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A study inferring variability among individual emitters in an electrospray array thruster
is presented. A model to predict the emission current of a single porous conical type
electrospray emitter is first rederived. Experiments on a 6102-emitter porous electrospray
array thruster (the MEAT-1.2) are then reviewed, with the emission current sourced by the
thruster varying from 22 pA at 650 V to 5.6 mA at 2000 V. Surface profiles are also resolved
for 143 emitters in the array, with the conical emitters having tip radii approximately 25 pm,
a body half angle around 0.3 rad, and a basal radius of 145 pm, though it is further shown
that there are distinct populations of emitters that can be tied to different cutting tools used
in the manufacture of the array. Subsequently, a Bayesian inference problem to learn the ad
hoc scaling coefficients introduced by the model from these emission data and informed by
emitter metrology is formulated and executed. The model is able to reconstruct the training
data set within 90% confidence, and predictions of individual emitter behavior indicate
that emission is highly varied across the array, producing the superlinear dependence seen
in the macroscopic array current. A sensitivity study quantifies that below 1300 V, the
dominant source of uncertainty in the predictions is emitter geometry (because few emitters
are active), but above 1300 V uncertainty in propellant temperature dominates (because
emission is highly sensitive to propellant viscosity). Finally, these uncertainty sources are
discussed in the context of designing robustly performant systems.
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I. Introduction

Electrospray array thrusters exhibit emergent phenomena with key consequences for system design and
performance. The fundamental unit of these devices is the emitter, a needle-like electrode supplied with
conducting liquid. When energized, the emitter concentrates electric fields at its apex, to the point that an
energetic beam of charged particles is extracted from the fluid ™% The reaction force produced by the beam
is used as a means of propulsion in space 2% To this end, devices operating on ionic liquid propellants and
extracting primarily ionic species (ionic liquid ion sources, ILIS) have seen extensive development because
their working fluid can be stored as a nonvolatile liquid at room temperature and is only tenuously conducting,
such that it avoids space-charge limits inherent to similar liquid metal ion sources”® These traits—among
others—make electrosprays a potentially enabling technology for small-scale spacecraft, which operate at
low powers where more mature, plasma-based electric rockets like Hall thrusters suffer major performance
degradation

However, since individual electrospray emitters tend to produce less than a micronewton of force, even
at small scale it is necessary to aggregate many such emitters in an array to form a useful thruster 210112
These arrays are subject to variability between individual emitters—principally resulting from variations in
geometry B bhut also stemming from nonuniform fluidic boundary conditions™ or electrode misalign-
mentl—and this implies the behavior of an array is not simply a scale multiple of that of a single emitter.
Indeed, new behaviors can emerge as a result of this nonuniformity, for example that the total current emit-
ted by an array tends to be a positively inflected function of voltage21 17 while individual emitters tend to
have a linear current response 1820

A more pernicious emergent phenomenon is a decrease in expected device lifetime. The primary failure
mechanism in electrospray is an electrical short between the emitter and its extraction electrode/2G2L22
which prevents the device from standing off voltage sufficient to induce emission. Since the emitters electri-
cally tied together, the short of any one emitter shorts all emitters. As such, the mean time to failure of the
array decreases as the number of emitters in it increases/2123 a consequence of an increased probability that
a marginal emitter shorts prematurely compared to the bulk population.

Predicting how an array’s performance arises from—and varies subject to—uncertainty in its constituent
emitters is thus a fundamental task in electrospray design. Experimental efforts have characterized emission
nonuniformity at system scale 12162425 byt achieving sufficient signal to noise to resolve individual emitter
beams remains a challenge,2% especially considering the degree to which probes must perturb the device under
test 1827 This leaves modeling and simulation as recourse to bridge the gap between what is observable at
the emitter scale (e.g., variance in emitter geometry) and what is observable at the array scale (e.g., emission
current). However, electrosprays are fundamentally multiscale devices, 1228130 such that modeling each of the
hundreds or thousands of emitters in an array to capture the physics at high fidelity—while also accounting
for uncertainty in emitter geometry and other parameters—can become impracticable.

