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Azimuthal Spoke Propagation
in Hall Effect Thrusters

Michael J. Sekerak, Benjamin W. Longmier, Alec D. Gallimore,
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Abstract— Spokes are azimuthally propagating perturbations
in the plasma discharge of Hall effect thrusters (HETs) that
travel in the E × B direction. The mechanisms for spoke
formation are unknown, but their presence has been associated
with improved thruster performance in some thrusters moti-
vating a detailed investigation. The propagation of azimuthal
spokes are investigated in a 6 kW HET by using high-speed
imaging and azimuthally spaced probes. The spoke velocity is
determined from high-speed image analysis using three methods
with similar results. The spoke velocity for three discharge
voltages (300, 400, and 450 V) and three anode mass flow rates
(14.7, 19.5, and 25.2 mg/s) are between 1500 and 2200 m/s
across a range of magnetic field settings. The spoke velocity
is inversely dependent on magnetic field strength for lower
B-fields and asymptotes at higher B-fields. Spoke velocities
calculated from the probes are consistently higher by 30%
or more. An empirically approximated dispersion relation of
ωα = vα

chkα
θ

− ωα
ch where α ≥ 1 yields a characteristic velocity

that matches the ion acoustic speed for ∼5 eV electrons which
exist in the near-anode and near-field plume regions of the
discharge.

Index Terms— Aerospace industry, hall effect devices, plasma
diagnostics, plasma measurements, plasma waves, satellites, space
technology.

Manuscript received November 5, 2013; revised June 4, 2014; accepted
September 1, 2014. This work was supported in part by a NASA Office of
the Chief Technologist’s Space Technology Research Fellowship, in part by
the U.S. Air Force Office of Scientific Research, Arlington, VA, USA, and the
Air Force Research Laboratory, Edwards AFB, CA, USA, through the
Michigan/Air Force Center of Excellence in Electric Propulsion under
Grant FA9550-09-1-0695, in part by ERC, Inc., Huntsville, AL, USA,
under Contract RS130040 and Contract RS140086, and in part by the Jet
Propulsion Laboratory, California Institute of Technology, Pasadena,
CA, USA, within the National Aeronautics and Space Administration
(NASA).

M. J. Sekerak, B. W. Longmier, and A. D. Gallimore are with the
Plasmadynamics and Electric Propulsion Laboratory, Department of
Aerospace Engineering, University of Michigan, Ann Arbor, MI
48109 USA (e-mail: msekerak@umich.edu; longmier@umich.edu;
alec.gallimore@umich.edu).

D. L. Brown is with the U.S. Air Force Research Laboratory, Edwards AFB,
CA 93524 USA (e-mail: daniel.brown@edwards.af.mil).

R. R. Hofer is with the Electric Propulsion Group, Jet Propulsion Lab-
oratory, Pasadena, CA 91125 USA, managed by Californial Institute of
Technology (e-mail: richard.r.hofer@jpl.nasa.gov).

J. E. Polk is with the Propulsion and Materials Engineering Section, Jet
Propulsion Laboratory, Pasadena, CA 91109 USA, managed by California
Institute of Technology, Pasadena (e-mail: james.e.polk@jpl.nasa.gov).

Color versions of one or more of the figures in this paper are available
online at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TPS.2014.2355223

NOMENCLATURE

A0 Amplitude for Lorentzian fit, arb. units Hz−1.
B Magnetic field, T.
Br Radial magnetic field, T.
Br/B∗

r Normalized radial magnetic field.
b j,k Bin j , k.
Ez Axial electric field, V m−1.
f Frequency, Hz.
fc Camera frame rate, frames s−1.
fm Peak frequency for spoke order m, Hz.
f0 Center frequency for Lorentzian fit, Hz.
IIM,OM Inner, outer magnet coil current, A.
jD Discharge current density, mA cm−2.
kθ Azimuthal wave number, rad m−1.
Lchnl Discharge channel length, m.
Lpr Probe spacing, m.
m Spoke order.
mmin Minimum spoke order.
mi,e Ion, electron mass, kg.
Nbins Number of bins.
Nfr Number of frames.
n Plasma density, m−3.
PSD Power spectral density, arb. units Hz−1.
q Elementary charge, C.
Rchnl Mean discharge channel radius, m.
R jk Linear cross correlation between b j and bk .
r Radial location, m.
Te Electron temperature, eV.
td Probe time delay, s.
t j,k Time delay from bin j to k, s.
vch Characteristic velocity, m s−1.
vci Critical ionization velocity, m s−1.
vE×B E × B drift velocity, m s−1.
vgr Group velocity, m s−1.
vph Phase velocity, m s−1.
vs Ion acoustic velocity, m s−1.
vsp Spoke velocity, m s−1.
vspj,k Spoke velocity from bin j to k, m s−1.
vthe Electron thermal velocity, m s−1.
vθ Azimuthal velocity, m s−1.
wm Weighting for spoke order, m.
z Axial location, m.
α Dispersion relation power dependence.
β Spoke velocity to Br/B∗

r power dependence.
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� Full-width at half maximum for Lorentzian fit, Hz.
η Plasma resistivity, � m.
η⊥ Cross-field plasma resistivity, � m.
�θ j,k Angular difference from bin j to k, deg.
θ̇sp Spoke angular velocity, deg s−1.
νef effective collision frequency, s−1.
τs shutter period, s.
�e electron Hall parameter, rad s−1.
ω frequency, rad s−1.
ωch characteristic frequency, rad s−1.
ωci,e ion, electron cyclotron frequency, rad s−1.

I. INTRODUCTION

SPOKES were first observed in Hall effect thruster (HET)-
type devices by Janes and Lowder [1] as a possible

mechanism for cross-field transport. Research on a cylindrical
Hall thruster (CHT) [2], [3] showed that up to half of the
discharge current can pass through a spoke. It was also
reported that the CHT performance (measured by discharge
current) increased when the spoke was not present [4]. This
can lead one to conclude that spokes are detrimental to
HET performance. However, the annular device studied by
Janes and Lowder differed from modern HETs and the CHT
has a significantly different magnetic field topology and phys-
ical geometry (no inner wall); so direct comparisons may not
be appropriate with those systems to modern annular HETs
such as the SPT-100 and H6.

Research by Brown and Gallimore [5] and McDonald and
Gallimore [6] on low-voltage operation showed that thruster
performance increased when spokes were stronger in the H6.
Recent results by Sekerak et al. [7] on mode transitions
clearly shows that spoke behavior was dominant in so-called
local oscillation mode where the thruster exhibited lower mean
discharge current and discharge current oscillation amplitude.
The H6 thrust-to-power is maximum when the thruster is
operating in local mode with spokes clearly propagating
and no significant breathing mode. Sekerak et al. [7] raise
the causality question of whether spokes are responsible for
the improved thruster performance or are indicators that the
thruster is running optimally. Regardless, the association of
spokes with improved thruster performance in the H6 warrants
an in-depth interrogation of the fundamental mechanism(s)
that drive them in HETs.

