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A reduced fidelity model for the formation of and emission from multiple Taylor cone
structures on a porous electrospray emitter is formulated. The model is predicated on balancing
internal pressure against electrostatic pressure for a given location on the cone. The probability
of multi-site emission is assessed by considering the porosity, cone dimensions, and distribution
of applied electric field. There are five free parameters of the model, which are determined
by applying the method of hierarchical Bayesian inference to an existing set of experimental
measurements of number of emission sites and emitter current as a function of applied voltage.
Subject to this inference, the model is found to reproduce the experimentally-observed behavior.
It is found, however, that the inferred distribution of menisci properties disagrees with the
properties of the substrate pores. This discrepancy is discussed within the context of possible
propellant pooling.

I. Nomenclature

𝑓 (𝑝) = unity-normalized pore/meniscus size distribution
𝑝 = pore/meniscus diameter
𝑁𝑝 = number of pores
𝜙 = porosity
�̄�𝑝 = mean pore area
d𝐴 = area element
ℎ = emitter height
𝑅𝑐 = emitter tip radius of curvature
𝛼 = emitter cone half-angle
𝑑 = electrode gap distance
𝑅𝐴 = aperture radius
𝑠 = arc length along emitter surface
𝐸 (𝑠) = local electric field profile
𝑁𝑠 = number of active sites
1𝑂 = onset criterion indicator function
1̄𝑂 = expected emission sites per pore
𝜀0 = vacuum permittivity
𝛾 = propellant surface tension
𝛼0 = capillary pressure onset coefficient
𝛼1 = reservoir pressure onset coefficient
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𝐼 = emitter current
𝑖 = site current
𝑖 = expected site per pore
𝐾 = propellant conductivity
𝑖 = dimensionless site current
𝜁0 = ionic emission offset
𝜁1 = ionic emission slope
�̂� = dimensionless applied field
�̂�0 = dimensionless onset field
𝑝𝑟 = dimensionless reservoir pressure
𝐶𝑅 = dimensionless hydraulic impedance
𝜌 = propellant density〈 𝑞
𝑚

〉
= beam charge to mass ratio

𝑟ℎ = site hydraulic impedance
𝑅ℎ = emitter hydraulic impedance
𝜇 = propellant dynamic viscosity
𝜅 = emitter substrate permeability
𝑔ℎ = site hydraulic conductance
𝐺ℎ = emitter hydraulic conductance
𝑝1 = pore size distribution lower bound
𝑝2 = pore size distribution upper bound
𝑝− = minimum permissible pore size
𝑝+ = maximum permissible pore size
𝑁𝑑 = number of data
𝑋 = collection of data
𝑘 = datum index
𝑥 = individual datum
𝑉 = emitter voltage
𝜃 = collection of model parameters
𝑃(.) = probability
𝜎𝑁𝑠

= number of sites datum noise
𝜎𝐼 = current datum noise
𝐹𝑁𝑠

= model-predicted number of sites
𝐹𝐼 = model-predicted current
𝑎𝑁𝑠

= site data variance hyperparameter
𝑎𝐼 = current data variance hyperparameter
𝜑 = collection of hyperparameters

II. Introduction

Electrosprays are an attractive method of producing energetic ion beams for space propulsive applications. Firstly,they operate on liquid propellants, which can be stored in compact form without need of pressurization, providing
simplicity in storage and reducing risk (i.e. explosion hazards) to mission payloads. Secondly, electrospray propellants
avoid the volume-to-area losses endemic to plasma-based electric propulsion (EP) technologies like gridded ion
thrusters and Hall effect thrusters because the propellant (i.e. an ionic liquid) exists in a preionized state. Finally, the
electrohydrodynamic and electrokinetic processes underpinning electrospray sources operate at the nanoscale, allowing
individual electrosprays to produce thrust densities greater than that achieved by any other extant EP system, at least at
the scale of individual emission sites [1].
Electrospray systems are chiefly limited, however, in that individual emitters produce small quantities of thrust,

less than ∼ 1 𝜇N. To achieve thrust levels useful for tasks beyond fine attitude adjustment, it is necessary to aggregate
hundreds or thousands of individual emitters together [2–4]. This introduces a key design challenge insofar as emitters
can be manufactured only within finite tolerance, often significant on the scale of the device and possibly causing
variability in performance [5]. Off-nominal behavior is potentially catastrophic to a fault-intolerant design [6], so it
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Fig. 1 Schematic representation of multi-site emission in a porous system

is highly desirable to predict device performance at comparatively small computational expense, such that one can
consider the bulk performance of an array in light of this uncertainty.
The rich physics of electrospray emission make this prediction difficult. One particularly confounding process