To that end, in this work we instead leverage semi-empirical models trained on experiments of a porous
electrospray array thruster to infer the behavior of individual emitters in the array. That is, we first model
the emission of an individual emitter (Sec. such that we can predict array behavior as the sum over
many emitters;. However, our model contains scaling parameters that must be calibrated from the data
itself (Sec. [[ILB). As such, we formulate an inference (Sec. over these missing parameters accounting
rigorously for uncertainty in the model inputs and data, including to infer manufacturing tolerances for the
emitters from individual emitter measurements (Sec. . After training the model in this way (Sec. , we
propagate uncertainty to make probabilistic predictions of performance over the array (Sec. . From these
results, we then discuss the inferred behavior of individual emitters (Sec. , which sources of uncertainty
dominate the analysis (Sec. , and what implications our results have for designing systems that are
robust to these sources of uncertainty (Sec. . We end by collecting and summarizing our conclusions

(Sec. [VI).

II. Model and Experimental Data

Our methodology for understanding emitter variability relies on modeling the behavior of individual
emitters and then computing the composition over all emitters to predict the behavior of an array, such that
we can calibrate it against experimental data. We focus our analysis on porous ionic liquid ion sources (ILIS),
which have seen widespread development motivated by their comparative ease of manufacturel®B152 and
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ability to facilitate higher current densities1 133 To model the emission of individual emitters within the
array, we utilize the model we previously detailed in Ref. 34, summarized here (Sec. . As a calibration
data set, we consider experiments (Sec. to measure the emission current as a function of voltage for
the MEAT-1.2/3% a thruster consisting of over 6000 individual porous electrospray emitters and constructed
as a testbed for exploring challenges in scaling electrosprays to higher power systems.

A. Single Emitter Emission Model

High fidelity electrohydrodynamic models have examined the physics underlying ILIS operation and moti-
vated scaling laws governing both the onset of Taylor cones and the current these cones emit 1283036
However, these analyses often consider only a single, archetypal fluid meniscus of defined size and loca-
tion. In practice, not fully captured in this analysis is that porous electrospray emitters host many menisci
where Taylor cones could form, and they are observed to develop multiple active emission sites on a single
emitter 221827 Our model abstracts the formation of multiple emission sites by supposing that the emitter
surface is populated by many menisci and that these scaling laws dictate the onset and behavior of individual
emission sites on a meniscus by meniscus basis. The aggregate emitter behavior is then the sum over all
menisci.

Particularly, we model the emitter as a spherically capped cone (see Fig. for key dimensions or Ref. |37)).
We suppose that the surface of the emitter is populated by menisci of varying diameter p, with the distribution

Se

Figure 1. Diagram of spherically capped cone geometry

over meniscus size encapsulated by a probability density function of phenomenological form

1—-m 1
T—m _ _T—m pm) p € [p17p2]7
f(p) =< Pz pp P (1)
0, otherwise.

This equation indicates that the menisci are distributed inversely proportional to diameter by some char-
acteristic exponent m, between a minimum meniscus size p; and maximum meniscus size p;. The number

density of menisci on the surface is then n, = A—l, where the surface wetting coefficient, 1, is a normalizing
P
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factor indicating the proportion of the emitter’s surface area that is covered by the menisci. Ap is the mean
meniscus area, 4, = [ %pQ f(p)dp. We further suppose that the maximum meniscus size is limited in the
following way:

p2 = min (P2, 2R, cos a) , (2)

where ps is the maximum meniscus size supported by an emitter, po is the maximum meniscus size supported
by the substrate, R. is the tip radius of the cone, and « is the half-angle of the cone body. Eq. thus
communicates that while the substrate might be capable of supporting menisci as large as po, the emitter
cannot support menisci larger than the diameter of its tip, due to a lack of space—e.g., a meniscus of diameter
10 pm could not form on an emitter of diameter only 1 pm.

The first scaling law determining individual emission site behavior over this population is an onset
criterion, 1o, which dictates when a meniscus develops into a Taylor cone. It takes the form of an indicator
function,

1, E(s)>Eo=foy/3L — f1—2=

1o = YR (3)

0, otherwise.