This paper is organized as follows. Section II reviews the
experimental setup and findings of the recent investigation into
mode transitions that were intentionally induced by varying
magnetic field. Section III describes different methods for
calculating azimuthal spoke velocity. Section IV discusses
the results of four different methods used to calculate spoke
velocity with the correlation method as the preferred
technique. Across a range of normalized magnetic field
settings, the spoke velocity is 1500–2200 m/s for all operating
conditions. An empirically approximated dispersion relation of
ωα = vα

chkα
θ − ωα

ch where α ≥ 1 yields a charac-
teristic velocity that matches the ion acoustic speed for
∼5 eV electrons, which have been measured in the near-
anode and near-field plume regions of the discharge channel.

Finally, observations of spoke characteristics are summarized
to guide theory development.

II. REVIEW OF MODE TRANSITION OSCILLATIONS

This section reviews a recent investigation into mode tran-
sitions in HETs that were intentionally induced by varying
magnetic field strength [7]. The high-speed imaging results
and probe data from this experiment are used in Section III
to develop methods for calculating azimuthal spoke velocity
and determine how spoke velocity varies with magnetic field
strength.

HETs have been under development for over 50 years with
significant experimental and flight histories [8] and mode
transitions have been commonly observed throughout their
development as noted by some of the early pioneering Russian
research [9]. HETs have several parameters that define a
single operating point such as discharge voltage, magnetic field
strength (or magnet coil current), anode mass flow rate, and
cathode mass flow rate. Laboratory HET discharge power sup-
plies operate in voltage-regulated mode where the discharge
voltage between the anode and cathode is held constant and the
discharge current is allowed to fluctuate. A general, qualitative
description of mode transition can be deduced from previous
research as the point at which, while varying one parameter
and maintaining all others constant, a sharp discontinuity
is observed in the mean discharge current and oscillation
amplitude. In one mode, the discharge current oscillation
amplitude is small with respect to the mean discharge current
value, whereas after the mode transition the mean discharge
current rises sharply as well as the oscillation amplitude.
Previous researchers have identified mode transitions in HETs
[5], [9], [10] where a small change in a thruster operating
parameter such as discharge voltage, magnetic field or mass
flow rates causes the thruster mean discharge current and
oscillation amplitude to increase significantly and decrease
thruster performance [7]. Thrust-to-power is maximized in
the mode where azimuthal spokes are present and begins
to decrease by up to 25% when absent. Although spokes
are not identified as the cause of the increased performance,
their association suggests that investigating the underlying
mechanism of spokes will benefit thruster operation.

A. Thruster and Facilities

A recent experiment induced mode transitions in a 6 kW
class laboratory HET called the H6 shown in Fig. 1. The
experimental setup is described in detail in [7] and only
pertinent details are repeated here. The investigation was
conducted in the large vacuum test facility (LVTF) of the
Plasmadynamics and Electric Propulsion Laboratory (PEPL)
at the University of Michigan, MI. The test matrix included
variations in discharge voltage and xenon propellant flow
rates. Propellant mass flow rates tested were 25.2, 19.5, and
14.7 mg/s through the anode and 1.8, 1.4, and 1.0 mg/s (7%
cathode flow fraction) through the LaB6 cathode. Discharge
voltages of 300, 400, and 450 V were applied between the
anode and cathode. The xenon-corrected chamber pressures
were 8.5 × 10−6, 1.1 × 10−5, and 1.4 × 10−5 torr for
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Fig. 1. Left: H6 with direction of magnetic field and E × B shown. Right:
profile picture of the H6 operating at nominal conditions with magnetic
field stream lines overlaid and discharge channel outlined. Reproduced from
[7, Fig. 6].

14.7, 19.5, and 25.2 mg/s anode flow rate, respectively. These
pressures were measured with an external ionization gauge
and differ from the previously reported pressures [7] that
were measured with a nude ionization gauge. Both of these
gauges are mounted at the top of LVTF above the thruster
(∼3 m away) and the pressure measurement uncertainty was
estimated to be 20% [11]. A more complete discussion of
pressure measurements and pressure effects on HET operation
is provided by Walker [12].

The H6 was a joint development effort of the University
of Michigan, the Air Force Research Laboratory (AFRL)
at Edwards AFB, and the NASA Jet Propulsion
Laboratory (JPL); a separate copy of the thruster is maintained
at each institution. It is notable for its high total efficiency;
for example, 64% at 300 V (6 kW) with a specific impulse
of 1950 s and 70% at 800 V (6 kW) with a specific impulse
of 3170 s [13]. Since first firing in 2006, the H6 has been
well-characterized by a variety of diagnostic and modeling
techniques at Michigan, AFRL, and JPL. The magnetic field
shape shown in Fig. 1 was kept constant during testing, though
the magnitude, noted by Br/B∗

r , was varied throughout the
testing to induce a mode change within the H6.1

The quantity Br/B∗
r is the maximum radial magnetic field

value at a particular setting of inner magnet (IIM) current
and outer magnet (IOM) current divided by the reference
maximum radial magnetic field. The reference magnetic
field (B∗

r ) strength at 300 V and 20 A discharge current is
IIM = 3.50 A and IOM = 3.13 A [13]. To confirm magnetic
field shape consistency, simulations were performed using
MagNet Version 7.4.1.4 (32 b) from Infolytica Corporation for
all magnet settings used during B-field sweeps. The maximum
deviation in magnetic field direction on channel centerline
±Lchnl/4 from the exit plane with respect to the reference
magnetic field was less than 1° [14].

1References to magnetic field strength or magnitude in this paper are syn-
onymous with magnetic flux density, and magnetic field shape or streamlines
are synonymous with magnetic lines of force.

B. FastCam and ISR Probes

High-speed imaging was acquired with a Photron SA5
FastCam with a Nikon ED AF Nikkor 80–200 mm lens at
its maximum aperture f/2.8. The SA5 is capable of up to
1 000 000 frames/s with 128 × 16 pixel resolution, but was
used at 87 500 frames/s with 256 × 256 pixel resolution for
this investigation. The camera was 6 m downstream from the
thruster outside LVTF with a view of the thruster through
a viewport. In Fig. 2, three monochromatic FastCam frames
45.7 μs apart have been enhanced with false-colors to empha-
size the propagating spokes. FastCam frames are every 11.4 μs
with the frame rate of 87.5 kHz, so there are two frames
between each of the frames shown. The spoke can be seen
to move approximately ∼45° in ∼45 μs, which corresponds
to an approximate spoke velocity of ∼1400 m/s.