endemic to porous-type electrospray systems is multi-site emission, wherein a single electrospray emitter hosts multiple
Taylor cone structures, each sustaining an independent beam of charge. This phenomenon has been well-observed
experimentally [7–10], and indeed is a fundamental property of porous systems based on wedge-type geometries [11, 12].
It is potentially problematic, however, as it could lead to degraded device lifetimes. This is because if these additional
beamlets result in substantial emission off the axis of thrust, they can lead to enhanced deposition of propellant on
downstream electrodes, similar to when cone-jets bifurcate at high voltages in capillary-based systems [13]. Prediction
of multi-site emission is then crucial to assessing how robust a potential emitter design is to failure.
As a result, previous efforts have sought to characterize multi-site emission through modeling. Wright et al

considered the formation of multiple sites on porous wedge geometries and suggested it was the result of a periodic
distribution in internal pressure [14]. This analysis explained how multiple sites could form on a wedge but it did not
address the same problem for a porous conical geometry. Furthermore, St. Peter et al examined multi-site emission for
conical-type emitters, using experimental data to form an empirical model[9]. Their hypothesis was that fluid would
pool outside of substrate pores and gradually recede as voltage increased and additional sites developed. That said,
there are two other potential mechanisms for the formation of multiple sites that have not been considered to date. The
first is the porosity of the substrate, which exists as a population of pores of different sizes, each of which might host
its own site and turn on at disparate voltages. This is somewhat similar to the St. Peter model, but was not explicitly
treated there. The second is that the electric field at the emitter surface varies with position [5, 15], and so the onset and
emission may differ over the finite area of the emitter. This lends itself to a new physical picture which tackles these
additional mechanisms. The goal of this work, then, is to investigate these two phenomena rigorously.
Thus, we formulate a model for multi-site emission from an emitter of potentially arbitrary geometry and electric

field distribution. The model proceeds as a successive hierarchy of moments over various predicted quantities, in this
case the number of active emission sites and the emitter current. We then specialize the model to the case of porous
conical-type electrosprays. To that end, this paper is organized in the following way. In Section III, we derive the model
and the associated predictions for both the number of active sites on the emitter and the total current emitted by these
sites; we similarly describe other constituent models and parameterize the geometry. To provide a validation case study
for the model, in Sec. IV we then describe a hierarchical Bayesian inference problem to learn the associated model
parameters from a set of training data in the literature. Finally, we present the results of the inference in Sec. V and
discuss them in relation to the underlying physics and associated problem of predicting the performance of porous
devices in Sec. VI.

III. Multi-Site Emission Model Framework

A. Model overview and emitter geometry
The fundamental construct of the model upon which other model predictions are predicated is that, by nature of the

substrate, porous thrusters may host multiple electrospray emission sites (cf. [8, 9, 14]), and that these sites may be
distributed over the body of the emitter. This is shown schematically in Fig. 1. We suppose that these emission sites are
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localized to the surface pores of the substrate, whose distribution in size is described by some unity-normalized number
density function 𝑓 (𝑝), where 𝑝 is the pore diameter, such that 𝑓 (𝑝)d𝑝 is the differential proportion of pores of class 𝑝.
The assumption that potential emission sites are localized to surface pores can be relaxed and the distribution 𝑓 (𝑝)
interpreted more broadly as a distribution over meniscus sizes instead, which may be necessary to, for example, capture
potential pooling phenomena [9]. We retain the terminology of pores as a visualization aid, and inasmuch as we might
seek to predicate these predictions on a description of the substrate.
In this context, emission properties of interest, such as the number of active emission sites or the emitted current, can

thus be described probabilistically as moments over this distribution, which results in an intensive quantity, a quantity
per pore. Through proper scaling factors, this can be transformed into a quantity per area and integrated over the area of
the emitter to determine the associated extensive quantity for the emitter. This description permits a description of
position- and meniscus size- dependent behavior (e.g. a nonuniform electric field over the emitter).
The simplest of these moments is the following:

𝑁𝑝 =

∬
𝑓 (𝑝)d𝑝 𝜙

�̄�𝑝
d𝐴, (1)

where 𝜙 is the surface porosity of the substrate (the percent of the area occupied by pores), �̄�𝑝 =
∫
𝜋
4 𝑝

2 𝑓 (𝑝)d𝑝 is the
average pore area. In this case, the interior integral over 𝑝 space is simply unity, and is the trivial intensive quantity —
the number of pores per pore. When multiplied by 𝜙