This relation captures that onset occurs when the electric pressure at the meniscus exceeds the restorative
forces provided by capillary pressure and the hydrostatic pressure in the reservoir feeding the emitter. g is
the permittivity of vacuum, v the surface tension of the working fluid, P, the reservoir pressure, E(s) the
electric field at the emitter surface, and Ej the corresponding onset field strength. Crucially, this electric
field E = E(s) is treated as position-dependent, captured by a parameter of the surface, s. The quantities Sy
and [, are constants of order unity that dictate the relative strength of the capillary pressure and reservoir
pressure effects.

The second scaling law is a single site emission model predicting the current emitted by an individual
meniscus, 7. After the treatment of Refs. [8]/19,130, we express this as

=82 [0 22 i) - )] @)

where £ is the charge to mass ratio of the emitted species, p the density of the fluid, and r, the hydraulic
impedance to an individual meniscus from the reservoir. This expression represents a linearization of the
current emitted by a meniscus by some characteristic slope, ¢;, and offset, (o, within a dimensionless space 1
The individual site impedance we take as

o 1 tana  sina
— N,-& - :
h 2k 1 — cosa [ R, Ty } 5)
dA
N~ [[ 10 ) dpn, 5 as, (6)

with Ny the total number of onset emission sites, p the dynamic viscosity of the fluid, x the permeability of
the porous substrate, and r, the base radius of the emitter (see Fig. . Eq. expresses that the hydraulic
impedance to each emission site is equal, and that their parallel sum must equal the total hydraulic impedance
of the emitter, the form of which follows that of Courtney.>®

The total current emitted I takes the form of an integral over all menisci in the population and over all
area of the emitter,

dA
1= [[ 101w, s (7)

where ?1—‘2 is the parameterization of the surface area by s,

dA _ J2rR.sin(s/R.), s €[0,s.],

ds 21 [R. cosa+ (s — sc)sina)], s € [se, Sc + Sp)
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™

Se = (5 - a) R., (9)

sy = rycsca — R, cot av. (10)

Here, s, is the arc length from the apex of the emitter to the edge of the cap and s; is the arc length along
the cone body (see Fig. [1)).

Practically for E(s), since the field strength scales linearly with the voltage of the emitter, V', we express
E(s) = VE(s), where E(s) is a reference field strength at unity emitter voltage. E(s) is itself only a function
of the emitter and extractor geometry,

E(s) = E (s; Re,a, 1, Ra,te, A). (11)

Here, R4 denotes the radius of the extractor aperture, t. its thickness, and A the displacement of its top
surface from the basal plane of the emitter. Modeling the dependence of Eq. requires additional analysis,
which we treat in Sec. [TLTl

Equation is a composition over several submodels and so is a function of many parameters. For
our purposes, these can be organized into classes: the scaling parameters, Pm = {f, 81, (o, (1}, which are
coefficients resulting from linearization of higher order physics; the surface properties, Sf = {u, p1, P2, m},
which describe the meniscus population on the surface; the fluidics properties, F1 = {k, P,,~, p, u}, which
dictate the flow of propellant in the system; the beam property, Be = {£}, which converts the mass flow
rate of propellant being drawn through the emitter into the charge flow rate being sprayed from it; and the
emitter and extractor geometries, Em = {R., a,rp} and Ex = {R4,t., A}, which modulate the hydraulic
impedance and the field strength on the emitter.

Subject to this classification, the predicted current of an individual emitter is the function

I =I(V;Pm,Sf,Fl,Be,Em, Ex). (12)

This model is the basic building block for predicting the current from an entire array of emitters, like that
described in the following section.

B. Training Data

We focus our study on the Michigan Electrospray Array Thruster Series 1 Version 2 (MEAT-1.2) family of
systems 2237 The MEAT-1.2—shown mounted for experiments in Fig. is a 10 W power class thruster
based on a porous conical emitter architecture. The emitter chip consists of a single piece of P5 (1 pm pores)
borosilicate glass frit 70 mm in diameter, from which the emitters are subtractively machined on a CNC mill
using a square tapered end mill, based on earlier methods of Natisin et all¥ The end mill makes cuts at full
depth to remove material between emitters and takes a circular path around each emitter to leave a conical
geometry behind.

