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I. Introduction

He effects of plasma turbulence is an intense area of research for the electric propulsion (EP)
Tcommunity as it is a critical driver of the plasma state in many EP devices. To name some
examples, turbulence is known to drive the resistivity in the plume of hollow cathodes and is thought
to play an important role in cross-field transport in Hall thrusters. Gaps in our understanding of these
collective effects of turbulence can prevent the self-consistent modeling of EP devices. Ultimately,
without high-fidelity codes that can account for these effects, design and flight qualification through
modeling alone remains impossible and predicting long-term behavior of EP systems is difficult.

Historically, the hollow cathodes found in Hall and ion thrusters have been challenging to model
numerically.! Some notable examples are predicting the resistivity of the cathode plume'? and the
spot-to-plume mode transition.® % As was posited by others, the plasma conditions produced by the
cathode are ripe for the excitation of electrostatic turbulence, notably ion acoustic turbulence (IAT)
that can raise the apparent resistivity of the plume.”? Subsequent experimental measurements!9? 11
have shown that this turbulence utterly dominates the steady-state properties of the plasma. Without
including its effects, notably the enhanced electron resistivity, it is not possible to accurately predict
key plasma parameters, such as the plasma potential in the cathode plume?1213

Another pressing challenge in our understanding of hollow cathode physics is the origins of the
so-called spot-to-plume mode transition. The spot mode has been shown to be dominated by the
aforementioned small-scale electrostatic turbulence, whereas the plume mode exhibits large-scale,
low frequency potential and density fluctuations that are thought to be the result of an ionization
instability. 14 In extreme cases, these waves have been shown to drastically increase the ion energy
and results in an order of magnitude greater erosion of cathode surfaces. Experimentally, this mode
transition (the change in dominance from the IAT to the ionization instability) can be induced by
reducing the gas flow rate to the device for a given geometry and current; however, to date there is no
analytically derived onset criterion or intuitive physical interpretation for this ionization instability
associated with the cathode plume mode.

Initial clues for how to describe this instability came from experimental measurements and high-
fidelity numerical models that have linked the plasma oscillation with ionization and the presence of
the underlying IAT. Seminal measurements by Goebel et al. 14 showed that amplitude and frequency
of oscillation were consistent with an ionization-type wave. Later, it was showed in Ref. 15 that
fluctuations in the TAT amplitude are highly correlated with oscillations in density and the total
plasma resistivity.'® From the modeling side, Refs. 17 and 18 both recovered coherent oscillations
that qualitatively resemble these experimental measurements exclusively when the effects of IAT were
included in their numerical models. These authors proposed that the instability may be caused by
wave-driven heating due to the resistive effects of the IAT on electrons leading to an ionization wave.
It is interesting to note that these numerical simulations use different closure models for the IAT.
Ref. 17 assumes that the IAT has saturated while Ref. 18 have allowed for the wave energy to grow
and convect. This is to say that there has yet to be a consensus on how to appropriately model
the turbulence. From a theoretical perspective, the idea that wave-driven heating of electrons onsets
an ionization instability is compelling; however there is no clear physical reasoning behind why this
should result in the growth of an unstable mode.

Given the deleterious effects of this instability on cathode performance and the lack of physical
understanding of its origins, there is an apparent need for an improved fundamental understanding of
the mechanism that drives the plasma unstable and its relationship to the presence of IAT. Moreover,
the predictive capability of the model must be assessed through experiment. To this end, we have
organized this article in the following manner. First we provide a brief overview of the effects of
IAT on the fluid plasma parameters and then derive a model for the onset of the ionization wave
based on the growth of the IAT. In this section, we also examine the various closure models used in
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numerical models and how they compare with our onset-criterion. Then we describe the experimental
techniques we used to measure plasma properties to evaluate the theory. Lastly, we conclude with
some remarks about how our results may be used to guide cathode design.