�̄�𝑝
, the number of pores per unit surface area, and integrated over

the area of the emitter, this yields the total number of pores across the surface, 𝑁𝑝 .
Some emission properties are functions of position-dependent quantities like the local electric field. It is useful,

then, to parameterize the surface. In this work, we model emission from porous conical-type electrosprays, and as such
we approximate the emitter as a spherically-capped cone. Under an assumption of axisymmetry, we choose the arc
length 𝑠 along the profile of the cone from its apex as a parameter, as illustrated in Fig. 2. Here, ℎ is the height of the

Fig. 2 Porous conical emitter geometry

emitter from its base to the tip of the spherical cap, 𝑅𝑐 is the radius of curvature of the cap, 𝛼 is the half-angle of the
conical body, 𝑑 is the distance between the the tip of the cap and the extractor, and 𝑅𝐴 is the radius of the extractor
aperture. The area element is discontinuous between the spherical cap and the cone body, and the mapping is thus given

d𝐴 =
d𝐴
d𝑠

d𝑠, (2)

d𝐴
d𝑠

=

{
2𝜋𝑅𝑐sin 𝑠

𝑅𝑐
, 𝑠 ≤ ( 𝜋2 − 𝛼)𝑅𝑐,

2𝜋
[
𝑅𝑐cos𝛼 +

(
𝑠 − ( 𝜋2 − 𝛼)𝑅𝑐) sin𝛼

) ]
, 𝑠 ∈

[ (
𝜋
2 − 𝛼

)
𝑅𝑐,

(
𝜋
2 − 𝛼

)
𝑅𝑐 + (ℎ − 𝑅𝑐 (1 − sin𝛼) sec𝛼)

]
.
(3)

Similarly, by the axisymmetry of the geometry, the electric field can be described as a function of 𝑠 as well, 𝐸 = 𝐸 (𝑠).
Emission properties of the emitter can then be described as integrals over 𝑝 − 𝑠 space.
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B. Onset criterion
The next highest moment determines the expected number of active emission sites on the emitter in a probabilistic

sense, that is, those that have destabilized into Taylor cones. This is determined by invoking an indicator function of
some onset criterion. The number of active emission sites is thus written as,

𝑁𝑠 =

∬
1𝑂 (𝑝, 𝐸 (𝑠)) 𝑓 (𝑝)d𝑝

𝜙

�̄�𝑝

d𝐴
d𝑠

d𝑠. (4)

The indicator function 1𝑂 is a function of the pore size (via capillary pressure) and the local electric pressure,
and takes a value unity when the onset criterion is satisfied and a value null otherwise. The interior integral
1̄𝑂 (𝐸 (𝑠)) =

∫
1𝑂 (𝑝, 𝐸 (𝑠)) 𝑓 (𝑝)d𝑝 is the mean number of emission sites per pore, which is strictly less than or equal

to unity. In our case, we utilize an onset criterion of the form

1𝑂 =


1,

√︃
1
2𝜀0𝐸 (𝑠) ≥ 𝛼0

√︃
4𝛾
𝑝
− 𝛼1𝑝𝑟

(√︃
4𝛾
𝑝

)−1
,

0, otherwise.
(5)

Here, 𝑝𝑟 is a reservoir pressure, which acts either to provide additional restoring force beyond the characteristic capillary
force in the pore 4𝛾

𝑝
, where 𝛾 is the fluid surface tension, or to provide additional positive pressure in excess of the

electric pressure 1
2𝜀0𝐸 (𝑠)2, which uses the vacuum permittivity 𝜀0. 𝛼0 and 𝛼1 are model parameters which capture the

nontrivial dependence of the two restoring forces (cf. [16, 17]). Thus, this expression (for positive 𝛼0, 𝛼1) indicates that
smaller pores (higher capillary pressures) increase the field required for onset, as do negatively-pressured reservoirs.

C. Current emission
The highest moment considered here yields the total current sourced by the emitter and is determined by integrating

the current emitted by a site of a specified size and local electric field 𝑖(𝑝, 𝐸 (𝑠)) over the active emission site density,

𝐼 =

∬
𝑖(𝑝, 𝐸 (𝑠)) 10 (𝑝, 𝐸 (𝑠)) 𝑓 (𝑝)d𝑝

𝜙

�̄�𝑝

d𝐴
d𝑠

d𝑠. (6)

The associated intensive quantity 𝑖(𝐸 (𝑠)) =
∫
𝑖(𝑝, 𝐸 (𝑠)) 1𝑂 (𝑝, 𝐸 (𝑠)) 𝑓 (𝑝)d𝑝 is the expected current per pore. Here,

we assume the emitter is operating in a pure ionic regime (PIR), and so we invoke a simple scaling law for the current
from a PIR emission site based on the numerical work of Coffman and later Gallud [16–18],