The emitter chip is coupled to a P4 (10 pm pores) borosilicate glass frit that acts as a propellant reservoir,
and both are retained within an isolated propellant module. The extractor chip is a sheet of MACOR ceramic
metallized on one side with a silver film and into which are machined circular apertures to match the emitters
of the emitter chip (Fig. . This thin film architecture is designed to provide resilience to shorts between
the electrodes3? The extractor chip is then bonded into a steel support frame to provide rigidity. Finally,
the propellant module and extractor module are mounted within an aluminum housing, which includes set
screws to adjust their relative alignment.

The MEAT-1.2 system is constructed such that the emitter and extractor chips can vary from thruster
to thruster, allowing it to serve as a design testbed; the chips used in Ref. 35| were serial number 202. The
emitter chip consisted of 6102 emitters each of a nominal height 455 nm and hexagonally tiled with a pitch
of 660 nm. The extractor chip had a thickness of 460 nm and an aperture diameter of 460 pm.

The ionic liquid propellant 1-ethyl-3-methylimidazolium bis(trifluoromethylsulfonyl)imide (EMIm-Im)
was loaded into the thruster and the thruster discharged in vacuum for the experiments. The emission
current of the thruster was mapped in negative polarity, spanning from only a few nA at 350 V up to 5.6 mA
at 2000 V, with corresponding powers ranging from ~1 pW to 11.2 W. The very smallest powers were inferred
from probes in the plume and did not necessarily measure the total emission current, so for our training data
we take only readings obtained directly from the emitter power supply, which we collect in Tab. [I} We have
included a null datum at 325 V to indicate that no current was measured at or below this voltage (including
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Figure 2. Photograph of the Michigan Electrospray Array Thruster Series 1 Version 2 #202 (MEAT-1.2-202)
prepared for testing

Voltage [V] Current [mA] Voltage [V] Current [mA]
325 0 1250 1.22
650 0.0216 1300 1.35
700 0.0391 1350 1.53
750 0.0610 1400 1.76
800 0.100 1450 2.00
850 0.158 1500 2.25
900 0.234 1550 2.51
950 0.333 1600 2.73
1000 0.449 1700 3.31
1050 0.590 1800 3.89
1100 0.755 1900 4.67
1150 0.925 2000 5.59
1200 1.09

Table 1. Emission current as a function of operating voltage training data derived from Ref.
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by the probes). These data encode the current response of individual emitters, and so we leverage this I-V
map as a powerful set of training data for our current model, Eq. . However, since the array current is
the composition over individual emitter currents and application of the model requires knowledge of many
incidental parameters, we dedicate the following section to discussing our inference methodology.

ITI. Model Inference

We train the model of Sec. [[.A]on the data of Sec.[[I.B] The model is fully defined by the emitter voltage
V and the set of parameters § = PmUSfUFIUBeUEmUEX, so our state of knowledge in those parameters
describes our state of knowledge in the model. Within a Bayesian formulation, this constitutes a parameter
inference problem given our observation of the data, which—Dby application of Bayes’ rule—we express as

P@|D)xP(D|6) P(H), (13)

where P(-) denotes probability and D are the data. In this formalism, our state of knowledge in the
parameters is described by a probability distribution function over values of 6, such that our degree of
belief in any particular value of 6 given the data, the posterior P (8 | D), is proportional to the product of
the likelihood P (D | 8) P (6), the probability of observing the data given that value of the parameters, and
the prior P (0), our degree of belief in that value prior to incorporating knowledge of the data. The constant
of proportionality is a normalizing factor that is important in other analyses but can be discarded here.