Details of the McDonald technique for high-speed image
analysis (HIA) are given in [7], [14], and [15], but a brief sum-
mary is provided here. The monochromatic video is imported
into MathWorks MATLAB where each frame is a 256 × 256
matrix of light intensity values and the ac component is
subtracted individually from each pixel. The discharge channel
is isolated and divided into 180 two-degree bins. The pixels in
each bin are averaged together generating a 180 × 1 vector of
light intensity for each frame. A 2-D plot of all frames is the
spoke surface where the ordinate is azimuthal location around
the discharge channel in clock positions and the abscissa is
time with each vertical column of values representing one
frame of video. Adding all bins together yields the m = 0 or
m0 mode and was first shown by Lobbia et al. [16] to linearly
correlate to the discharge current. During the mode transition
investigation reported in [7] the same strong, linear correlation
was also observed and used as the basis for converting light
intensity to discharge current density with several assumptions.

The spoke surface or discharge current density surface
yields valuable information on plasma oscillations within the
discharge channel by showing the time-resolved, azimuthal
distribution of light intensity. Vertical features represent
extremes in discharge current density that occur everywhere
in the channel simultaneously. Diagonal features are perturba-
tions in discharge current density that propagate azimuthally
around the discharge channel. Lines from upper-left to lower-
right are propagating anticlockwise around the discharge chan-
nel and lines from the lower-left to upper-right are propagating
clockwise. The E × B direction in the H6 is anticlockwise,
because the B-field direction is radially out. It was shown
that all azimuthally propagating features are in that direction
represented by lines from upper-left to lower-right with the
slope corresponding to propagation velocity in degree/s. The
HIA and 2-D power spectral density (PSD) are discussed
further in Section III-C.

Ion saturation reference (ISR) probes were positioned 1.5
discharge channel mean radii downstream at the 6 o’clock
position on thruster center line as shown in [7, Fig. 9]. The
ISR probe gap was 29.5 ± 0.5 mm apart, which corresponds to
21.4° ± 1.7° of azimuthal spacing, that is, ∼11° on either side
of 6 o’clock. The probes were 0.13 mm diameter pure tungsten
wire with 3 mm exposed. The ISR probes were biased to
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Fig. 2. Three false-colored FastCam frames 45.7 μs apart from a seven frame series showing azimuthal spoke propagation. Red: bright regions (spokes) of
the discharge channel. Blue: dim regions of the discharge channel.

Fig. 3. B-field sweep for 300 V, 19.5 mg/s showing transition at Br/B∗
r = 0.61. Top plot: mean discharge current (solid blue line) and oscillation amplitude

(dashed blue line) with the mode transition (vertical dashed black line). Four Br/B∗
r settings are selected for further analysis. Middle row plots: HIA PSDs

showing the relative oscillation strength of the various spoke orders, m, with the black line representing m0. A 500-Hz moving average filter has been
applied to smooth all PSDs. Bottom row plots: discharge current density in the discharge channel for 1 ms. The scale range for discharge current density at
Br/B∗

r = 0.52 is larger owing to the magnitude of oscillations. Reproduced from [7, Fig. 17].

−30 V with respect to ground, which is more than 16 Te below
the plasma potential and therefore are safely in ion saturation.
The ISR current is measured external to the LVTF across a
100 � shunt resistor through an Analog Devices AD 215
120-kHz low-distortion isolation amplifier. The data acqui-
sition system used to record discharge current and the ISR
signals are sampled at rates up to 180 MHz with 16-b
AlazarTech ATS9462 digitizers.

C. Transition Results

The magnetic field Br/B∗
r was varied by changing the inner

and outer magnet coil currents in a constant ratio with all
other parameters held constant including flow rates, discharge
voltage, and chamber pressure. Maintaining a constant 1.12
ratio of inner to outer coil current allowed the magnetic field
magnitude to be varied without changing the shape shown
in Fig. 1. Decreasing Br/B∗

r below a certain threshold was
shown to repeatedly induce a mode transition where both

the discharge current mean value and oscillation amplitude
increased. An example of this transition is shown at the
top of Fig. 3. The mean discharge current and oscillation
amplitude (root-mean-square or RMS) are lowest in local
mode (Br/B∗

r > 0.61 and then increase sharply in global mode
(Br/B∗

r < 0.61). The transition point is Br/B∗
r |trans = 0.61.

A defined transition Br/B∗
r is misleading because there is

a transition region where the plasma exhibits both types
of oscillations as shown in Fig. 3; however, the transi-
tion typically occurred over only ∼10% change in Br/B∗

r .
Sekerak et al. [7] (Figs. 12–14) showed that Br/B∗

r |trans
increases with increasing flow rate and discharge voltage. The
spokes shown in Fig. 3 for Br/B∗

r = 1.00 and 1.48 are
localized oscillations that are typically 10%–20% of the mean
discharge current density value, while the oscillations in global
mode Br/B∗

r = 0.52 can be 100% of the mean value.
The modes are described in [7] as global oscillation mode

and local oscillation mode. In global mode, the entire dis-
charge channel plasma is oscillating in unison and spokes
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are either absent or negligible with discharge current oscil-
lation amplitude (RMS) greater than 10% of the mean value.
Azimuthally spaced probes positioned downstream from the
exit plane show no signal delay between each other and
are very well correlated to the discharge current signal. In
local oscillation mode, perturbations in the discharge current
density are seen to propagate in the E × B direction with
clear spokes shown in a HIA PSD. The discharge current
oscillation amplitude and mean values are significantly lower
than those observed in global mode. The azimuthally spaced
probes in the plume show a clear signal delay between each
other indicating the passage of spokes, but are not well
correlated to the discharge current indicating localized plasma
oscillations within the discharge channel. The mode transitions
were consistent across different tests and showed no hysteresis,
but did change at different operating conditions. The transition
between global mode and local mode occurred at higher
Br/B∗

r for higher mass flow rate or higher discharge voltage.
The investigation did not conclude a mechanism that caused
mode transitions. The thrust was constant within experimental
error through the mode transition, but the thrust-to-power ratio
decreased by 25% for the 14.7 mg/s flow rate; the peak
value of thrust-to-power occurred near the transition point.
The plume showed significant differences between modes with
the global mode significantly brighter in the channel and the
near-field plasma as well as exhibiting a plasma spike on
thruster centerline. It was concluded that the H6 and likely any
similar thruster should be operated in local oscillation mode
to minimize the discharge current mean value and amplitude
of oscillations. Thruster performance maps should include
variation in discharge current, discharge voltage, magnetic
field, and flow rate to identify transition regions throughout
the life of a thruster.

III. SPOKE VELOCITY MEASUREMENTS

The spoke velocity can be calculated from either the high-
speed imaging or the azimuthally spaced probes by using
several different methods. Spokes are observed to propagate at
a range of velocities, so there is a distribution associated with
the speed akin to a distribution function. The methods below
will identify one representative velocity for spoke propagation.