𝑖 =
𝐾𝑝2

4

√︄
8𝛾
𝜀0𝑝

max(𝑖, 0), (7)

where 𝐾 is the conductivity of the propellant,

𝑖 =
𝜁0 + 𝜁1 (�̂� − �̂�0)

𝐶𝑅
, (8)

�̂� =
𝐸 (𝑠)√︃

8𝛾
𝜀0 𝑝

, (9)

𝐸0 = 𝛼0 + 𝛼1𝑝𝑟 , (10)

𝑝𝑟 =
𝑝𝑟
4𝛾
𝑝

, (11)

and

𝐶𝑅 =

𝐾𝑝2

4

√︃
8𝛾
𝜀0 𝑝

4𝛾
𝑝
𝜌
〈 𝑞
𝑚

〉 𝑟ℎ, (12)
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where 𝜌 is the propellant density,
〈 𝑞
𝑚

〉
is the charge to mass ratio of the beam, Eq. (10) follows from (5), and 𝑟ℎ is the

hydraulic impedance to the emission site, which is assumed to be related to the hydraulic impedance of the emitter 𝑅ℎ
(cf. [7])

𝑟ℎ = 𝑁𝑠𝑅ℎ (13)

= 𝑁𝑠

(
𝜇

2𝜋𝜅
1

1 − cos𝛼

[
tan𝛼
𝑅𝑐

− cos𝛼
ℎ + 𝑅𝑐 (csc𝛼 − 1)

] )
. (14)

Here, 𝜇 is the dynamic viscosity of the propellant and 𝜅 is the absolute permeability of the substrate. Rigorously, Eq.
(13) follows from the assumption that the hydraulic conductance of each emission site 𝑔ℎ = 1

𝑟ℎ
is equal, and that the

conductance of the emitter 𝐺ℎ = 1
𝑅ℎ
is the sum of conductances to each site. Altogether, this model predicts that current

emitted from the site is approximately linear in electric field about some dimensionless onset field 𝐸0, and is scaled by
the hydraulic impedance, which results from a conductance-limited flow through the emitter geometry operating in the
PIR.

D. Electrostatic field
The electric field distribution 𝐸 (𝑠) is a generally nontrivial function of the emitter geometry that does not admit a

simple analytical form. Consequently, to compute the mapping from the voltage applied to the emitter and the local
electric field distribution over the emitter, we utilize a simple electrostatic solver that assumes the emitter surface is
an equipotential (cf. [5]). The output of this simulation is the electric field magnitude at a finite number of locations,
which can then be numerically integrated (i.e. by the trapezoidal rule) over 𝑠 space.

E. Pore distribution
The pore distribution is also generally nontrivial and can be treated numerically in a similar manner. However,

resolving such integrals over the combined 𝑝 − 𝑠 space in sufficiently high resolution to eliminate significant integration
error quickly becomes computationally expensive ( ∼ 1 ms to evaluate, which is expensive if we seek to evaluate the
model for an array of many thousands or tens of thousands of different emitters). To make this integral more analytically
tractable, then, we assume a functional form for the pore distribution 𝑓 (𝑝), namely

𝑓 (𝑝) =
{
𝑝1 𝑝2
𝑝2−𝑝1

1
𝑝2 , 𝑝 ∈ [𝑝1, 𝑝2] ,

0, otherwise.
(15)

This distribution uniformly distributes the pores in area space between some minimum pore size 𝑝1 and some maximum
pore size 𝑝2, such that pores of each size will take up the same proportion of the area of the emitter. Practically, this
distribution indicates that there will be a large number of smaller pores and a small population of large pores, as might
be the case by agglomeration. Other similar distributions could be chosen in the same way and may have a modest effect
on the exact model prediction; we have elected this distribution because it is comparatively uninformative (i.e. does
not specify a particular pore size too stringently) and is eminently analytically tractable. The mean pore area of the
distribution is

�̄�𝑝 =
𝜋

4
𝑝1𝑝2. (16)

It is generally the case that both 1̄𝑂 and 𝑖 are still nontrivial to compute due to their discontinuous behavior (i.e. either
on or off based on the onset criterion), such that the moments would have to be procedurally partitioned into the intervals
for which the onset criterion is satisfied and the current prediction is positive. However, the onset criterion of Eq. 5 and
the current model Eq. 7 each have at most two roots and their inflection is such that they are nonzero and continuous
over at most a single interval, whose bounds we generically denote [𝑝−, 𝑝+]. The needed integrals may be computed
analytically over those intervals, where we note [𝑝−, 𝑝+] may be truncated by the closed pore distribution Eq. 15,

