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and decreased plume divergence. Analytical expressions for the impact
of these cross-channel effects on efficiency are derived for a nested Hall
thruster based on the flow of neutrals between channels. These expressions
are dependent on the geometry and operation of a given thruster, as well as
its performance in single-channel operation. The mass utilization efficiency
increase from cross-channel neutrals is found to be primarily driven by the
distance between adjacent channels. A comparison of the model predictions
of efficiency to experiment also shows agreement within uncertainty. These
results are discussed in the context of best practices for nested Hall thruster
channel testing and optimal thruster design.
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Nomenclature
AN HT = cross-channel neutrals surface area
Ach = discharge channel surface area
Aexp = expansion front surface area
Ib = ion beam current
Id = discharge current
Pd = discharge power
T = thrust
Va = acceleration voltage
Vd = discharge voltage
Vl = ion loss voltage
Zi = charge state of the ith ion species
Ωi = current fraction of the ith ion species
ṁa = anode mass flow rate
ṁb = ion beam mass flow rate
ṁN HT = cross-channel mass flow rate
ṁch = channel mass flow rate
ṁf ac = facility neutral mass flow rate
ηa = anode efficiency
ηb = current utilization efficiency
ηd = plume divergence utilization efficiency
ηm = mass utilization efficiency
ηq = charge utilization efficiency
ηv = voltage utilization efficiency
ηN HT = efficiency increase from cross-channel effects
ηd,N HT = efficiency increase from divergence angle reduction
ηf ac = facility mass flow rate
ηm,N HT = efficiency increase from neutral ingestion
γij = geometry factor
θ = plume divergence angle
ε = electron current fraction, IIde
ϕ = angle to ionization plane
ξ = exchange ratio, mṁXea eId
ζ = ionization plane scaling factor
a = torus major axis
b = torus minor axis
mXe = mass of a Xenon ion
nn = neutral density
r = radial position
vth = thermal speed
zN HT = height of ionization plane
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I. Introduction
High-power electric propulsion (EP) is considered an enabling technology for many deep space missions as it offers significant mass and cost savings when compared to traditional chemical propulsion
systems. EP missions are often associated with longer trip times, but the increased deliverable payload still makes these architectures an attractive option. Additionally, for cargo missions, there is
minimal downside to an increase in trip time. Indeed, studies show that separating crewed deep space
travel into crew and cargo missions leads to significant reductions in launch costs and travel times
for the crew. 1 For these missions to be possible, 50 to 100-kW class EP systems must be developed
to enable such cargo transports. 2 A 300 to 700-kW system with multiple 100-kW thrusters could facilitate missions to near-Earth asteroids, Mars moons, and the Martian surface. 1–4 The development
of a high-power EP system is vital for constructing the necessary infrastructure for crewed missions
in deep space.
While there are a number of EP systems that are scalable to these power levels, Hall thrusters are
a competitive option due to their extensive heritage and high Technology Readiness Level. They
have been used on satellites for station-keeping and orbit-raising for decades. 5 Recently, there has
been substantial research to broaden the capability of Hall thrusters to include interplanetary cargo
missions as well as other mission spaces. 2 However, challenges associated with large footprints and
masses present themselves at the higher powers necessary for these missions. Nested Hall thrusters
(NHTs) offer a potential solution to these challenges. The NHT architecture concentrically nests
multiple discharge channels around a single centrally-mounted cathode, allowing thrusters to scale
to high power with much smaller footprints than their single-channel counterparts of equal power
levels. 6 This enables NHTs to reach operational powers of 100 kW and beyond with reduced thruster
specific masses. 7 Another advantage inherent to the design of NHTs is their capability for efficient
performance over a more expansive throttling range than single-channel thrusters due to the ability
to selective turn on or off channels.
These apparent advantages and the feasibility of NHTs have been explored most recently through an
ongoing, decade-long effort based partially at the University of Michigan (UM). 8 The first prototype
created through this program was the X2, a two-channel 10-kW class thruster developed by UM in
conjunction with the Air Force Research Laboratory. 8 This proof-of-concept thruster demonstrated
the viability of nested operation and offered a wider throttling envelope. After the validation of the
nested concept, work began on the X3, a three-channel 100-kW class NHT. The X3 was developed at
UM in partnership with the Air Force Research Laboratory, NASA Glenn Research Center, NASA Jet
Propulsion Laboratory, and ElectroDynamic Applications. 9 UM began work on the X3 in 2009 and
first fired it in 2013. 10 In 2015, the X3 was selected as part of NASA’s NextSTEP project, a threeyear program to further mature high-power electric propulsion systems for long duration deep-space
missions. Under the NextSTEP program, the X3 demonstrated operational success with efficiencies
over 60%, power levels up to 102 kW, and thrust up to 5.4 N. 11 Additionally, the X3 demonstrated
thermal steady-state operation at 72 kW. 12
While the X3, the most recent iteration of nesting technology, has exhibited promising performance
comparable to current state-of-the-art Hall thrusters, there still remain fundamental open questions
about the operation of NHTs. Examples include extending NHT lifetimes using magnetic shielding
and the impact of multiple plasma discharges in close proximity on the operation of these devices. 13
One particularly intriguing area of ongoing investigation is the role of cross-channel coupling effects
on thruster performance. Previous studies on both the X2 and X3 have indicated that multi-channel
operation enhances both thrust and efficiency by improving the mass utilization efficiency and the
beam divergence efficiency. 14 These two effects are believed to be the result of ingestion of un-ionized
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neutral gas from adjacent channels. 14–17 For example, Cusson et al.’s work on the X2 showed that
NHT efficiency improvements are due to thrust augmentation from neutral ingestion and plume
divergence angle reduction, caused by neutral flow from adjacent channels. 14 Hall’s work similarly
provided evidence that the ingestion of un-ionized neutrals on the X3 can enhance performance. 15
While there now appears to be a correlational explanation for the performance enhancement of nested
Hall thrusters due to cross-channel effects, there has yet to be a predictive model for these effects. Such
a tool would would be useful both for design and testing. For example, if we could determine how the
geometry and operational conditions of a given thruster affect the magnitude of these cross-channel
phenomena, we may be able to identify optimal design strategies. An equally important capability
is being able to predict the role of cross-channel effects in enhancing single channel performance,
as this could significantly reduce the testing burden for NHTs. Indeed, the power and throughput
requirements of NHTs such as the X3 make full-scale testing difficult and expensive. If individual
channels could be characterized and a model used to extrapolate to full channel prediction, this
would substantially reduce facility usage. With these advantages in mind, there is an apparent need
for a model to predict the impact of cross-channel interactions on NHT efficiency based on thruster
geometry and single-channel performance.
In order to accomplish these goals, our paper is organized as follows: first, we discuss the existing
framework for single-channel Hall thruster efficiency. Secondly, we introduce proposed modifications
to this framework to account for neutral ingestion and plume divergence effects from cross-channel
effects in an NHT. Next, we formulate a geometric argument for neutral ingestion from adjoining
channels and develop semi-empirical expressions for how this ingestion impacts mass utilization and
plume divergence. Finally, we compare the results from our model to experimental data from the X2
and X3 and discuss the implications of our results for both design and NHT testing.