For our purposes, we must extend our model to the array context. We make a notational shift such that
I now denotes the total array current and is given as the sum over all N, individual emitters,

Ne
=31, (14)
j=1

where the current from each emitter is then defined by its own set of parameters. That is, I; = I; (V;;0;),
where 0; = Pm; USf; UF]l; UBe; UEm; U Ex;. We assume that the emitter voltage, scaling parameters,
surface properties, fluidic properties, and beam property are common among all emitters (V; =V, Pm,; =
Pm, Sf; = Sf, etc.), but that the emitter and extractor geometry varies on an emitter by emitter basis.
The corresponding set of parameters defining the array current model, I = I(V;0), is

Ne Ne
0=|J0, =PmUSFfUFIUBeU || JEm; UEx,| . (15)
Jj=1 j=1

Now that we have identified the set of parameters defining the array current model, we must define our
corresponding likelihood and prior.

A. Likelihood

Within our Bayesian inference framework, the likelihood P(D | ) is the means by which we infuse our
experimental observations into the inference, taking the form of a probabilistic model of those observations.
In our case, from the experiments we have Ny pairs of voltage-current data, D®*) = {V(k), I(k)}, which are
measurements of the emitter voltage and emitter current, forming

Ng
D=[JD®. (16)
k=1

The superscript in parentheses notation distinguishes between a quantity and a measurement of that quantity
(which may differ as a result of error in the measurement) and will be used throughout the remainder of
our analysis. We neglect error in the voltage measurements (often less than 0.1%), but we model that the

current measurements are distributed about the model predictions with some Gaussian noise, ngk),

2
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where ¢(*) is the standard deviation of the noise for datum k and N (a,b?) denotes the normal distribution
of mean @ and variance b2.

Ideally, the 0(*)’s are derived directly from specifications like the instrument resolution. However, the
error in these data also stems from uncertain mechanisms in the emission behavior (unsteady emission,
hysteresis, etc.) % Given this uncertainty in the precision of the measurements, we adopt an abstract model
for the noise of the form

O'(k):CTo—FO'lI(k). (18)

That is, the error in a current datum is the combination of some noise floor, g, and an error proportional
to the magnitude of that datum, o1. The constant term models the finite resolution of the instrumentation,
while the proportional term models the varlablhty / noise inherent to the source—which scale with the amount
of current it sources. The one exception to Eq. (|18]) we make for the null current datum of Tab l v =325
V and I = 0 pA, which from the 1nstrumentat10n is known with much higher precision, allowing us to
assign instead simply o(!) = 1 nA.

The unknown noise terms oy and oy constitute a set of hyperparameters, 8’ = {0¢,01}. While we may
have some prior intuition for these noise terms, we suspect the data will be much more informative, and so
learn them alongside the model parameters,

P(0,0'| D) xP(D|6,0)P(6)P(0). (19)

Such that, assuming the error in each datum is independent, we achieve the final functional form of the
likelihood,

AL (I (V&) — 1))
H exp | —
ot yar 2 (0)?

P(D|0,0) = (20)

B. Prior

The prior distribution P(¢) encodes any assumptions or other relevant information about the parameters
aside from the data that we wish to incorporate to our analysis. In our case, we utilize many different sources
of information to motivate the various components of the model, and we summarize this prior prescription
in Tab. [2l Mathematically, this represents a factorization of the prior as

P(0') P(6) = P(00)P(01)P(Co)P(¢1)P(Bo, A1 | Dg)

P ()P (p1)P(p2)P(m)

P(&)P(P [ v)P(y, p, n | T)P(T)P(E)

P(UJEmj ‘ DEm)HP(RAj)P(tEj)

P(U;A; | Da), (21)

X X

X

which we must describe piece by piece.

For the noise parameters, we suppose that the constant noise term has a magnitude around 1 pA—
motivated by the capability of the power supply’s current monitor—but ascribe 95% confidence to it being
within one order of magnitude larger or smaller. For the proportional term, we model that all magnitudes
are equally probable a priori, since we have comparatively little information about this scaling. We similarly
ascribe uniform priors over the magnitude of the current scaling parameters (y and ¢;. We condition 5y and
B1 on additional data, Dg, and so learn them hierarchically (Sec. .