1̄𝑂 =
𝑝1𝑝2

𝑝2 − 𝑝1

𝑝+ − 𝑝−
𝑝−𝑝+

, (17)
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𝑖 =
𝜌 ⟨𝑞/𝑚⟩
𝑟ℎ

𝑝1𝑝2

𝑝2 − 𝑝1

[
2𝛾 (𝜁0 − 𝜁1𝛼0)

(
(𝑝+)2 − (𝑝−)2

(𝑝+)2 (𝑝−)2

)
+ 2

3
√︁

2𝛾𝜀0 𝜁1𝐸 (𝑠)
(
(𝑝+)3/2 − (𝑝−)3/2

(𝑝+)3/2 (𝑝−)3/2

)
+𝜁1𝛼1𝑝𝑟

(
𝑝+ − 𝑝−
𝑝+𝑝−

) ]
. (18)

IV. Model Inference
We present now an inference problem over the model parameters of this multi-site emission model. The

training data used are from a study by St. Peter et al of a single porous conical emitter operating on 1-ethyl-
3-methylimidazolium-bis(trifluoromethylsulfonyl)imide (EMI-TFSI), for which individual beamlets, assumed to
correspond to individual emission sites, were resolved with a micro-Faraday probe as a function of voltage and the
associated emitter current measured [9]. We have thus a set of 𝑁𝑑 data 𝑋 , which we index 𝑘 = 1, 2, . . . , 𝑁𝑑 , such that
𝑋 =

{
𝑥 (𝑘)

}
=
{
𝑥 (1) , 𝑥 (2) , . . . , 𝑥 (𝑁𝑑)

}
. Each datum is a current measurement and a count of the number of sites at a

particular voltage, 𝑥 (𝑘) =
(
𝑉 (𝑘) , 𝑁 (𝑘)

𝑠 , 𝐼 (𝑘)
)
, where the voltage data are taken as an independent variable.

While the multi-site emission model contains a large number of parameters that could be considered uncertain (see,
for example, the analysis of [5]), here we examine only the model parameters 𝜁0 and 𝜁1, the parameters of 𝑓 (𝑝), 𝑝1 and
𝑝2, and the surface porosity 𝜙 as uncertain. While in principle these latter three parameters could be predicated directly
on properties of the substrate, there exists a nontrivial mapping between the volumetric pore structure of the substrate
and its surface pore structure, and so we elect to learn them instead. Within the context of Bayesian inference, we seek
to compute the posterior probability

P(𝜃 | 𝑋) ∝ P(𝑋 | 𝜃) P(𝜃), (19)

where 𝜃 = (𝜁0, 𝜁1, 𝑝1, 𝑝2, 𝜙) is our set of learned parameters. The likelihood P(𝑋 | 𝜃) represents our degree of belief in
the observed data given a set of model parameters (i.e. supposing the model was true), and is expressed practically as a
noise model. Here, we choose for simplicity a Gaussian likelihood,

P(𝑋 | 𝜃) =
𝑁𝑑∏
𝑘=1

1

𝜎
(𝑘)
𝑁𝑠

√
2𝜋
exp

−
(
𝐹𝑁𝑠

(
𝑉 (𝑘) ; 𝜃

)
− 𝑁 (𝑘)

𝑠

)2

2
(
𝜎

(𝑘)
𝑁𝑠

)2

 ×
1

𝜎
(𝑘)
𝐼

√
2𝜋
exp

−
(
𝐹𝐼

(
𝑉 (𝑘) ; 𝜃

)
− 𝐼 (𝑘)

)2

2
(
𝜎

(𝑘)
𝐼

)2

 . (20)

Here, 𝐹𝑁𝑠

(
𝑉 (𝑘) ; 𝜃

)
denotes the model-predicted number of sites at voltage 𝑉 (𝑘) as a function of parameters 𝜃,

𝐹𝐼
(
𝑉 (𝑘) ; 𝜃

)
is the similar model-predicted current, 𝜎 (𝑘)

𝑁𝑠
is the standard deviation of noise in the 𝑘 th number of sites

datum, and 𝜎 (𝑘)
𝐼
is the same for the current datum. We have implicitly assumed here that the noise in each datum is

independent.
The 𝜎 (𝑘)

𝑁𝑠
’s and 𝜎 (𝑘)

𝐼
’s, are often taken from experimentally-reported measurement uncertainty, which is not reported

for the study in question, so rather than assign them arbitrarily, we have implemented here a hierarchical Bayesian
inference scheme to learn the noise, subject to the assumed noise models