II. Theory
In this section, we outline the efficiency model for cross-channel effects on an NHT. First, we review
the existing framework for a single-channel Hall thruster phenomenological efficiency model. Then,
we use a few key assumptions that allow us to develop modifications for a multi-channel efficiency
model for NHTs that takes into account both the effect of neutral ingestion on the mass utilization
efficiency and the effect of higher local neutral density on the plume divergence efficiency.

A. Single-channel Phenomenological Efficiency Model
Previous work has shown that near-field neutral density appears to drive cross-channel coupling
effects, 14,15 so we aim to identify how the efficiency enhancements seen for multi-channel operation
depend on this parameter and to determine scaling laws. To this end, we begin with a review of the
single-channel Hall thruster phenomenological efficiency model 18–21 before expanding it to include
effects from multiple channels.
For a single channel thruster, following Refs. 18 and 19, the anode efficiency is defined as

ηa =

T2
= ηq ηv ηb ηm ηd ,
2ṁa Pd
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(1)

where T is thrust, ṁa is prescribed mass flow through the anode, and Pd is power. The five partial
efficiencies that the anode efficiency is decoupled into processes by which the thruster can experience
losses in efficiencies and are outlined as follows.
1) Charge utilization efficiency: The decrease in efficiency from multiply-charged ions in the beam is
defined as


P Ωi 2
√

ηq =

Zi

P Ωi

,

(2)

Ii
Id ,

and Zi is the charge state of the ith ion

Zi

where Ωi is the current fraction of the ith ion species,
species.