II. Overview of IAT Theory
Although the growth of the IAT is a result of a kinetic resonance between the drifting electrons
and ion sound waves, its growth and effects can be thought of in a fluid framework. The IAT can
onset when the electron drift velocity exceeds the ion sound speed; however, the waves can be damped
by collisional processes or kinetic effects such as ion Landau damping. The growth rate of the IAT is

given by Y
7r Ue — (Cs + U; TN\*? _ _ 1
m:\/gm( R () NG B )

where k is the wavevector, ¢, is the ion sound speed, and u, and v, are the electron drift and thermal
velocities, respectively. The parameter, v;,, is the ion-neutral collision frequency and T, and T; are
the electron and ion temperatures, respectively. Since the waves grow at the expense of the electron
drift velocity, these waves act as a drag force on the electrons, and can be thought of as raising the
effective collision frequency between electron and ions. This so-called anomalous collision frequency
is determined through a momentum balance of the electrons with the wave momentum and is given

by
1

NUeMe
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Zpk’VkUg (2)
k

where the sum is over the IAT modes of wavenumber k and py = Wy /w(k) is the momentum density
of each mode in the IAT spectrum, W, is the wave energy density of each mode, and v, is the group
velocity. The momentum transfer rate for a given mode, vy, = kcs g;f—:, is equal to the the growth
component of yr4r. Eqn. 2 tells us that a mode containing a greater energy density will more rapidly
accrue momentum from the electron fluid. This wave energy density, is a conserved quantity that
propagates in space and time and grows according to the wave kinetic equation.

oWy,

ot + V (vgWy) = Wy (v1a1) (3)

Applying the dispersion of the IAT, assuming the ion drift is small and the ions are cold, we can
show that the wave energy of an IAT mode is

- 2
W, (?’f) T, | (4)

where @}, is the potential fluctuations of an IAT mode. Eqn. 4 tells us that larger plasma potential
fluctuations lead to an increased wave energy whereas higher electron temperatures reduce it. Be-
cause the anomalous collision frequency depends on the wave energy density, fluctuations in Wy can
ultimately lead to variations in Ohmic heating of the electrons. It is this heating that is thought to
play a crucial role in the development of the ionization instability associated with plume mode.

III. Theory for Turbulence-driven Ionization Instability
In this section we present a zero-dimensional theory for the ionization instability present in hol-
low cathode plumes. But before addressing the details of the theory, first we discuss the physical
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Fig. 1 Physical picture for plasma instability

mechanism behind the instability. Figure 1 shows, conceptually, the mechanism we propose for how
turbulence can drive this ionization oscillation. Suppose the cathode discharge begins in a state where
the plasma is cold, electrons are streaming and the IAT is at a relatively low amplitude (condition
1 in Fig. 1). As the IAT grows due to drifting electrons so does the wave-driven Ohmic heating of
the electrons. This raises the temperature of the plasma, leading to enhanced ionization (condition
2). The high plasma density slows the electrons by continuity and therefore reduces the growth of
the IAT (condition 3). This, in turn, reduces wave-driven heating and cools the plasma. As a result,
ionization drops and the electron velocity rises again (condition 4). Physically, we might expect that
the onset criterion for such an instability should be due to greater growth in the IAT, while ionization
acts as a restoring process. Ultimately, this would be ascribed to a wave-particle interaction between
the TAT and the background plasma and could be classified as a wave-driven ionization instability.

Thinking about this process more quantitatively, step 1 in Fig. 1 can be captured by the electron
energy equation and ion continuity equation, where as step 2 is due to electron continuity. Step
3 is a result of the wave-kinetic equation (Eqn. 3) and electron energy. Step 4 again relies on the
continuity of ions and electrons. In sum, we need four equations to describe this process in a reduced
zero-dimensional model. Ton continuity is given by

aa—n + V- (nu;) = nvjon , (5)
¢

where n is the plasma density, v;oy, is the ionization rate and v;.,,0 is the steady state ionization rate.
Electron continuity is

on
a + V- (nue) = NVjon = V - (nue) =V (nuz)a (6)
where u, is the electron drift velocity. Since u; < u. we simplify the electron continuity to
V- () 20 = ! (7)
- (nue) ~ nUe = — .
e e qA
In this case, we will further assume that there are steady state density, velocity and wave energy
gradients, while neglecting those in temperature!'®. Given our assumptions, the electron energy
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equation can be simplified to

3 0nT,
iﬁe —uV - (nT.) = nmetve, (W,n, T.) , (8)
where T, is the electron temperature, m. is the electron mass, and v, is the total wave-driven collision
frequency that is well known to dominate the plasma. Lastly, by summing Eqn. 3 over modes we

arrive at the total wave energy density conservation equation for the IAT

8;5 FV (W) = W © (9)
where W now denotes the total wave energy density in the turbulence, wg is the average frequency
of the IAT spectrum, and v, is the thermal velocity of electrons, and vy = ¢s + u; is the IAT group
velocity. Note that for simplicity we have neglected the damping terms. Eqns. 5 - 9 consist of a
complete set of equations that we can solve through a linear perturbation analysis.