Following the discussion of Ref. |34, we note that to first order the emission current is not a function of
1, under our approximation that the hydraulic impedance to each emission site is equal and our assumption
that the charge to mass ratio is invariant between emission sites. Consequently, we choose a fixed, arbitrary
value in conducting the analysis (the porosity of the substrate). We include it as a parameter in our
treatment because it is relevant to other potential observables (i.e., the number of emission sites), and it
correspondingly appears as an input to our implementation of the model#? The minimum meniscus size
we tie to the minimum pore size in the substrate, 1 pm, with a nominal error of £10%. The magnitude
of the maximum meniscus size we motivate loosely from Ref. 34, ascribing a median around 10 pm with
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Parameter

Prior Distribution

Noise parameters 6’
o0
o1
Scaling parameters, Pm

CO
G
Bo
B

Surface properties, Sf

Y
P1
D2
m
Fluidic properties, F1

K

P,

hs

Beam property, Be

Inog ~ N (lnl BA, (%)

Inoy ~ U (—o00,0)

Ingo ~U (—OO, OO)
In¢ ~U (—OO, OO)

)

nested learning, see Sec. [[I1.C

nested learning, see Sec. [II1.C

¥ = 0.48

P~ N (1, (4m)°)
2

Inpy ~ N (ln 10 pm, (i?%

m ~ U(—o0,00)

')

— 0.015 pm—2) 2
K:NN(O.15 pm 2,(#) >

P=—;L
Paz ~ N (16 1, (1))
v =(T)
p=p(T)
p=p(T)
T~ N (291 K, (3K)°)

4.0¢
5~N<%8§(L£>

)

3
Emitter geometry, U;Em;

R nested learning, see Sec. [[II.D,

Q; nested learning, see Sec. [[II.D,

Tpj nested learning, see Sec. [[I1.D|
Extractor geometry, U;Ex;

Raj Raj; =230 nm

tej te; = —460 pm

A nested learning, see Sec. m

Table 2. Prior distribution over parameters § and hyperparameters ¢’ of the current model

%
+I[EPC 2025+
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error bounds a factor 2 in either direction. The meniscus exponent we assume can take any value with equal
probability.

The substrate permeability we use as quoted from the manufacturer’s datasheet and again ascribe a
nominal +10% uncertainty since none is given. The reservoir pressure is driven by capillarity for our passively
fed thruster, so it is a function of the surface tension of the propellant (itself uncertain) and the maximum
pore size in the reservoir substrate, p,,q; = 16 pm 4= 10%.

The surface tension, density, and viscosity of the propellant are functions of the propellant temperature
T, which we compute using the Electrospray Propulsion Engineering Toolkit Propellant Database 242 We
assign a distribution over T based on other experiments showing that the temperature of apparatus within
the test facility tends to be about 291 K, but varies within a couple degrees.

To bound the charge to mass ratio, we leverage additional experiments reported in Ref. |35 which directly
measured the mass flow rate of propellant leaving the thruster using a microbalance. Specifically, we use the
value and error bars computed at 1000 V, which was found to be representative of the spray across different
voltages.

We base the distribution over the emitter geometries on measurements taken of the emitter chip, Dgm-.
However, it is infeasible to characterize all 6102 emitters on the chip in this way, so we instead measure a
sample of the emitters and infer the distribution over emitter geometry (i.e., manufacturing tolerances) from
these measurements, forming a nested inference scheme (Sec. . For the extractor geometry, we treat
the aperture radius, R4, and extractor thickness, t., as deterministic and assign them their nominal values
(230 pm and 460 pm, respectively). These quantities are both well controlled during the machining process
(tolerances j5 pm typical), and the electric field strength is not a strong function of either quantity at that
scale. The extractor offset A, however, can vary across the array over a range of order 100 pm as a result of
flexure in the extractor structure,** so we also infer it hierarchically given measurements D (Sec. .

