, = 0.1,
¢y = 0.1 is the best-fit coefficient as it is within the measurement error of the maximum temperature and
provides the best match to the global discharge current. For this condition, however, the thrust and anode
efficiency are over-predicted by the model. As discussed with the ¢, variation this trend is explainable
due to the increased ionization from the higher peak temperatures. This effect and the thrust discrepancy
will be further discussed in Sec.VI.
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Figure 7. Comparison of experimental and model profiles along channel centerline of a) axial electron tem-
perature and b) axial ion velocity as ¢, is varied. Comparison of experimental and model c) discharge current
and thrust, and d) anode efficiency for as c,, is adjusted. For all plots cqn,x = 0.

To summarize, we found that including the measured anomalous collision frequency in the electron heat
flux was not able to capture experimentally observed properties and metrics. Eliminating this contribution
and describing the heat flux classically provided better fits to the local plasma properties and closed the gap
in performance metrics but still had discrepancies larger than the experimental error. Finally, reducing the
electron flux to the walls and thus the energy losses by an order of magnitude was able to match the local
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plasma properties and discharge current within experimental uncertainty but over-predicted the thrust and
anode efficiency. We will now discuss the implications of the classical heat flux, reduced wall losses, and
remaining discrepancy between the model and experiment in detail.

VI. Discussion

In this section, we first discuss the effect of anomalous transport on the electron heat flux. We then
examine how we are able to capture sharp electric fields with a transport profile that exhibits a shallower
local minimum than previous work. We then consider how the heat flux and transport profile results impact
the search for a predictive closure. We then provide explanations for wall loss reductions and compare
them to previous work. Finally, we address the main discrepancies between the model and experimental
measurements.

A. Plausibility of Heat Flux Being Classical

A key finding of this work is that it is plausible that the cross-field heat flux in the thruster may be classical.
This represents a major departure, as discussed in Sec. IV.A, from conventional treatments of the heat flux
in the fluid modeling of these systems. In revisiting the underlying theory of heat flux closure, however, this
result may not be unexpected. Indeed, as we briefly outlined in Sec. II.C, if the key anomalous effects in the
thruster are wave driven, we are not aware of a first-principles justification for why their effect on the energy
transport should manifest as a modification to a Fourier law. It is possible, for example, that given the
relatively collisional environment of the Hall thruster discharge, the influence of the waves on the discharge
may have a negligible effect on the equilibrium shape of the electron velocity distribution function. If this is
the case, then the theoretical expectation may be that the conventional Brangiskii closure holds, and only a
Fourier law with classical collisions is necessary.

With that said, this interpretation is not to say that there is no impact on the heat flux, rather, that
anomalous transport does not appear to play a driving role in its quantification. We note that Eq. 7 correctly
quantifying the heat flux is also in contrast to previous calculations of the heat flux using the observed
collision frequency which found a significant departure from the Fourier’s law formulation.?” However, as
those findings used a simplified 1D model to determine the heat flux values, it is possible that 2D effects
captured by our model explain this discrepancy and allow for a classical representation of the heat flux.

B. Ability to Capture Steep Electric Fields Without a Momentum Transport Barrier

Another key finding from these results is that we were able to achieve a spatially steep acceleration of the
ions with a relatively relaxed prescribed anomalous collision frequency profile. For comparison, Fig. 8 plots
the profile used in this work with a previously calibrated profile from Ref. 43. As can be seen in the plot,
the calibrated profile requires an order of magnitude lower minimum than the measured profile to match
the ion velocity profile. This result, which was remarked upon in the experimental work in Ref. 33, is
notable given that previous fluid modeling work 4?47 have shown that it is typically necessary to impose a
spatially-concentrated, orders of magnitude decrease in the anomalous collision frequency in the region of
peak magnetic field in order to capture the steep ion acceleration.

Physically, the reason why previous modeling efforts have needed this transport barrier can be understood
from the generalized Ohm’s law for the perpendicular electric field. If we ignore the ion current term in Eq.
3, which is typically small in the discharge channel, we find

102 VP,

EL - Je, L — ) (18)
ol ene

where (), is the electron Hall parameter, o is the conductivity perpendicular to the magnetic field, and P,
is the electron pressure. A stronger electric field will produce more rapid ion acceleration and thus steeper
ion velocity profiles. As per Eq. 18, the magnitude of the electric field can be increased for a given cross-field
electron current by raising the Hall parameter, i.e. implementing an effective cross-field transport barrier to
the electrons.