2) Voltage utilization efficiency: The conversion of voltage into ion velocity is defined as

ηv =

Va
Vl
=1− ,
Vd
Vd

(3)

where Vd is the discharge voltage, Va is the average acceleration voltage, and Vl is the ion loss voltage,
Va − Vd .
3) Current utilization efficiency: The fraction of ion current contained in the discharge current is
defined as
Ib
ηb =
= 1 − ε,
(4)
Id
P
where Id is the discharge current, Ib is the ion beam current i Ii , where Ii is the current contribution
from the ith current species, and ε is the electron current fraction, IIde .
4) Mass utilization efficiency: The conversion of neutral mass flux into ion mass flux is defined as

ηm

ṁb
=
=
ṁa

mXe Ib P Ωi
X Ωi
i
e
Zi
= ξηb
,
ṁa
Zi

(5)

where ṁa is anode mass flow rate, ṁb is the ion beam mass flow rate, and ξ is a value defined as the
exchange ratio.
5) Plume divergence efficiency: The decrease in axially-directed momentum from divergence of the
ion beams is defined as
ηd = (cos θ)2 ,
(6)
where θ is the angle of plume divergence from channel centerline.
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B. Multi-channel Phenomenological Efficiency Model
For a nested Hall thruster like the one seen in Fig. 1b, the thrust and efficiencies from all channels
must be accounted for in the calculation of both the anode efficiency and the partial efficiencies defined
in the previous section. To this end, we make a few key assumptions in the following derivation: first,
that there are no multiply-charged ions such that ηq = 1; second, that the current utilization efficiency
ηb is identical for all channels on a given thruster; and third, that the acceleration voltage Va and
therefore voltage utilization efficiency ηv are identical for all channels on a given thruster. Previous
studies have shown that for a specific thruster at a given voltage and current density, the current and
voltage utilization efficiencies remain relatively constant (within 1%). 18,22 Although our assumption
of singly-charged ions may be flawed, 15 we use it to simplify our analysis and focus in on NHT effects
only for this first-pass analysis.

(a) Single-channel Hall thruster

Fig. 1

(b) Nested-channel Hall thruster

Cross-sectional view of Hall thrusters with cylindrical axis of symmetry
denoted by the dashed line.

Neglecting charge utilization efficiency, we can redefine the rest of the partial efficiencies seen in Eq. 1.
For simplicity, the same subscripts are used for multi-channel efficiency as for single-channel efficiency
except where necessary. The voltage utilization efficiency (Eq. 3) and current utilization efficiency
(Eq. 4) remain the same, with the added definition that both the beam and discharge currents are
now equal to the sum of currents to each channel. This modification can be seen in Eq. 7:
Id =

X

Ib =

X

Id,i

i

(7)
Ib,i ,

i

where i now describes each channel.

1. Mass Utilization Efficiency Modification
Previous studies have investigated the contribution from finite facility background pressures to the
thrust and efficiency of Hall thrusters, 23–27 as well as how to model this contribution for a given facility
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and thruster. 28 Frieman et al.’s model allows us to solve for the mass flow rate into the channel from
facility effects, ṁf ac . Before redefining the mass utilization efficiency for NHTs, it is useful to define
ṁch,i as the total neutral mass flow into a given channel; this includes ṁf ac,i , neutrals from high
facility background pressure, and ṁN HT,i , the un-ionized propellant from adjacent channels:
ṁch,i = ṁa,i + ṁf ac,i + ṁN HT,i .

(8)

Note that the total neutral mass flow into a given channel is simply the sum of all channel neutral
inflow terms and the total ion beam current is the sum of all:
X

ṁch =

ṁch,i .