We conduct a linear perturbation of this system of equations of the form n = ng + nie”
Furthermore, for simplicity we solve this problem in the frame of the ions such that w,g = 0 but
V(uip) # 0. First examining the steady state conditions,

iwt

V(no) + 10V - w0 = NoVion,o = V - Uig = Vion (
Iy (

NoUen = —

0%e0 qA

- eOv(nO) = NoMeUeoVan,0 (

(

vV - (Wo) = WowoMeo -

Using these steady state expressions, we can perturb and linearize the equations to find

—lwny T 8Vion
— = — ion = 1 14
Yion 10 TeO > Jion <0 aTe Te=Teo ( )
mo_ el (15)
o Ue0
T, W, 1
2&;%_’_714_,@ (16)
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Here we have made the additional assumption, based on experimental measurements, that w < v,
and that current fluctuations are small compared to the density and velocity. The parameter, vion,
is the response of ionization to changes in temperature while v 47 is the temporal growth rate of the
IAT. Physically, Eqn. 5 says that the plasma density lags the fluctuations in electron temperature,
while Eqn. 7 shows that a rise in density corresponds to reduced a electron drift. The temperature will
depend on the wave energy of the turbulence, density, and velocity. The IAT wave energy responds
to changes in velocity and temperature. Solving this system of equations, it can be shown that the
real and imaginary components of the frequency are

Wy = /’YIA’I;Yion (18)

2
Wi = Yion < VAT _ 1) . (19)

Yion
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Fig. 2 Experimental setup.

We find that the real frequency is the geometric mean of the IAT growth rate and the ionization
response rate. The onset criterion given by the imaginary component indicates that if the IAT grows
faster than the plasma can respond to ionization then in the instability will grow. Physically, this
result indicates that the mode is driven unstable when the IAT heats the plasma faster than it can
cool itself by ionization. This analytical result follows the physical picture we previously described
in Fig. 1.

IV. Experimental Methods

For this investigation, we used a LaBg hollow cathode that was operated on xenon at 20 A of
discharge current at and flow rates between 8 and 4 sccm which and a discharge voltages between
21 and 35 V. The anode was 45 mm downstream of the keeper exit. The discharge was established
in a 0.5 m x 1 m vacuum chamber that is cryogenically pumped and achieves a base pressure of
0.12 pTorr. At our selected operating conditions, the operating pressure is between 10-30 pTorr-
Xe. With our electrostatic diagnostics, we measure the ion saturation current, floating potential,
and plasma potential as a function of position on the time-scale of the ionization oscillation. The
time-resolved waveforms of these parameters are captured at 10 MHz using an oscilloscope. Fig. 2
shows the experimental setup. The emissive probe (measures plasma potential) is mounted below the
Langmuir probe (measures saturation current and floating voltage). A vertical motion stage allows
us to make measurements of plasma oscillations for all probes on the discharge axis. An axial motion
stage is used to translate the cathode and anode to sample the plume along the discharge axis with
a 1 mm resolution.
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V. Experimental Results
Here we present our experimental results. We have divided this section into three parts. First,
assess the validity of our physical picture by plotting the critical plasma parameters identified by our
theory. We further investigate the bounds of validity of the reduced-order model by comparing with
different levels of instability. Next, we examine our onset criterion and real frequency in the plume
to determine if the theory describes the observed trends.

A. Validation of the Physical Picture

To validate the physical picture from Fig. 1, we need to calculate the density, temperature, electron
drift velocity, and the IAT wave energy as a function of time. To calculate these plasma parameters,
we follow the technique use in'6. In brief we use the emissive, floating, and ion saturation probes to
determine electric field, temperature, and density. These parameters are used to infer the electron
drift velocity from the electron continuity equation using ionization as a source term and assuming a
conical expansion of the plasma from the keeper orifice to the anode. Time resolution is achieved by
using the discharge current as a reference and a phase averaging to determine how these parameters
evolve as a function of phase angle, 8 with respect to the discharge current oscillation. The equations
necessary for this calculation are

2 1
E=-Vo, T, = and n = sat

where E is the electric field, ® is the plasma potential, V; is the floating voltage, Iy, is the ion
saturation current and A, is the probe surface area. These quantities can be used to evaluate the
electron continuity equation to estimate the electron drift velocity

n(0,t) A(0)

fzzo (n(z,t)uion(z,t) - %) A(z)dz (
+
n(z,t)A(z) n(z,t) A(z)
(2

where v, is the ionization rate calculated from Ref. 20 and A(z) is the cross-sectional area of
the plasma. The boundary condition for velocity is u.(0,t) = I4.(t)/qn(0,t)A(0) and is applied to
our closest measurement to the cathode. We estimate the wave energy by calculating the Fourier
transform of the ion saturation current signal over a short time constant (7 = 1.75 us) and using
Eqn. 3, summing of the IAT contributions of the spectrum (see Fig. 3). This technique has been used
to analyze fluctuations in turbulence level in Refs. [ 15,16,21].