However, Eq. 18 also shows another path toward achieving larger electric fields without a need for a
rapid decrease in the anomalous collision frequency: an increased pressure gradient. A sharper pressure
decline can result in stronger fields for a given Hall parameter. In our present work, we have proved this
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Figure 8. Inverse Hall parameter profiles from experimental measurements?32 (solid line) and from previous
empirical calibration (dashed line). 43

effect self-consistently. By effectively trapping more internal energy in the channel and thereby increasing
the magnitude of the pressure gradient, we were able to achieve quantitative agreement over the majority of
the ion velocity profile. This alternative pathway to capturing the ion velocity suggests that calibrating the
transport profile from laser-induced fluorescence data alone is not sufficient to uniquely describe the electron
dynamics.

C. Implications for closure modeling

The possibility that the conventional approach to anomalous bulk energy transport is incorrect has major
potential implications for previous efforts to develop closure models for Hall effect thrusters. Indeed, as we
have shown, changes to the energy equation can fundamentally alter how the model responds to a given
prescribed anomalous collision frequency in the thruster. And in our particular case, we have shown that
a relatively spatially relaxed profile (i.e. one that does not change by orders of magnitude, like in Fig.
4), can still lead to quantitative agreement with experimental measurements. With this in mind, many
previous approaches to finding closure models for the anomalous collision frequency in these devices!?40:58
have placed an emphasis on attempting to capture a steep transport barrier, like the empirical profile in Fig.
8, in order to capture the sharp acceleration zone in the thruster. As many of these proposed closure models
in turn explicitly depend on the electron temperature, 2716 our results suggest that these closure models may
be undermined if the energy equation assumed in the models is invalid. Therefore, it may be worthwhile
to revisit the self-consistent implementation of these closures after accounting for the modifications to the
energy equation found in this work.

D. Possible Explanations for Reduced Electron Flux to the Walls

To match the peak electron temperatures, our results required a scaling factor value of 0.1 on the electron
wall energy losses. This factor suggests that the electron flux to the walls as typically implemented in Hall
thruster models is an order of magnitude too high. We will now discuss some physical reasons why we might
expect reduced electron fluxes to the walls.

Within the channel, magnetically shielded Hall thrusters have a field profile shaped such that the field
lines do not intersect the walls.?® Therefore, for electrons to reach the walls they must cross magnetic field
lines which we expect to reduce the electron flux to the walls. As our sheath model described in Sec. III
does not account for the magnetic field, we likely over-predict the ability of the electrons to reach the walls.
Numerical simulations that increased the incidence angle of the magnetic field on the channel walls and found
increased electron temperatures which was directly attributed to reduced electron fluxes to the walls. %° These
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simulations confirm our suspicion that not accounting for magnetization in the sheath would lead to higher
energy losses to the channel walls and lower electron temperatures.

However, at the pole surfaces, the magnetic field lines at the poles are perpendicular to the surface, so the
flux of electrons into the pole is not impacted by their magnetization. Rather, we propose that the reduced
flux at the walls is explainable by a magnetic mirroring effect. Generally, magnetic mirror confinement
requires an increasing magnetic field strength and the adiabatic invariance of the magnetic moment.% As
magnetic field lines converge at the poles of the thruster, the increase in field strength criterion is met as
electrons follow the field lines into the poles. However, the isothermality of the field lines in this work and
others means that models traditionally do not meet the adiabatic criterion for a magnetic mirror. However,
2D measurements of the electron temperature (c.f. 45) show that the electrons become superadiabatic near
the poles, meeting the required conditions for a magnetic mirror effect. Therefore, it is likely that a mirroring
effect not captured by the model reduces the electron flux to the poles in physical thrusters. We note that
these results also show a reduced near-wall temperature that suggests lower losses are caused by a lower
energy loss per electron rather than a lower flux. However, these temperatures are only 3-6 times lower than
at centerline, *> meaning a flux reduction is still necessary to fully explain the factor of 10 found in this work.