(9)

i

We can now separate out our traditional mass utilization efficiency from Eq. 5 into a term ηm0 that
defines the thruster’s ability to convert all the input neutral flow to output ion flow, a term ηm,f ac
that isolates extra neutrals from facility background pressures, and a term ηm,N HT that defines the
boost the thruster receives from cross-channel neutrals alone:

ηm

ṁb ṁch
ṁb
=
=
ṁch ṁa
ṁch

P

i


ṁa,i + ṁf ac,i
ṁch
 = ηm0 · ηm,f ac · ηm,N HT ,
P
ṁa
ṁ
a,i + ṁf ac,i
i

where the new efficiencies are defined as
ηm0 =
P
ηm,f ac =

ṁb
,
ṁch


ṁa,i + ṁf ac,i
,
ṁa

i

and
ηm,N HT = P

i

ṁch
.
ṁa,i + ṁf ac,i

(10)

(11)

(12)

(13)

Assuming that a given thruster’s overall capability of converting neutral mass flow to ion mass flow
does not vary from single-channel to multi-channel operation, ηm0 for multi-channel operation should
be identical to the ηm defined for single-channel operation. While ηf ac would still be present in
calculating single-channel Hall thruster efficiencies due to the presence of facility pressure effects,
ηm,N HT exists uniquely for NHTs due to cross-channel neutral ingestion. Additionally, this efficiency
boost would still be seen for on-orbit operation, whereas the increase from facility background pressure
would be lost.
While a general model based on geometry exists for determining ṁf ac , no such model exists for ṁN HT .
We derive such a model for cross-channel neutral mass flow rate to a given channel i, dependent on
the anode mass flow into the adjacent channels j and a geometry factor γij between channels:
ṁN HT,i =

X

ṁa,j γij .

j
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(14)

In this expression, γij represents the geometry factor between channels, a term that describes how
easily neutral gas can cross over between a given set of channels, and ṁa,j represents the prescribed
anode flow to each neighboring channel j. While Hall evaluated this correction empirically, 15 one of
the major contributions is this work is to formulate an expression for γij as a function of the total
surface area and mass utilization efficiency of the adjacent channel in single-channel operation, as
well as the distance between channels. This derivation will be presented in Section III.

2. Plume Divergence Efficiency Modification
For the impact on divergence efficiency from cross-channel coupling, our approach is more empirical
in nature. This is because while the role of neutral ingestion in enhancing thruster performance is
well-understood, the impact of neutrals on the divergence angle has only been studied empirically. 26,29
However, it is known that the divergence angle decreases with facility pressure and therefore neutral
density. 30–32 By assuming a dependence of θ on nn , we can perform a first-order Taylor expansion to
get the following relation for divergence angle for a given channel:

θi = θ0,i +

∂θ
δnn,i ,
∂nn

(15)

∂θ
is the change
where θ0,i is the divergence angle for single-channel operation of a given channel, ∂n
n
in divergence angle due to a small change in neutral density, and δnn is a small change in neutral
∂θ
density in front of a given channel. The relation for ∂n
was found by compiling multiple sets of
n
30–32
experimental data
and using the ideal gas law to calculate change in neutral density for a given
change in facility pressure. This is related to the discharge voltage as follows:

∂θ
= (3.49 × 10−21 )Vd − 5.82 × 10−18 .
∂nn

(16)

The linear fit shown in Eq. 16 is plotted against the data in Fig. 2.
The small change in neutral density is calculated from ṁN HT.i as follows:

δnn,i


1 − ηm,i ṁN HT,i
,
=
mXe Ach,i vth

(17)

where Ach,i is the total exit plane surface area ofq
a given discharge channel as seen in Fig. 3, vth is
8kB T
the thermal speed based on anode temperature, πm
, and ηm,i is the mass utilization efficiency
Xe
for the given channel.
By re-deriving the phenomenological efficiency for multiple channels, the divergence efficiency becomes
"
ηd =

X Id,i
i

Id

#2
cos θi

,
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(18)

Fig. 2

Measured data and linear fit for change in divergence angle with neutral
density as a function of discharge voltage.

where the contribution from divergence angle of each channel is weighted by the current fraction to
that channel. We can isolate the increase in efficiency from decreased divergence by comparing this
new divergence efficiency term ηd to the efficiency we would see for a single channel ηd0 :
"
#2
P Id,i
cos θi
i
Id
ηd
ηd,N HT =
=
(19)

2 .
ηd0
cos θ0,i
We have now identified our two modified efficiency terms for a nested Hall thruster: efficiency increase
due to neutral ingestion from adjacent channels ηm,N HT , and efficiency increase due to decrease in
divergence angle ηd,N HT . The final form of anode efficiency can be written as follows, with NHT
effects bolded:
ηa = ηm0 ηm,f ac ηm,N HT ηb ηv ηd0 ηd,N HT ,
(20)
where NHT effects can be grouped as
ηN HT = ηm,N HT ηd,N HT .