𝜎
(𝑘)
𝑁𝑠

= 𝜎𝑁𝑠
=
√
𝑎𝑁𝑠

, (21)

𝜎
(𝑘)
𝐼

= 𝜎𝐼 =
√
𝑎𝐼 , (22)

that is, the variance of the noise is a constant value for all data. The associated variances form the collection of
hyperparameters 𝜑 = (𝑎𝑁𝑠

, 𝑎𝐼 ), which me must learn alongside the data. This modifies Eq. (19) to be

P(𝜃, 𝜑 | 𝑋) ∝ P(𝑋 | 𝜃, 𝜑) P(𝜃)P(𝜑), (23)

where we have assumed the prior distributions over 𝜃 and 𝜑, P(𝜃) and P(𝜑), to be independent. Thus, we must learn the
noise alongside the parameters of actual interest.
As previously mentioned, all other parameters of the model we take to be certain, and we collect them in Tab. 1.

The emitter geometries needed in Eqs. (3) and (14) and used to compute 𝐸 (𝑠) with the electrostatic model were taken
as quoted in [9]. The propellant properties, which appear in Eqs. 5, 7, 12, 14, and 18, are for EMI-TFSI, assume a
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temperature of 295 K, and were calculated from the ESPET propellant database, a collection of ionic liquid physical and
chemical properties built into the ESPET web app [9, 19]. The reservoir pressure of Eqs. 5, 11, and 18 was calculated
as − 4𝛾

𝑝𝑟
, where 𝑝𝑟 is the largest pore radius in the reservoir, 40 𝜇m for P3 grade, and the permeability estimated using

data quoted for ROBU Glasfilter-GmbH’s P5 frit, a provenance used elsewhere in [9]. The charge to mass ratio of
Eqs. 12 and 18 is estimated from the data of [20], also quoted in [9], for 1516 V operation of another porous ionic
electrospray emitter operation on EMI-TFSI for which time-of-flight spectroscopy data is available. As a simplifcation,
all current content that arrives after the nominal arrival time of trimer cations is assumed to also be composed of trimer
species. Finally, the coefficients for the onset criterion 𝛼0 and 𝛼1, which appear in Eqs. 5, 10, and 18, were fit to
numerical simulation results presented by Coffmann et al [16] for individual emission sites, which show a strongly
linear dependence of the onset field �̂�0 with reservoir pressure 𝑝𝑟 . Interestingly, even for no reservoir pressure, these
results predict that Taylor cone-like structures can begin to form at electric fields nearly a factor of two lower than might
be calculated by directly equating the electric pressure to the characteristic capillary pressure in the pore, for which the
corresponding parameter would be 𝛼0 = 1.

Parameter Value Units
𝑅𝑐 1.6 × 10−5 m
𝑑 1.2 × 10−4 m
𝑅𝐴 7.5 × 10−4 m
𝛼 30 deg
h 3.5 × 10−4 m
𝐾 7.345 × 10−1 Sm-1
𝛾 3.511 × 10−2 Nm-1
𝜌 1522 kgm-3
𝜇 3.394 × 10−2 Pa-s
𝑝𝑟 −3511 Pa
𝜅 1.51 × 10−13 m-2〈 𝑞
𝑚

〉
3.29 × 105 Ckg-1

𝛼0 5.19 × 10−1 unitless
𝛼1 4.00 × 10−1 unitless

Table 1 Model parameters Treated as certain for this analysis and their respective values

Finally, Tab. 2 specifies the prior distributions used in the inference. Each was chosen to be comparatively
uninformative, usually only enforcing the sign of a quantity. Furthermore, prior distributions over parameters are
assumed independent. With these, the inference problem is now fully specified.

Parameter Distribution Units
𝜁0 U (−∞,∞) unitless
𝜁1 U [0,∞) unitless
𝑝1 U [0,∞) m
𝑝2 U [0,∞) m
𝜙 U [0, 1] unitless
𝑎𝑁𝑠

U [0,∞) unitless
𝑎𝐼 U [0,∞) A2

Table 2 Prior distribution over parameters 𝜃 and hyperparameters 𝜑

V. Results

A. Posterior parameter distributions
We drew 106 samples from the posterior distribution using a Markov-chain Monte Carlo sampling algorithm (cf.