Having different physical mechanisms for reduced channel and pole fluxes is backed by the thermal
modeling work on a similar thruster, which required a reduction factor to plasma wall loading of 0.52 in
the channel and 0.23 on the poles.?® Both values are higher than our best case ¢, = 0.1, but our result is
approximately within a factor of two for the pole coefficient. The discrepancy in the “pole” factor values
is likely due to the fact that the thermal models used a different thruster operating at 12.5 kW than the
thruster at a 4.5 kW condition used in this work. The application of the same reduction factor to all walls
was done for ease of implementation. However, as seen in Fig. 7, decreasing the wall losses led to a shallower
temperature gradient and increased ion velocities in the first half of the channel, suggesting that we may
have dropped losses in the channel to lower than should be physically expected. This result suggests that
future work should separate the flux reduction factor between channel and pole surfaces. It also suggests
that the wall loss scaling results here are more applicable to the pole surfaces than in the channel, as we
obtain better agreement with the pole reduction factor of Ref. 56.

E. Model Discrepancies

Here we address the remaining discrepancies between the best-case tuned model and the experimental mea-
surements and provide physical explanations for these discrepancies.

1. Ion Velocity

Although we have found that the majority of the ion velocity profile is captured by our best-case simulation,
we note that the velocity profile is still too relaxed spatially compared to experimental measurement. As
mentioned in Sec. IV.A, the assumption of constant anomalous collision frequency in the channel can affect
quantities such as the thrust.*” Notably, the previous work found that the increase in the thrust was caused
by the channel coefficient affecting the overlap of the ionization and acceleration regions,*” which would
affect the ion velocity profile towards the end of the channel. Therefore, future experimental and numerical
work should further investigate the collision frequency inside the channel to resolve dynamics in this region.

2. Thrust

In the best-case result, the thrust was over-predicted being 10.4% larger than the experimental value. As
the previous sensitivity work showed that decreasing the anomalous collision frequency in the channel could
increase the measured thrust by as much as 25%,4 our error is explainable by incorrect specification of
the anomalous collision frequency in the channel. However, to reduce the thrust based on this sensitivity
analysis we would need to increase the collision frequency in the channel. Per Eq. 18 this change would
decrease the electric field in the channel leading to an even shallower ion acceleration when the model
already predicts lower than observed ion acceleration. To simultaneously explain both discrepancies, we
note that non-isothermal field lines observed in Ref. 45 would cause a pressure gradient and increase the
parallel electric field. This field would accelerate ions away from channel centerline which would increase
the divergence angle of the thruster. As the models presented here show isothermal field lines, it is likely
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that the ion beam in the model is more collimated than in reality. Correctly capturing these 2D effects is
likewise a key direction for future work to better match experimental measurements.

VII. Conclusion

In this work, we have utilized a measured anomalous collision frequency profile to investigate the energy
transport in a magnetically-shielded Hall thruster operating on krypton at 300V and 15A. By describing the
electron heat flux with a classical representation, we increase the peak electron temperature and provide an
improved fit to the ion velocity profile. This result highlights the coupling between the resistive and pressure
forces when matching electric field and ion velocity profiles. Notably, our findings suggest that the typically
steep reduction in the anomalous collision frequency profiles could be due to low electron temperatures in
models rather than non-classical momentum transport. The remaining discrepancy in the peak electron
temperature and discharge current is resolvable by scaling down the electron energy wall losses. These
results suggest that the electron flux to the walls in a thruster is an order of magnitude lower than typical
fluid sheath boundary conditions suggesting the need for these boundary conditions to be re-evaluated. This
finding is enforced by a number of physical reasons why the electron flux might be lower than state-of-the-
art fluid models predict and qualitatively agrees with previous work that used the plasma wall loadings
for thermal modeling of Hall thrusters. Finally, the remaining discrepancies in the ion velocity and thrust
suggest that future experimental and numerical work should explore variations of the anomalous collision
frequency in the channel and modifications to capture non-isothermal behavior along field lines. The work we
have presented here demonstrates that previous treatment of the electron energy transport in Hall thrusters
needs to be reconsidered. However, our results suggest that if the heat flux and boundary conditions are
properly specified, predictive models of electron transport may be achievable.
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