Before examining the time-evolution of the plasma parameters, we first show in Fig. 3 the Fourier
spectrum measured by the probes at each of our three operating conditions. At the higher flow rate
(8 sccm) in Fig. 3a, we see the first harmonic of the ionization instability at 57 kHz in both the ion
saturation probe and the discharge current. This single peak indicates that the ionization instability is
sinusoidal in nature under these conditions. In the probe signal, we also find higher frequency modes
that are associated with TAT. At 6 sccm, (Fig. 3b), we see the fundamental oscillation frequency of
57 kHz for the ionization instability, but also higher harmonics that indicate non-sinusoidal behavior.
The amplitude of these oscillations has also increased relative to the background discharge and ion
saturation currents. At the lowest flow rate, shown in Fig. 3c we see further evidence of the non-
sinusoidal perturbation of the plasma by the ionization instability as well as the presence of the IAT.
In sum, Figs. 3a - 3c indicate that at lower flow rates the instability is stronger and is able to excite
higher harmonics, which is indicative of non-linear behavior.

Now that we have established the spectral characteristics of the plasma, in Fig. 4 we show the
resulting relative fluctuations of the time-resolved analysis at a single location in the plume (z =

Ue(z,t) = ue(0,1) (21)
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Fig. 3 Fourier spectrum of the ion saturation current and the discharge current at
three operating conditions.

14 mm). At high-flow rates (Fig. 4a), we see that the amplitude of the current is density is very low
O(1073) where as the density, temperature and velocity are one order of magnitude larger and the
wave energy is two orders. In this figure, we see that the wave energy leads the temperature in phase
and that the density lags the temperature. This is consistent with an ionization-type instability.
Furthermore, the we find that the density and the velocity are out of phase, which is consistent with
the fact that current is almost conserved. Overall, the results in Fig. 4a are consistent with the
physical picture we have proposed for this turbulence-driven ionization instability.

Figure 4b shows these same parameters at a lower flow rate, vn = 6 sccm. At this condition,
the relative fluctuations in all the plasma parameters have increased and we can see the beginnings
of non-linear behavior in the instability. In Fig. 4a, we see approximately sinusoidal oscillations,
whereas now in Fig. 4b we find peaked structures in temperature, density, and velocity that were not
previously apparent. Although the current fluctuations are two orders of magnitude larger at this
lower flow rate, the density and velocity oscillations are still out of phase, providing the necessary
feedback on the turbulent energy to sustain the instability.

Figure 4c, again, shows the evolution of these critical plasma parameters as a function of time, but
at the 4 sccm test point. At this extremely low flow rate, the peak-to-peak fluctuations in current
density are 0(0.5), meaning they are on the same order as the steady discharge current. At this
condition the fluctuations in wave energy exceed the mean value and there is evidence of higher
harmonics as indicated by the power spectrum in Fig. 3c. The density, and temperature are highly
peaked and in fact, the density appears to lead the temperature in phase. Furthermore, the electron
drift velocity is no longer completely out of phase with the density. This finding is consistent with
the fact that we observed significant fluctuations in current that destroy this relationship. In sum,
at such extreme cases, where the instability is very large, the behavior is non-linear and not properly
captured by our theory.

In sum, the results from Figs. 4a - 4c indicate that when the current oscillations are relatively
low level, the physical picture supported by the theory is able to qualitatively describe the process
we observe. As the flow rate decreased, we find evidence of non-linear behavior that in some cases,
notably in Fig. 4c¢, our physical picture does not hold and we therefore cannot expect that the linear
theory will properly describe these conditions. For a more quantitative analysis, in the following
section we use these measurements to examine the predicted instability criterion and real frequency
for the 8 scem flow rate.
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Fig. 4 Relative fluctuations in current density, IAT wave energy density, electron tem-
perature, density, and electron drift velocity at z = 14 mm from the cathode.