A. Manual Method

Spokes are unambiguously observed in the FastCam videos
as bright regions rotating azimuthally around the discharge
channel as shown in Fig. 2. Using the McDonald technique
to create a spoke surface [7], [15], the spokes appear as
diagonal stripes in the spoke surface as shown in [7, Fig. 11].
This technique divides the discharge channel into 180
two-degree bins of averaged light intensity and a video con-
sisting of Nfr frames will yield a 180 × Nfr spokes surface.
The most obvious technique to calculate spoke velocity is to
fit lines to the diagonal stripes on the spoke surface; the slope
of which represent spoke angular velocity θ̇sp in degree/s.
In the FastCam videos and subsequent video enhancement
[17, Figs. 2 and 3], spokes are observed to fill the entire

Fig. 4. One millisecond segment of a normalized spoke surface showing
14 of 47 manually fitted lines for Br/B∗

r = 1.00.

Fig. 5. Velocity distribution for the manually fitted lines in Fig. 4. Black
dashed line: mean of the 47 measurements.

channel width. Therefore, spoke angular velocity is converted
to a linear velocity using the mean channel radius, Rchnl

vsp = (2π Rchnl/360) θ̇sp. (1)

To determine an average spoke angular velocity, 45–50 lines
are manually fitted to a normalized spoke surface as shown in
Fig. 4 for Br/B∗

r = 1.00, 300 V and 19.5 mg/s. A normalized
spoke surface shows the spokes more clearly without altering
their characteristic slope. To normalize a spoke surface, each
frame (vertical line) has its mean value subtracted and is
divided by its RMS value. To test the uncertainty due to human
error and repeatability, approximately 50 lines were fitted
to the same propagating spoke with a standard deviation of
39 m/s; this will be shown to be within the standard deviation
of a typical velocity distribution. The velocity distribution for
the spoke surface example of Fig. 4 is shown in Fig. 5 where
the spoke velocity is 1530 ±180 m/s and the uncertainty is the
standard deviation of the distribution.

More sophisticated techniques will be introduced in later
sections, but those results should be within the range of this
straightforward, yet labor-intensive approach. Representative
uncertainties for the manual method are the mean uncertainties
shown in Fig. 9 of 190 and 180 m/s for 300 and 400 V,
respectively.
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Fig. 6. Light intensity traces for four azimuthal locations from the normalized
spoke surface in Fig. 4. Selected locations are thruster 12 o’clock as the
reference and 30°, 50°, and 70° CCW from 12 o’clock. The offset times are
calculated via linear cross correlation from 12 o’clock to the other locations.
Five peaks have been selected to demonstrate how spokes propagate CCW
around the thruster by using the calculated offset times.

B. Correlation Method

The correlation method uses linear cross-correlation to
determine the time delay between oscillations in light intensity
at different azimuthal locations in the discharge channel. The
time delay represents transit time for a spoke to travel from
one azimuthal location to another and is used to calculate
angular and linear velocity. By comparing a large quantity
of azimuthal locations (O103) a representative spoke velocity
can be calculated.

Starting with the normalized spoke surface as discussed
earlier, the time-history signal of light intensity for each bin is
a 1×Nfr vector representing light fluctuations at that azimuthal
location for the duration of the video, which is typically
150–250 ms (Nfr ∼ 13 × 103 to 22 × 103). A 1 ms segment
of four normalized light intensity traces are shown in Fig. 6.
A linear cross-correlation analysis of the signals between
two bins, b j and bk , at different azimuthal locations with an
angular difference of �θ j,k degrees will yield the time, t j,k , it
took on average for a spoke to propagate around the channel
from b j to bk . The cross-correlation function is [18]

R jk = lim
T →∞

1

T

∫ T

0
b j (t) bk (t + τ )dt . (2)

Signal delays for nonfrequency dispersive propagation can be
identified by peaks in R jk where the highest peak is the time
offset, t j,k . Fig. 6 shows an example of the time offset for
three azimuthal locations (30°, 50°, and 70°) referenced to
12 o’clock on the thruster face calculated from linear cross
correlation. Five peaks in light intensity (spokes) are selected
and shown how they propagate around the thruster in Fig. 6.
The spoke velocity, vspj,k, from b j to bk is

vspj,k = (2π Rchnl/360)�θ j,k/t j,k . (3)

The spoke velocity for the correlation method is the mean
spoke velocity calculated between Nbins compared

vsp = 1

Nbins

∑
j

∑
k

vspj,k. (4)

In principle, the spoke velocity can be calculated from the
average time delay using every combination of the 180 bins,

which would be over 32 000. However, practical considerations
limit the range of bins that can be compared. The camera
frame rate is 87 500 frames/s so each frame represents 11.4 μs.
A spoke traveling at 2000 m/s will travel 16° or 8 bins in the
time span of one frame. Therefore, a practical lower limit is
�θ j,k ≥ 20° or ten bins. A single spoke typically propagates
one-quarter of the discharge channel circumference for most
B-field settings. In strong spoke regimes, a single spoke will
propagate one-half to even the entire channel circumference.
A reliable upper limit for automated processing is to only
compare bins where �θ j,k ≤ 70° or 35 bins. In Fig. 6,
six cycles can be identified in ∼0.55 ms, which corresponds
to ∼11 kHz or a spoke period of τsp ∼90 μs. Because of
signal noise, the cross-correlation peak occasionally matches
to a spoke ahead or behind the correct spoke, so the calculated
offset time is in error by one or two τsp. Although this
occurs more often when �θ j,k >90°, it occasionally occurs
for �θ j,k < 70°. These points are easy to identify via man-
ual inspection, but reject criteria is set for automated data
processing, so any spoke velocity outside of 500–3500 m/s
is rejected. To reduce computational time, only 90 bins (every
other bin) are used for reference start points. All bins from
bin 10 to 35 anticlockwise from the reference bin are used
for comparison. Therefore, j is 1, 3, 5, . . . to 180 and k is
10–35 in (4) which yields a maximum of Nbins = 2430
possible points. The spoke velocities for smaller �θ j,k will
have larger uncertainty because half of the camera frame
period (5.7 μs) represents a large fraction of the spoke travel
time (∼14 μs to travel 20°). The standard deviation can be
reduced choosing a larger value for the lower limit of �θ j,k

instead of 20°, but the number of points used in the calculation,
Nbins, will also be reduced, so a balance must be reached.

Using the correlation method on the spoke surface shown in
Fig. 4 yields a spoke velocity of vsp = 1470 ± 270 m/s where
the uncertainty is the standard deviation of the velocities used
in (4). This is within 4% of the manual technique described
previously. For this data point, Nbins = 2266 of the possible
2430 points are used for 20° ≤ �θ j,k ≤ 70°. The manual
method and correlation method produce very similar results
as shown later in Figs. 8 and 9. Representative uncertainties
for the correlation method are the mean uncertainties shown
in Fig. 9 of 280 and 260 m/s for 300 and 400 V, respectively.
The correlation method is important because it is an automated
and reliable procedure of providing the same results as the
laborious manual method.