(21)

Armed with this formulation, we validate our models for correction to mass utilization and divergence
by comparing it to experimental data from both the X2 and the X3. 14,15 By comparing theoretical efficiency values to efficiencies measured from X2 and X3 data, we can observe the potential applicability
of this expression to other NHTs.
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III. Cross-channel Neutral Flow Model
We determine an expression for the geometry factor by modeling the transport of neutrals from
adjacent channels j to a given channel i. Figure 3 shows the cross-section of an NHT with two
channels and the flow of neutrals from the outer channel to the inner channel. Conical expansion
was assumed to be the mechanism by which neutrals travel away from the exit plane of a channel.
This model assumes a free molecular flow at the exit plane of the thruster, the usual flow regime
for neutrals at the end of the discharge channel in a Hall thruster. 33 This assumption allows us to
neglect collisions between particles in the expansion region.

Fig. 3

Section cut showing model of conical expansion of neutrals from outer to inner
channel on a two-channel NHT.

The isotropic expansion region Aexp is modelled as a trapezoid with angle ϕ in the r-z plane with
one parallel side as the discharge channel from which neutrals are ejected. A constant mass flux is
assumed through this expansion area based on the flow regime. When the edge of the cone reaches
the line-of-sight of the channel under analysis, the intersecting area is defined as AN HT,j . This area
is an angled line in the r-z plane, and forms a conical frustrum when rotated for a full revolution
about the z-axis. The neutrals travelling through this section are considered to be additional mass
flow available for ionization from the adjacent channel. This area was chosen based on previous
studies indicating that ionization still occurs outside the exit plane in Hall thrusters. 34,35 However,
this region cannot extend infinitely far from the thruster exit plane. Thus, an ionization threshold
distance zN HT is defined as the limit of the region that can be ionized by a given channel, shown in
Fig. 4. This value is defined as the edge of the FWHM of the magnetic field profile along centerline
of a given channel that extends out of the channel.
There are three cases for the location of the ionization threshold as seen in Fig. 4:
1) zN HT < h1 : No neutrals are able to cross channels.
2) h1 < zN HT < h2 : Some neutrals are able to cross channels.
3) h2 < zN HT : All allowable neutrals for a given geometry are able to cross channels.
10
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Fig. 4

Close-up section cut of outer channel receiving neutrals and ionization
threshold.

For a given set of channels, the thruster geometry defines an upper limit to the size of AN HT and
therefore of the amount of neutrals that can travel from one channel to another. The portion of that
area that is within an ionizable distance to the thruster is determined by zN HT .
The neutral mass flow across the adjacent channel area, Ach,j (shown in Fig. 3 as a dotted line),
is dependent on the mass flow into the anode and the mass utilization efficiency for that channel in
single-channel operation. We define the neutral mass flow rate across Ach,j as following:

ṁn,j = ṁa,j 1 − ηm,j .

(22)

A constant mass flux exists across the expansion region following our assumption of free molecular
flow, yielding the following expression:
ṁN HT,ij
ṁn,j
Φ=
=
.
(23)
Ach,j
AN HT,ij
The channel area is defined as

2
2
Ach,j = π rj,out
− rj,in
.