[5]). We show a corner plot of the corresponding samples in Fig. 3. The intervals over which the corner plot data is
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shown are given in Tab. 3, along with the parameter sample mean and sample standard deviation. As evident in the
figure, the parameters and hyperparameters are largely uncorrelated with each other. Notable exception, however, is
found between 𝜁0 and 𝜁1, which show a comparatively strong negative correlation, and to a lesser degree between 𝜁1 and
𝑝1 and 𝑝2 and 𝜙. Additionally, most all parameters have a unimodal distribution with some characteristic width, except
𝜁0, which has two peaks, one around -.00368 and one around -.00296, and 𝜙, which has one peak at around .934 and
one pushing to the boundary at 1. Lastly, we note that the value of ionic emission slope learned here agrees within a
factor of two with that learned for a similar model on a different system of similar architecture operating on a different
propellant (cf. the 𝜁2 of [5]). This provides evidence to support the claim that the parameter 𝜁1 should be a universal
property of purely ionic electrosprays, regardless of propellant or device geometry (cf. [18]).

Fig. 3 Corner plot for the 106 samples drawn from the posterior distribution; the structure of the plot mimics a
covariance matrix, with the diagonal entries being the marginal histograms for each parameter or hyperparameter,
and the off-diagonal entries being 2-d histograms of the corresponding 2-d subspace; limits for the histogram
domains are shown in Tab. 3
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Parameter Sample Mean Sample Standard Deviation Corner Plot Limits Units
𝜁0 −3.45 × 10−3 5.56 × 10−4 [

−5.15 × 10−3,−2.00 × 10−3] unitless
𝜁1 5.19 × 10−2 2.60 × 10−3 [

4.50 × 10−2, 5.97 × 10−2] unitless
𝑝1 3.85 × 10−6 3.35 × 10−7 [

2.88 × 10−6, 4.71 × 10−6] m
𝑝2 2.04 × 10−5 1.28 × 10−6 [

1.62 × 10−5, 2.38 × 10−5] m
𝜙 9.43 × 10−1 3.26 × 10−2 [

8.25 × 10−1, 1.00 × 100] unitless
𝑎𝑁𝑠

7.13 × 10−1 2.16 × 10−1 [
1.60 × 10−1, 1.36 × 100] unitless

𝑎𝐼 4.45 × 10−14 2.78 × 10−14 [
0, 4.80 × 10−13] A2

Table 3 Sample mean and sample standard deviation for the posterior, and domain limits for Fig. 3

B. Posterior predictions
We also collect in Figs. 4 and 5 posterior predictions for the number of sites and current, respectively, over the

domain of the training data. In both cases, the median prediction, and the population of predictions more broadly,

Fig. 4 Posterior predictions for the number of active sites; the data of [9] are shown as blue circles, the solid
black line is the median prediction over the domain, and the shaded area within the dashed black lines contains
90% of the posterior predicted probability

tracks well the experimental data. In particular, the model is successful in replicating that at low voltages, there may be
only a single emission site observable on the emitter, but that as the voltage increases, many more sites are observed
(for the training data, there is only one resolvable beamlet below 1500 V, but over 10 distinct beamlets above 2000 V).
Noticeably, the model is positively inflected below about 1900 V, but becomes slightly negatively inflected thereafter;
this is indicative of a potential saturation in the number of possible sites. For the current predictions, the model is
similarly well capable of reproducing the experimentally observed behavior, including the tenuous current sourced in the
low-voltage regime and the current more strongly increasing with voltage thereafter. In accordance with the experimental
data, the predicted current is largely linear with voltage in the moderate voltage regime, though the predicted current
becomes positively inflected again at the edge of the experimental domain. This is interesting for its divergence with the
predicted number of sites, which behave similarly in the other regimes. This suggests that the onset of multiple sites
serves to modulate the emitted current, but that once the number of sites begins to saturate in this higher-voltage regime,
the current begins to scale differently. Lastly, we observe that the envelope of our predictions encloses most of the
experimentally observed data, as we might presume, since we learned them as part of our hierarchical inference problem.
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Fig. 5 Posterior predictions for the current; the data of [9] are shown as blue circles, the solid black line is
the median prediction over the domain, and the shaded area within the dashed black lines contains 90% of the
posterior predicted probability

VI. Discussion

A. Near-onset regime physics
The fact that the ionic emission offset and slope parameters 𝜁0 and 𝜁1 of Eqs. 7 and 18 are strongly correlated is

initially surprising. While it is intuitively straightforward that this might be the case if we imagine trying to fit a line to a
single datum (i.e. an underdetermined system), we would anticipate that given the range of voltage data incorporated
into the inference we should be able to discriminate between them. This correlation, then, likely results because the
slope 𝜁1 also modulates the reduction in current associated with the onset field �̂�0, which is not itself a function of
voltage. Since for larger electric fields the 𝜁0 term becomes small on the scale of the 𝜁1 term, 𝜁0 serves primarily to
modulate the current in the tenuous emission regime close to the first onset of spray. Its negative value here means that
in a small region just beyond onset, the site is predicted not to emit any current, which is likely a consequence of the
richer physics ignored in the linearization to obtain Eq. 8.