C. Dispersion Relation Method

Dispersion relations are common place in plasma physics
to describe the relationship between oscillation frequency
and wave number. This method determines the spoke
velocity from the phase velocity of an empirically deter-
mined dispersion relation. The 2-D PSD identifies a peak
frequency for each spoke order, which is equivalent to wave
number, and thus yields a dispersion plot from high-speed
imaging results. An assumed functional form is fit to the
data to calculate the numerical values for the dispersion
relation.
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Fig. 7. HIA PSDs for Br/B∗
r = 1.25, 1.00 and 0.73 for 300 V and 19.5 mg/s with m = 0–10 shown. A 500 Hz moving average window has been applied

to each PSD trace to reduce noise. Bottom right: peak frequencies are identified and plotted versus wave number for corresponding dispersion relations.

The HIA method developed by McDonald [19] and
described in detail in [7] generates PSDs from the 2-D spoke
surface. Fig. 7 shows examples for the 300 V, 19.5 mg/s test
case where peaks are clearly visible for each spoke order, m.
As described by McDonald in his original derivation [15],
m is analogous to number of wave lengths per channel
circumference. Hence, m = 0 or m0 is no wave in the
channel (the entire channel is dark or bright), m = 1 means
one wave in the channel (one half-bright, the other dark),
m = 2 is two waves per channel (two bright regions, two
dark regions), m = 3 is three waves per channel (three
bright regions, three dark regions), and so on. In the literature
m is often called the wave mode, but we call it spoke order
to avoid nomenclature confusion with the HET operational
modes discussed in Section II. The azimuthal wave number,
kθ , is calculated from the spoke order by kθ = m/r . Fig. 7
shows each spoke order has a unique peak frequency that is
typically 3–5 kHz higher than the previous m. Therefore, the
HIA PSDs can be used to generate dispersion plots of peak
frequency ω versus wave number kθ .

The HIA PSDs are a powerful tool for understand-
ing the plasma oscillations associated with HET operation.
Sekerak et al. [20] showed that the ISR probes identified the
same peak frequencies as the HIA PSDs indicating that spoke-
related oscillations extended out into the plume. The same
spoke surface that generated the normalized spoke surface
as shown in Fig. 4 was used to generate the HIA PSD for
Br/B∗

r = 1.00 as shown in Fig. 7. Note the most dominant
peak for Br/B∗

r = 1.00 is m = 4 at 10.4 kHz, which is
close to the crudely estimated frequency as shown in Fig. 6
of ∼11 kHz.

To automatically identify the peak frequencies for each
spoke order, the PSDs are first smoothed with a 250 Hz
moving average filter and the maximum value identified.
Because of noise from the Fourier transform, the maximum

value is not always the frequency at the center of the peaks
shown in Fig. 7, so a Lorentzian [21] of the form

PSD( f ) = A0

π

1
2�

( f − f0)
2 + ( 1

2�
)2 (5)

is fitted to a segment of the PSD around the maximum value.
The fit variables in (5) are the full-width at half-maximum �,
amplitude A0, and center frequency f0. This identifies the
frequency f0 or ω0 at the center of the primary peak for
each m. Example dispersion plots using this technique for the
three HIA PSDs are also shown in Fig. 7.

For high magnetic field strength, Br/B∗
r = 1.25, the higher

spoke orders are most prominent with m = 10 showing
a peak near the same height as m = 5. At the nominal
setting, Br/B∗

r = 1.00, the spoke orders m = 3–5 are an
order of magnitude higher than m ≥ 6, although peaks are
visible up to m = 10. At the lowest magnetic field setting,
Br/B∗

r = 0.73, spoke orders m = 3–5 are still dominant but
lower in magnitude than Br/B∗

r = 1.00. Although very weak,
peaks are still visible for m = 6–9. As magnetic field is
increased, the frequency of each spoke order decreases as
shown in the PSDs and dispersion plot shown in Fig. 7.

First-principles-based dispersion relations are derived from
linearized, plasma physics equations and represent physical
mechanisms for given oscillations. The empirical relationship
between ω and kθ shown in Fig. 7 does not offer any physical
explanation for the cause of the azimuthal oscillations.
To gain insight into the physical mechanisms behind spokes,
a functional form is selected to fit the data and coefficients
calculated from least-squared fits are compared with
coefficients from physics-based dispersion relations. The
chosen empirical dispersion relation functional form most
likely will not exactly replicate a first-principles-derived
dispersion relation, but similarities between them
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may be insightful. A first-principles-derived dispersion
relation that explains spokes should reduce to a form similar
to the empirical relation by using a set of assumptions or
approximations. With the preceding discussion in mind,
several functional forms that can represent the empirical
relationship between ω and kθ shown in Fig. 7 include

ωα = vα
chkα

θ − ωα
ch (6)

ω = −v2
ch2k2

θ + vch1kθ − ωch (7)

ω = √
ωch(vchkθ − ωch) (8)

where (6) is a power law relation and α = 1 recovers a
simple linear relationship, (7) is a second-order polynomial
and (8) is a parabola. These functional forms do not constitute
an exhaustive list of all possible functional forms, but they
all share an important characteristic that ω is monotonically
increasing with kθ over the expected range of kθ shown in
Fig. 7. The negative signs in (6)–(8) are the result of least-
square fits. The coefficients have been written as characteristic
velocities, vch, and characteristic frequencies, ωch. These have
been calculated from a least-square fit to the m = 3–9
spoke order data for Br/B∗

r = 1 shown in Fig. 7 with the
results shown in (9)–(13). Note that α = 1, 2, and 3 have
been separately calculated for the power law in (9)–(11),
respectively

ω = (2170)kθ − (4.40 × 104) (9)

ω2 = (1820)2k2
θ − (6.05 × 104)2 (10)

ω3 = (1760)3k3
θ − (7.11 × 104)3 (11)

ω = −(2.87)2k2
θ + (3410)kθ − (8.52 × 104) (12)

ω =
√

(1.43 × 105)((3500)kθ − 1.43 × 105). (13)

The power law relation of (6) displays the smallest devi-
ations for all values, including those outside the range of
m = 3–9. The parabolic relation from (8) and (13)
has the largest deviations from the data. Except for the
second-order coefficient of (12) at 2.87 m/s, the characteristic
velocities for each functional form are the same order of
magnitude in the range 1760–3500 m/s. It is interesting to note
this velocity range corresponds to ion acoustic speeds with
4–17 eV electrons commonly observed in HET discharge
channels and plumes, which is discussed in Section IV-C.
The characteristic frequencies show excellent similarities with
a range 4.40–14.3 × 104 rad/s. The power law relation in (6)
with α = 1 and 2 will be used for further analysis owing to its
simplicity and because it provides the best fit for the largest
range of kθ and ω.