(24)

The revolved conical geometry is defined by heights h1 and h2 as well as channel geometry, as seen
in Fig. 4:
2
q
2
(25)
AN HT,ij = π ri,in + ri,out
ri,out − ri,in + hi,2 − hi,1 .
For case 1 where the ionization threshold falls below h1 , this area term goes to zero; for case 2 where
the ionization region falls between h1 and h2 , the h2 term used in Eq. 25 should be set to the
threshold value zN HT .
Combining Eq. 22, 23, 24, and 25 gives the following expression for neutral mass ingestion from
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adjacent channels j into given channel i:
ṁN HT,i =

X

ṁa,j 1 − ηm,j

j

 AN HT,ij
.
Ach,j

(26)

By comparing Eq. 26 to Eq. 14, we can define the geometry factor for the effect of cross-channel
neutral ingestion from channel j by channel i:
 AN HT,ij
γij = 1 − ηm,j
.
(27)
Ach,j
It should be noted that this is a model for the influx of neutrals to adjacent channels and therefore
assumes nothing of the ionization rate; the neutrals are subject to the same probability of ionization
as the rest of the propellant flowing into the channel in the form of the mass utilization efficiency.
It is clear from Eq. 26 that for a channel with perfect mass utilization efficiency, the cross-channel
neutral flow rate goes to zero as there are no neutrals left to travel out of the channel. A full analysis
of how different parameters affect this model is shown in Section IV.

IV. Results
In this section we aim to address how the model scales with various parameters and how well it
predicts multi-channel efficiency boosts based on thruster geometry and single-channel performance.
Due to the lack of divergence angle data for the X3, an analysis of only the mass utilization efficiency
improvement ηm,N HT was performed for the parametric investigation and comparison of experimental
to theoretical data on the X3. A comparison of the divergence utilization efficiency improvement
ηd,N HT is presented for the X2.

A. Parametric Investigation
Before investigating the effect of thruster geometry ηm,N HT , we first needed to determine a reasonable
value of ϕ for our conical expansion model. We did so by comparing the experimental values for
ηm,N HT to the values predicted by the model for angles from 75 to 90 degrees in 5-degree increments.
It was found that an expansion angle of ϕ = 80◦ yielded the best agreement between theoretical
and experimental values. Additionally, the experimental efficiencies fell between the points of no
contribution (case 1) and maximum contribution (case 3), capturing the impact of zN HT .
Next, four parameters were varied to determine their significance on the efficiencies calculated by
the model for a set of two channels. These tuneable parameters reflect the geometry and operating
conditions of the thruster, where I indicates the inner and O the outer channel:
1) The ratio between channel centerlines, rrOI .
2) The ratio between channel widths, wwOI .
3) The ratio between non-NHT neutral mass flow rates,
4) The ionization threshold location, zN HT .

(ṁa +ṁf ac )I
(ṁa +ṁf ac )O .

To test each of the parameters individually, we held all three other values constant at a value approximately equal to characteristic values seen on the X2 and X3. The resulting trends are shown in
Fig. 5.
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Fig. 5

Change in increased mass utilization efficiency from the variance of different
parameters.

The plots for varying channel centerline ratio and varying ionization location have distinct piecewise
functions. This behavior is due to the discretized nature of the model itself; as described in Section
III, the location of the ionization threshold relative to the region of cross-channel transport can lead
to a given channel receiving none, some, or all of the possible cross-channel neutrals. Since there is an
instantaneous point where ηm,N HT starts increasing and an another instant where it stops increasing,
the piecewise behavior of these plots makes sense.
From Fig. 5, it would appear that channel centerline ratio (i.e. the distance between channels) and
the location of the ionization threshold (i.e. the distance to which the FWHM of the B-field extends
out of the thruster) are the two main drivers of the magnitude of efficiency increase from neutral
ingestion. However, the actual ranges seen for these values from the X2 and X3 geometries and
operating conditions are shown in Table 1.
By viewing only the relevant ranges over which each of these parameters vary in Fig. 5, it becomes
apparent that we are in the constant region of the zN HT plot. The distance between channel centerlines, expressed in the form of rrOI , emerges as the primary driver of the cross-channel efficiency
increase. Once two channels are sufficiently close together, there is a rapid ascent in efficiency augmentation; once those channels are sufficiently far apart, there is no efficiency increase altogether.
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Table 1

Ranges of parametric values seen for X2 and X3.

Parameter

rI
rO

wI
wO

(ṁa +ṁf ac )I
(ṁa +ṁf ac )O

zN HT

Range

0.2 – 0.7

0.2 – 0.7

0.8 – 1

3 – 5 [a.u.]