B. Model predictions as expectations
Relatedly, through this modulation the model is successful in reproducing the current emission in this near-onset

regime, it noticeably underpredicts the number of emission sites. This incongruity results, in part, because the form
of our model prediction and the data are not exactly the same. The data is some discrete count of the number of
emission sites (as determined by some number of beamlets). However, within this moment-based construction the
model prediction is an expectation, that is, an average number of sites; for example, this is why the model prediction
is not necessarily a whole number. Through a frequentist lens, we could intuit this as meaning that if we had many
emitters, each of which described by the same distribution in 𝑝-𝑠 space, we would expect that as a result of the random
nature of the substrate, some may have emission sites in this near-field regime and some may not. In this way, this
formulation admits some kind of variance, which for the analysis considered here has been partially captured by the
learned hyperparameter 𝑎𝑁𝑠

, which despite the simplicity of the noise model has placed the data largely within the
associated credible interval. To capture this stochastic behavior more rigorously, one could interrogate the variance in
the model prediction itself through higher moments over the distribution or by sampling from the associated site density
over 𝑝-𝑠 space.
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C. Correspondence with substrate properties
Finally, we reflect on the learned surface pore properties, 𝑝1, 𝑝2, and 𝜙. It is evident that the associated pore sizes

are larger than might be directly assumed from the nominal properties of the substrate. That is, for P5 frit, the largest
internal pore size is approximately 1.6 𝜇m, but the posterior places the distribution of surface pores between about 4 and
20 microns in diameter. This mismatch is not necessarily surprising, inasmuch as the internal pore sizing reflects that,
among the many tortuous paths that pass through the substrate, each narrows to 1.6 𝜇m at some point, but may be larger
in other segments. Given the highly isotropic nature of the substrate, which is composed of many small particles that are
sintered together, we anticipate the characteristic length of such paths to be not much larger than the characteristic size
of the pores themselves, And so indeed on the scale of the device we should expect to see surface pores of concomitant
size to the internal pores.
This mapping, however, is complicated further by two effects. Firstly, the substrate was, by consequence of the

emitter’s manufacture, subject to some abrasive process which could change the local substrate properties through the
fracture or wholesale removal of particles, creating larger voids. Secondly, the interfacial phenomena which control
the equilibrium position of the meniscus are complex and in principle may depend on the electric field as it acts to
change the local balance of stresses. Correspondingly, taking the relaxed interpretation that the distribution 𝑓 (𝑝) and
the associated porosity 𝜙 are a description over menisci instead of strictly pores, these results then suggest that there
may exist a nonnegligible pooling effect of the propellant, as has been considered previously [9, 21, 22]. The clearest
potential indication of such an effect here is the learned porosity, which with a mean value of 0.943 is substantially
larger than the associated volumetric porosity of the substrate, around 0.5, indicating that much more of the surface may
be taken up by menisci than is purely by void area. In principle, this effect is voltage-dependent to where we could
parameterize the meniscus size distribution as 𝑓 (𝑝; 𝐸 (𝑠)); however, a stationary distribution as implemented here may
still be a decent approximation, since it is usually the largest sites that are predicted to activate first, and thus pooling to
larger menisci likely precedes significant emission, at least in part.

VII. Conclusion
We have expounded a framework for modeling multi-site emission in porous electrosprays as moments over menisci

size and space. We then fit this to a set of training data by learning its associated model parameters through a hierarchical
Bayesian inference scheme, and insodoing were able to replicate the experimentally observed behavior, a positive
indicator for the model’s potential predictive capability. In examining the corresponding inference results, we have
been able to interrogate associated physics, in particular both indicating that a more robust description of device
behavior is warranted in the tenuously emitting near-onset regime and providing indirect evidence of pooling or a similar
phenomenon on the emitter. Moving forward, this model opens new possibilities for predictive modeling of electrospray
arrays. In particular, this tool, when coupled with an associated model for beamlet divergence, could be used to predict
the distribution of the emitter current in space in addition to the total emitted current. Furthermore, expanding the
model predictions to treat both the expected model quantities and the variance in those quantities could be used to treat
the inherent randomness of the emission process. Such an architecture ultimately endorses incorporation of this model
into a robust design problem for electrospray emitters that seeks to maximize device lifetimes by identifying devices
that maintain desirable performance even under uncertainty in behavior and manufacturing.
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