The unexpected minus sign in (6)–(8) results from the
ordinate intercept shown in Fig. 7, which is ω < 0 when
extrapolating backwards for m < 2 by using the points
from 3 ≤ m ≤ 12. The physical implication is a limit of
vα

chkα
θ > ωα

ch for ω to be real in (6), so the only spoke orders
that can exist are

m > Rchnl
ωch

vch
= mmin. (14)

In practice, mmin is typically 3 or 4. The phase velocity, vph,
and group velocity, vgr, from the dispersion relation in (6) are

vph = ω

kθ
=

[
vα

ch −
(

ωch

kθ

)α]1/α

(15)

vgr = ∂ω

∂kθ
= vph

(
vch

vph

)α

. (16)

Equation (15) shows that the phase velocity will always
be less than the characteristic velocity and (16) shows the
group velocity will always be greater than the phase velocity.
In the limit of (ωch/(kθvch))

α 	 1 that follows from (14), a
binomial expansion of (15) yields a simplified phase velocity

vph 
 vch

[
1 − 1

α

(
ωch

kθvch

)α]
=vch

[
1 − 1

α

(mmin

m

)α
]
. (17)

With the FastCam frame rate at 87 500 frames/s the Nyquist
limit is 43.8 kHz (2.75 × 105 rad/s), which is the asymptotic
peak value for m ≥ 12 observed in the dispersion plots shown
in Fig. 7. In fitting the simple dispersion relation of (6) to the
data shown in Fig. 7, a parametric study was done to determine
the limits on m. Three different ranges were selected for spoke
orders: 3 ≤ m ≤ 8, 9, 10. In general, the results were not
sensitive to the upper limit of m used, but the m = 8 case
had more variation in characteristic velocity. For all future
comparison plots, the range of m used for curve fitting will
be m = 3–9 and α = 1, 2 in (6).

The aforementioned manual and correlation methods both
identify a single, dominant spoke velocity for a given magnetic
field setting and operating condition. However, the phase
velocity from (15), which is assumed to be the spoke velocity,
is a function of wave number. Fig. 8 shows vph as a function
of spoke order m as a proxy for kθ for 300 and 400 V and
α = 1, 2 (α = 3 is very similar to α = 2 and is not shown).
A single, representative spoke velocity can be calculated from
a weighted average spoke velocity by using the PSD value at
the peak frequency fm as the weighting factor wm for each m.
The spoke velocity and weighting factors are

vsp =
9∑

m=5

wmvph (18)

wm = PSD( fm)

9∑
m=5

PSD( fm)

. (19)

The HIA PSDs shown in Fig. 7 show that certain spoke orders
are dominant at different magnetic field settings, with spoke
orders m = 4 and 5 are dominant for Br/B∗

r < 1.0. Fig. 8
shows that for 300 V the phase velocities for m = 3 are far
too low and for 400 V the phase velocities for m = 3 and 4
are too low. The higher spoke orders are either dominant or
the same magnitude as m = 4, 5 for the higher magnetic field
settings. The weighting method of (19) accounts for the higher
spoke order dominance at higher Br/B∗

r values and causes the
upward shift above ∼1, which tracks very well with the spoke
velocities calculated via the manual and correlation method
and builds confidence in the dispersion method. The minimum
spoke order m = 5 was chosen in (18) and (19) such that (14)
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Fig. 8. Comparison of phase velocities and spoke velocities for (a) and (c) 300 V and (b) and (d) 400 V, 19.5 mg/s for (a) and (b) α = 1 and
(c) and (d) α = 2. Colored lines: phase velocity for each spoke order m calculated with (15). Red lines: squares are spoke velocities calculated with
the dispersion method and (18). Solid black lines: circles are spoke velocities calculated using the correlation method. Dashed black lines: triangles are spoke
velocities calculated using the manual method.

is satisfied for all conditions. Fig. 8 shows the velocity from
the correlation method typically follows the phase velocity
for m = 5 or 6 closely for Br/B∗

r |trans ≤ Br/B∗
r � 1.0 and

for Br/B∗
r � 1.0 the correlation velocity follows m ≥ 6.

Therefore, using the phase velocities for 5 ≤ m ≤ 9 to
calculate a representative spoke velocity is reasonable. Using
4 ≤ m ≤ 12 yields the same shape, but shifted lower by
100–200 m/s. Fig. 8 shows for 300 V both α = 1 and 2 yield
spoke velocities from the dispersion method that match the
manual and correlation methods, but α = 2 is better correlated
for 400 V.

The uncertainty in phase velocity from (15) for wave
number kθ is calculated using the standard error for the fit
coefficients [22] and the error propagation equation [23].
The total uncertainty in spoke velocity is calculated using
the weighted average technique of (18) and (19). For the
same example shown in Fig. 4 of Br/B∗

r = 1, 300 V and
19.5 mg/s, the spoke velocity is 1510 ± 140 m/s for α = 1
and 1570 ± 60 m/s for α = 2. This is within 4% of the spoke
velocity calculated with the manual method. Representative
uncertainties for the dispersion relation method are the mean
uncertainties shown in Fig. 9 of 120 and 47 m/s for α = 1
and 2 at 300 V, and 157 and 41 m/s for α = 1 and 2 at 400 V.

D. Probe Delay Method

A final method to calculate spoke velocity is to calculate
the time delay with linear cross correlation of a signal passing
from one azimuthally spaced probe to another. The down-
stream probes are azimuthally separated on channel centerline
and observe the same plasma oscillations with a time delay.
This time offset is converted to linear velocity based on the
probe azimuthal spacing.

The ISR probes are used to measure plasma oscillations in
the plume that correlate to light intensity oscillations in the
discharge channel. As discussed at length in [7], both ISR
probes observed the same plasma oscillations, but in local
mode the signal was delayed, whereas in global mode the
oscillations occurred nearly simultaneously at each probe. The
time delay, td , was determined from a linear cross-correlation
technique described in Section III-B and (2). As shown in
[7, Fig. 20(c)], the time delay in local mode was between 10
and 15 μs.

The spoke velocity can be calculated from the linear,
azimuthal distance between each probe, Lpr = (2π Rchnl/360)
�θ1,2, divided by the time delay

vsp = Lpr/td . (20)

The uncertainty in Lpr is calculated from the probe spacing
uncertainty of 1.7° and the uncertainty of td is assumed to be
10% of the value [16]. These uncertainties are used to calculate
the maximum and minimum values for spoke velocity at a
given setting vsp|max

min = (Lpr ±σLpr)/(td ∓ σtd). For the sample
data point used in the previous methods of Br/B∗

r = 1.00,
300 V, and 19.5 mg/s, the spoke velocity is 2090 ± 380 m/s,
which is 38% higher than the spoke velocity calculated via
the manual method. Representative uncertainties for the probe
delay method are the mean uncertainties shown in Fig. 9 of
390 and 420 m/s for 300 and 400 V, respectively.