This dependence matches both with previous evidence 15 and with our physical intuition, as channels
that are sufficiently far from each other should not see any significant efficiency increase. However,
since the model formulated in this study is so rigid in its discrete nature, more gradual effects at the
transitional points could exist that are not captured.
The effect of channel width ratio over the range of seen values is minimal at a change of ∆ηm,N HT =
0.01 while the impact of mass flow rate ratio is greater at a change of nearly ∆ηm,N HT = 0.07. While
a more balanced flow between channels yields slightly better performance than a smaller ratio, the
most influential parameter remains the distance between channels.

B. Comparison to Experimental Data
Theoretical values for ηm,N HT were calculated based on thruster geometry and operating conditions
as well as facility mass flow rates based on Frieman’s model 28 using Eqs. 13, 24, 25, and 26. These
values were compared to the experimentally measured values for the X2 14 and the X3. 15 The resultant
comparisons are shown in Fig. 6.
In Fig. 6, the various terms on the horizontal axis indicate different channel combinations, where I
is the inner, M the middle, and O the outer channel. The black dashed line at ηm,N HT = 1 indicates
where there is no increase to efficiency at all from cross-channel effects. The lack of error seen for
the theoretical value of X3 IO is due to the location of the ionization threshold; because zN HT is
sufficiently close to the thruster for this case, accounting for the error in measurements does not
change the location or area of AN HT enough to intersect zN HT . Consequently, the model predicts no
increase for this condition.
It can be seen that all the modeled efficiencies fall within the uncertainty of the experimental values.
However, due to the large uncertainties, it is perhaps more elucidating to investigate trends seen
across channel combinations. The model does capture the decrease in efficiency for the X3 IO channel
combination, which we expect from our parametric study due to the large distance between these
two channels. While the model does make only a preliminary attempt at this by finding no efficiency
increase at all, this result does make sense when compared to the other efficiency values. Additionally,
the X3 IMO channel combination was the highest among X3 channel combinations for both the
theoretical and experimental data. This is also expected due to the contribution of neutrals from
multiple adjacent channels for each operational channel. With the exception of the X3 IO condition,
all modeled values consistently over-predict experimental values by 3–6%.
We also calculate the total expected efficiency increase from both neutral ingestion and plume divergence for the X2. For the calculation of ηd,N HT , a linear fit for the change in divergence angle due to
∂θ
change in neutral density ∂n
based on operating voltage Vd was formulated from an array of facility
n
30–32
pressure studies.
In combination with divergence angle measurements from single-channel oper-
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Fig. 6

Theoretical and experimental mass utilization efficiency improvements for
different thruster channel combinations.

ation, discharge currents to each channel, and Eqs. 15 and 17, this value allows us to determine the
change in divergence angle and therefore improvement in divergence utilization efficiency as defined
by Eq. 19. These results are shown in Fig. 7.
As was the case with all mass utilization efficiencies, the different efficiency values for the X2 are
all found to agree within uncertainty between the theoretical and experimental values. However,
while the mass utilization efficiency over-predicts the change in efficiency, the divergence utilization
∂θ
efficiency under-predicts this improvement. This could be due to error in the linear fit for ∂n
as seen
n
in Eq. 16. If this relation with voltage is not linear or if the fit parameters are underestimating the
actual impact of facility pressure, the predicted change in divergence could be too small.

V. Discussion
In this section we will discuss the implications of our model and its results, as well as its limitations
and ways it could be improved upon in future iterations. The results and trends shown in Fig. 6
and 7 indicate that if equipped with values of thruster geometry and certain measurements from
single-channel operation, we are able to predict the increase in efficiency due to cross-channel effects
for multi-channel operation within uncertainty. The inputs for these models are the radius, width,
current, divergence angle, and mass utilization efficiency for each channel in single-channel operation;
the outputs are the increase in mass utilization efficiency and divergence efficiency for the thruster
at the same discharge power and mass flow rate per channel. This presents an avenue towards
characterizing and predicting the behavior of NHTs without having to perform full-scale tests.
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Fig. 7

Theoretical and experimental efficiency improvements for the X2.