B. Evaluation of Stability Criterion for the Turbulence-driven Ionization Instability

In Sec. A, we have determined that our linear theory would likely on properly capture the dynamics
of our highest flow rate condition since non-linear behavior appears to become important at the other
lower flow rate points. There, we show in Fig. 5 a plot of the real and imaginary growth rates. To
determine 747, we have measured the wave energy in the turbulent modes and evaluated Eqn. 17
with an estimated the ion drift velocity of 3 km/s. We evaluate 7;o, using our estimate of neutral
density and our measurement of temperature in the plume. Our theory is presented in the frame of
the ions, where as our measurements are made in the laboratory frame where the ions are drifting. As
a result, the waves will appear to grow spatially, when Doppler shifted by the ion drift. For example
for the plasma potential

T—x(

o = q)lefi(wﬂwi)t , To = T — ujpt = o= (I)le*i(wﬂw)ﬁ = (ple*i(kJriki)(fE*Io) (22)

As a result, we can expect a temporal growth of the waves, w;, to appear as steady-state spatial
growth, k; = w;/u;. With this in mind, we find that, near the cathode, the growth rate of the
turbulence-driven ionization instability is large and continues to grow till 2 = 21 mm downstream
of the cathode. At this position, the real frequency peaks at around 35 kHz, within a factor of two
from our fundamental frequency of 57 kHz. Beyond this point, we predict that the mode is damped.
Additionally, we also show in Fig. 5 the peak-to-peak plasma potential fluctuations where we find that
these oscillations increase in amplitude near the cathode and are damped downstream as predicted
by the theory and the Doppler shifted growth in Eqn. 22.

VI. Discussion
Having examined, in detail, the physical picture and onset criterion for this turbulence-driven,
ionization instability we now turn our attention to the implications of our first-principles, analytical
theory for hollow cathodes. Although we have established a specific onset criterion, it is perhaps
more convenient to recast this into cathode operating parameters like mass flow rate and discharge
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Fig. 5 Real and imaginary frequency calculated from Eqn. 19 and peak-to-peak plasma
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current. Given the dependence on the growth rate of the turbulence on the electron drift, we can say
that

Ue aner Lge
VIAT = Wo— =w07A= 07— >
Ve nque Ao Iy,

(23)
where A, is the orifice cross sectional area and wy is the average frequency of the IAT spectrum and
Iy, is the thermal electron current. The response of ionization can be shown to

OVion NWion  V(Nnpty) ™ 1

Yion = TeOTr—Fe = Vion = n = n ~ nmiAoL or aynv (24)

where n,, is the neutral density, m is the propellant mass flow rate, L is the neutral gradient length
scale, & = n/n,, is the ionization fraction (in the weakly ionized limit) and v, is the neutral transit
frequency. Combining these, we can modify our onset criterion to be

1. A, L I I
2dc.o > th or2a£>ﬁ

. 25
m wonm; Iy, wo (25)

The first is the well known empirical scaling law for the cathode plume mode?, onset is achieved
by either increasing the current reducing the flow rate. In addition, our result suggests that the
ionization instability can typically be suppressed by reducing the orifice size. Furthermore, it has
been noted experimentally that increasing the cathode-to-anode gap can cause the onset of this
ionization instability. If we take the neutral gradient length scale to be proportional to this distance,
then the criterion we have derived is again in agreement with empirical scaling laws.?? Alternatively,
in Eqn. 25 we have an alternative criterion that indicates that if the directed current is greater than
the thermal current and the ionization fraction is large, then the instability will onset. This is in
keeping with our physical picture of an ionization wave (where the ionization fraction is a critical
parameter) that is driven unstable by the turbulence that is present in the plasma as a result of the
large current drawn from the cathode.

VII. Conclusions
In conclusion, we have for the first time derived a stability criterion for the onset of the ionization
instability associated with the cathode plume mode and arrived at an intuitive physical mechanism,
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in the small oscillation limit, by which the plasma oscillates between a cold and hot state. The
mode is driven unstable when wave-driven heating of the plasma exceeds cooling through ionization.
Experimental measurements of this instability show that the conditions for instability are met near
the cathode but not downstream near the anode. The observed local maximum in plasma potential
fluctuations is indicative of a localized region from which the instability propagates. By examining
the time-evolution of key plasma parameters, we have shown that qualitatively the time-variation of
these quantities is in keeping with the physical picture and the linearized equations. Lastly we have
recast the derived onset criterion and found that it reduces to the empirically derived criterion, but
also predicts a strong dependence on electron temperature that could be harnessed to improve future
cathode designs.
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