IV. DISCUSSION

A. Spoke Velocity Comparison

Fig. 9 shows the spoke velocity calculated via all four
methods discussed above with error bars for 300 and 400 V at
19.5 mg/s flow rate. The manual, correlation, and dispersion
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Fig. 9. Comparison of spoke velocity calculation methods: manual, correla-
tion, dispersion relation with α = 1, 2, and probe delay method for (a) 300 V
and (b) 400 V. Not all error bars are shown for clarity. For the dispersion
relations, m ≥ 5 has been used in (18) and (19).

methods are all very well correlated. The spoke velocity
from probe delay is consistently higher by ∼30% for both
conditions with the 400 V condition showing an unusual rise
for Br/B∗

r > 0.9. The reason for this divergence is unknown.
The spoke velocity is initially inversely dependent on Br/B∗

r
until Br/B∗

r ∼ 1 then levels out for higher magnetic field
strength. The inverse dependence of vsp on Br/B∗

r is stronger
for the 300 V condition than 400 V. Fig. 10 shows the
characteristic velocities and mmin for the dispersion method for
300 V, 400 V, and α = 1 and 2. The characteristic velocities
are higher for the α = 1 and for α = 2 they show the
same inverse dependence on Br/B∗

r until ∼1, after which they
become level at the same value. The minimum spoke order
appears to be linearly dependent on Br/B∗

r with α = 2 higher.
Fig. 11 shows a comparison of spoke velocities calculated

from the correlation method for all five conditions tested. The
300 V, 19.5 mg/s condition is the average of four sweeps
and the 400 V, 19.5 mg/s condition is the average of two
sweeps. All conditions show the same trend of spoke velocity
inversely dependent on Br/B∗

r until Br/B∗
r ∼ 1. Power

dependencies of vsp ∝ (Br/B∗
r )−0.5 and vsp ∝ (Br/B∗

r )−0.25

are shown in Fig. 11 for reference purposes only and were not
generated from curve fits. The 300 V, 19.5 mg/s, and 14.7 mg/s
conditions show the strongest inverse dependence closer to the
−0.5 reference, all others are closer to the −0.25 reference.
For Br/B∗

r � 1, the 300 V, 14.7 mg/s condition still decreases,
but not as steeply and 300 V, 19.5 mg/s actually increases
velocity before stabilizing. All other conditions are essentially
constant for the higher magnetic field settings. With the excep-
tion of 300 V, 14.7 mg/s, all conditions asymptote between
1600 and 1700 m/s for the maximum magnetic field settings.
The trend of decreasing spoke velocity with increasing Br/B∗

r

Fig. 10. Comparison of (a) characteristic velocity vch and (b) minimum spoke
order from (14) for 300 and 400 V, 19.5 mg/s. Power dependence α = 1 and
2 are considered.

for Br/B∗
r � 1 is clear, but the velocity change is small,

typically <25%. The variation in spoke velocity during a
magnetic field sweep is on the order of the uncertainty shown
in Fig. 9, reinforcing that the dependence on magnetic field
magnitude is not strong. Therefore, the spoke velocity is
weakly inversely dependent or completely independent of
magnetic field strength in the H6 at the conditions tested.

The E × B drift velocity is calculated in the H6 dis-
charge channel by using the internal plasma measurements of
Reid [24]. The maximum value is over 4×106 m/s at the peak
electric field and of order 105 m/s within ±0.2Lchnl centered
on the peak. These velocities are two to three orders of magni-
tude higher than the typical spoke velocity of 1500–2200 m/s.
The electric field would have to be small, Ez ∼ 0.01 V/mm,
for vE×B ∼ vsp. Assuming the electrons follow a circular path
on channel centerline during the azimuthal drift, they would
circle the thruster in 0.13 μs (8 MHz) at the peak vE×B and
26 μs (38 kHz) upstream from the ionization region. It should
be noted the electron thermal velocity, vthe, is an order of
magnitude or larger than the E × B drift velocity throughout
most of the channel and plume, except at the axial location of
peak electric field.

Spokes are always observed to propagate in the E × B drift
direction2 indicating they are likely related to the azimuthal
Hall current, which has an azimuthal velocity of vE×B =
Ez/Br . Using the steady-state, perpendicular velocity compo-
nent from the electron fluid equation of motion and neglecting

2Personal correspondence with McDonald. During a test in July 2009, the
polarity of the H6 magnets were reversed while the thruster was running at
VD = 300 V, ID = 10 A, and Br/B∗

r = 0.70, and the spokes were observed
with the FastCam to change directions. Videos of one-fourth of the discharge
channel were acquired at 54 000 frames/s.
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Fig. 11. Spoke velocity calculated with the correlation method for all conditions tested. Parenthetical numbers are the number of B-field sweeps averaged
together. Reference lines for possible functional forms of vsp dependence on Br/B∗

r are shown for discussion purposes only.

the density and temperature-gradient terms, the axial electric
field can be written as

Ez ≈ η⊥ jD ≈ (
1 + �2

e

)
η jD ≈ B2

r

meνefn
jD (21)

which is Ohm’s law where the cross field, η⊥, and classical, η,
resistivities are

η⊥ = (
1 + �2

e

)
η η = meνef

q2n
. (22)

In addition, n is the plasma density, me is the electron mass,
νef is the effective collision frequency, jD is the discharge
current density, �e = ωce/νef is the Hall parameter, and
ωce = q B/me is the electron cyclotron frequency. The second
approximation in (21) uses the assumption that �e � 1, which
is justified as the Hall parameter is known to be between 200
and 800 in the ionization region of HETs [25]. Equation (21)
shows how the electric field is formed from the magnetic field,
which creates high cross-field resistivity in the plasma. The
large resistance created by the magnetic field also heats the
plasma through Joule heating. The peak electron temperature
in a HET discharge is typically ∼30 eV, whereas the rest of
the plasma is <10 eV. The dependence of Ez on Br in (21)
implies the E × B drift velocity in HETs scales as

vE×B = Ez

Br
≈ Br

meνefn
jD. (23)

The linear scaling between vE×B ∝ Br is counter to the
inverse scaling that is intuitively expected vE×B ∝ 1/Br if Ez

and Br are independent. The assumption of nearly constant
jD with varying Br is justified in local mode as shown in
Fig. 3 and [7, Figs. 12 and 13] where the discharge current is
constant to within 5% before the mode transition to global
mode. In summary, any proposed theory for spokes must
account for the observation that spokes propagate in the E ×B
direction, yet do not have the same velocity magnitude or
scaling characteristics with magnetic field strength as the Hall
current.