One key finding of this study is that to optimize the efficiency boost from cross-channel effects on
NHTs, channels should be located fairly close together. However, one feature of the plot of centerline
ratios shown in Fig. 6 is that the efficiency only drastically increases from zero up to ηm,N HT = 1.16
at a ratio of rrOI = 0.42. After this point, the efficiency actually decreases slightly before increasing
slightly again as the channel ratio increases towards 1. This implies that there is a specific threshold
of distance between centerlines under which channels on an NHT are able to benefit from the unionized neutrals of adjacent channels. Therefore, it is not necessary to place the channels as close as
possible, which would be difficult from an engineering perspective due to the scaling laws of optimal
Hall thruster channels and the physical size of the magnetic circuit.
The efficiency model breaks down when there are significant portion of multiply-charged ions and
when there are significant differences in the current and/or voltage utilization efficiencies between
channels. These were key assumptions we made in order to formulate our efficiency model for crosschannel effects. However, there is evidence that the charge utilization efficiency can be significant,
especially at higher powers; 15,18 this could mean that the X3 predicted efficiencies are less accurate
than the X2 values due to the higher operating powers of the X3. Additionally, the variance of current
and voltage utilization efficiencies with mass flow rate and current 18 may mean that these values do
not actually hold constant between channels. This model would need to be re-derived and refined to
include the effect of multiply-charged ions and the effect of different current and voltage utilization
efficiencies.
As for the model of neutral expansion, it would be useful to formulate a higher-fidelity model. As
previously mentioned, the current model of conical expansion has discrete regions of no neutral mass
flow and maximum neutral mass flow, resulting in instantaneous points where the benefits of cross-
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channel flow can or cannot be accounted for. A jet-like expansion from the channel instead of a
constant mass flux could lend some precision to this model. Additionally, this model does not take
into account neutrals from the cathode. While the cathode flow fraction is usually fairly low on a
Hall thruster and therefore supplies minimal neutrals to the channel flows, the X3 in particular had
very high flow rates and required external neutral injectors around the cathode to meet satisfactory
operation. These additional neutrals could further enhance the efficiencies predicted by the model.
Useful future work includes a fuller set of experimental data, which would be eminently helpful
towards determining the accuracy of this model. Specifically, divergence angle measurements could
allow us to perform a parameter-based analysis for ηd,N HT similar to the one performed for ηm,N HT .
We can speculate on what this analysis would look like, since the divergence efficiency improvement
also relies on the cross-channel flow rate, ṁN HT , so it is expected that this efficiency would also scale
to some degree with the same parameters. However, having actual experimental measurements and
being able to optimize them for less error and the purposes of this model would allow us to verify the
validity of this cross-channel efficiency model.

VI. Conclusions
In this work we have re-derived a phenomenological model for Hall thruster efficiency, taking multiple
channels into account. This allowed us to more accurately determine which mechanisms contribute
the most to efficiency losses on NHTs and if these mechanisms differ from those of their single-channel
counterparts. We constructed a model for neutral ingestion between channels of un-ionized propellant
based on an conical expansion model with constant mass flux, as well as a model for plume divergence
changes due to neutral density increases based on previous studies and a first-order Taylor expansion.
We investigated trends in the model by varying different parameters individually. After inputting
empirical data into our models, the results were applied to the newly-derived forms for efficiency
increases in mass utilization and in plume divergence.
The most influential parameter for cross-channel mass utilization efficiency increases in multi-channel
operation was found to be the distance between channels. As the distance increases, the efficiency
enhancement can drastically decrease from 15% to none. The ratio between neutral mass flow rate
(i.e. including both the anode and facility flows) to the inner and outer channels also had an impact on
this efficiency augmentation, with more balanced ratios yielding up to a 7% improvement in efficiency.
Empirical data from the X2 and X3 were compared to the theoretical values from the model. The
modeled mass utilization efficiencies matched both the magnitudes and trends seen for different channel combinations on both thrusters to within uncertainty. With the model, we found that the X3 IO
condition received no efficiency enhancement from neutral ingestion, attributed to the great distance
between the two channels. The plume divergence efficiency was also calculated for the X2; both this
value and the total efficiency increase from cross-channel effects were found to match experimentally
measured values to within uncertainty. These findings indicate that our model is capable of predicting
multi-channel performance based on measurements of single-channel performance and thruster geometry. By showing that we can understand and predict these effects, our results represent an initial
step in developing a detailed, semi-empirical approach to accurately predicting the performance of
NHTs and advancing the operation of this enabling technology.
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