B. Spoke Velocity Observation Limits

Each spoke order represents the number of light and
dark regions in the thruster, which is the wavelength λ =
2π Rchnl/m. If the spoke travels a half-wavelength during the
period of time the shutter is open, then the bright region will
travel over the dark region rendering the spoke unobservable
by the camera. Assuming the open period of the shutter is
τs = 1/ fc where fc is the camera frame rate, then the
observable spoke velocity is

vsp <
π Rchnl fc

m
. (24)

For m = 3, 5, 7, and 9, (24) yields maximum observable spoke
velocities of 7300, 4400, 3100, and 2400 m/s, respectively.
This is within all of the spoke velocities for each spoke order
as shown in Fig. 8; however, the highest spoke orders are close
to the limit.

C. Ion Acoustic Speed and Electrostatic Ion Cyclotron Waves

Plasma measurements internal to the discharge channel were
made by Reid [24] on the H6 at 300 V with 20 mg/s anode
flow rate after less than 300 h of total thruster operation. The
magnet settings used were IIM = 3 A and IOM = 2.68 A,
which corresponds to Br/B∗

r = 0.86. The spoke velocity
is 1540 m/s as shown Fig. 11 for Br/B∗

r = 0.86 and the
characteristic velocities are 2190 and 1850 m/s for α = 1 and 2
as shown Fig. 10(a). Fig. 12 shows a comparison of those
velocities with the channel centerline ion acoustic velocity,
vs = √

(qTe/mi ), and the critical ionization velocity, vci.
The ion acoustic speed for Te = 5 eV is 2000 m/s and for
Te = 35 eV is 5000 m/s. Janes and Lowder [1] suggested that
the spokes may be related to the critical ionization velocity
first proposed by Alfvén. The critical ionization velocity for
xenon shown in Fig. 12 is 4200 m/s, which is the same order
of magnitude as the spoke velocity, but is still over twice the
value. The ion acoustic speed matches the characteristic speed
for α = 2 better than α = 1, particularly for z/Lchnl < 0.7.
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Fig. 12. Ion acoustic speed on channel center line for Br/B∗
r = 0.86

calculated from data presented in [24] and smoothed by a 0.038 z/Lchnl
moving average filter. The critical ionization velocity, spoke velocity, and
characteristic velocities for α = 1, 2 are shown for comparison.

The spoke velocity is lower than the ion acoustic speed in
the near-anode region, but is similar to the near-field plume
region.

An electrostatic ion cyclotron wave [26] is similar to an
ion acoustic oscillation except the Lorentz force provides a
restoring force [27], which yields the following dispersion
relation:

ω2 = k2v2
s + ω2

ci (25)

this needs to be moved up where vs is first discussed. Electro-
static ion cyclotron waves can propagate nearly perpendicular
to B and has a phase velocity of

vph =
√

v2
s + ω2

ci/k2. (26)

Except for the difference in sign inside the radical, note the
similarity to (15) with α = 2, the ion acoustic speed as
the characteristic velocity, and the ion cyclotron frequency
as the characteristic frequency. Because the spoke location is
unknown, spokes could be related to electrostatic ion cyclotron
waves in the channel near the anode or in the near-field plume
region where Te ∼ 5 eV.

The observation that ion acoustic speeds in some regions
of the discharge channel match the characteristic speed from
the dispersion method is encouraging, because vs commonly
appears in waves such as the electrostatic ion cyclotron wave
and arises prominently in drift waves. In Escobar’s simplified
model that includes ionization [28], the wave speed was found
to be of order the ion acoustic speed and Cavalier recently
found modes that resemble ion acoustic waves [29]. However,
it should be cautioned that the location and mechanism for
spokes are still unknown, and any similarities between spokes
and ion acoustic waves are currently circumstantial.

D. Observation of Spoke Characteristics

Combining the above discussion, we can state the follow-
ing observations regarding spoke velocities in the H6. Any
theory on spoke mechanisms and propagation should account
for these results when applied to the specific geometry and
magnetic field topology of the H6.

1) Propagation is in the E × B direction. Reversal of the
magnet field direction will cause the spokes to propagate
in the opposite direction.

2) Predict a spoke velocity of 1500–2200 m/s in the H6.
Spoke velocities are not dependent on discharge voltage
or mass flow rate to within experimental error for
VD = 300–450 V and ṁa = 14.7–25.2 mg/s.
Spoke velocity dependence on thruster size is unknown,
although likely weak as noted by McDonald [6]. These
velocities are two to three orders of magnitude smaller
than the E × B drift velocity of the azimuthal Hall
current.

3) The dispersion relation can be approximated by a power
law dependence ωα ∼ vα

chkα
θ − ωα

ch where α ≥ 1. The
spoke velocity vsp is less than the characteristic velocity
vch and is dependent on the dominant spoke orders,
typically m > 4. In general, the dominant spoke order
increase with increasing magnetic field strength.

4) Spoke velocity should either be independent or weakly,
inversely dependent on magnetic field strength. For
the H6 an example dependence of vsp ∝ B−β where
0.25 � β � 0.5 is shown in Fig. 11 for Br/B∗

r |trans <
Br/B∗

r � 1, but other functional forms are possible.
For Br/B∗

r � 1, the spoke velocity nearly asymptotes
to a constant value. This differs from the E × B drift
velocity of the azimuthal Hall current, which is expected
to approximately scale as vE×B ∝ Br .

5) Spokes are not observed in magnetically shielded
thrusters [30] except for very high magnetic field
strengths as discussed in [14, Appendix C].

V. CONCLUSION

The spoke velocity is determined using three methods with
similar results: manual fitting of diagonal lines on the spoke
surface, linear cross correlation between azimuthal locations,
and an approximated dispersion relation. The spoke velocity
in the H6 for three discharge voltages (300, 400, and 450 V)
and three anode mass flow rates (14.7, 19.5, and 25.2 mg/s)
are between 1500 and 2200 m/s across a range of normalized
magnetic field settings. The spoke velocity is inversely depen-
dent on magnetic field strength for Br/B∗

r � 1 and asymptotes
to 1600–1700 m/s for Br/B∗

r � 1 for all conditions except
300 V, 14.7 mg/s. Spoke velocity from a fourth method, the
probe delay method, is ∼30% higher for 300 V, 19.5 mg/s,
and for 400 V, 19.5 mg/s shows an unexplained increase
for Br/B∗

r > 0.9. The empirically approximated dispersion
relation of ωα = vα

chkα
θ − ωα

ch where α ≥ 1 yields a
characteristic velocity that matches the ion acoustic speed
for ∼5 eV electrons that exist in the near-anode and near-
field plume regions of the discharge channel. These detailed
observations of azimuthal spoke propagation are distilled into
a list of criteria any potential theory for spoke mechanics must
explain.
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