C. Onset Criterion Parameters

We have cogent prior information about the onset criterion scaling parameters Sy and S; resulting from
simulations done by Coffman et al.® who interrogated the dependency of Eq. within the dimensionless

space
_ v\~ _ 44\ !
Eo = Ey <7> . P.=P, <7> , (22)
gop p

and corresponding onset criterion

N

E > Ey=po— BiPr. (23)

They simulated the onset of individual, archetypal menisci as a function of P, to determine the resulting Eo,
forming a set of Ngg data

Ndﬁ

Dy = J {EP. PP} (24)
k=1

We must incorporate these previous results into the prior of Eq. , which is done by applying Bayes’ rule
hierarchically,

P(ﬁOaﬁl ‘ Dﬁ) X P(D,B | /BOa/Bl) P (BOa/Bl) . (25)

That is, the prior over the §’s for our inference incorporating the data D is the posterior of an inference
over the 3’s incorporating data Dg, with P (Dg | 8o, 81) and P (8o, 51) = P (80) P (61) being the hierarchical
likelihood and prior, respectively.

For this nested inference, we again model a Gaussian likelihood where we assume that the PT(k) ’s are known
exactly but that the output of the simulation is subject to some constant error of unknown magnitude, og,
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relative to the model prediction of Eq. . We again learn this error hyperparametrically,

P(Ds | fus1) = [ P(Dy | B0, 1,0%) P (05) dors, (26)
Nag (E (*(k).ﬁ 5>—E(k))2
1 0 r 5 M0y, M1 0
p (Dﬁ | 60751705) = kl;[l Uﬁmexp - 9 (0ﬁ)2 . (27)

Finally, we assign comparatively uninformative priors (Tab.[3)) to communicate a lack of any additional prior
information. This completes our treatment of the onset parameters.

Parameter Prior Distribution
o Inog ~ U(—o0,0)
Bo Bo ~ U(—00,00)
B B1 ~ U(—00,00)

Table 3. Hierarchical prior distribution over onset criterion parameters

D. Emitter Geometry

The data D do not carry much information about the geometry of any individual emitter Em;, because
the current emitted by each is anonymized in taking the sum of Eq. . As such, without additional
prior information about the Em;’s, our analysis would be polluted by uncertainty in the geometry and may
fail to conclude anything much useful about the parameters of interest, 8*. Moreover, individual emitter
dynamics are of chief interest in understanding emission nonuniformity and the emergent properties of the
array derived therefrom. Therefore, we must ground our understanding in the emitter geometries through
additional measurements. Since it is infeasible to measure every emitter in this way, we instead measure a

subset of the emitters (Sec. [[I.D.1)) and infer from them properties of the entire population (Sec. [[IL.D.2]).

1. Measurement

To measure individual emitter geometries, we apply the characterization methodology of Ref. 13 whereby
surface profilometry is used to produce a topographic map of the emitter chip and the macroscopic param-
eters, Em;, are regressed on an emitter by emitter basis by fitting the emitter geometry of Fig. [I] to the
data. Emitter chip 202 was inspected with a laser confocal microscope (Olympus OLS 4000 LEXT) after
the experiments of Ref. |35l Before imaging, the chip was soaked in a bath of isopropanol and allowed to
dry to remove most of the propellant from the chip and improve image quality (by making the emitters
less translucent). For the objective selected, the microscope had a lateral resolution of 625 nm (parallel to
the emitter basal plane) and a nominal vertical resolution of order 10 nm (orthogonal to the emitter basal
plane). A single emitter takes approximately 2 minutes to image on the machine in this way, motivating our
adoption of a sampling based strategy.

To select a representative subset of emitters to measure, we first divided the area of the emitter chip (a
70 mm diameter circle) into 2.5 mm x 2.5 mm regions containing variable numbers of emitters, then dilated
the borders of the regions to minimize the total imaging area while still providing a 330 pm buffer around
each emitter. Figure [3| shows the results of this process; the black circles mark the locations of emitters on
the chip, (x;,y;), and the red lines mark the boundaries of different imaging regions. We then aggregated
these regions into groups of 40 + 10 emitters each, ensuring each group contains regions distributed from
the beginning to the end of the fabrication process (to be able to diagnose systematic changes in emitter
geometry over time). Finally, we randomly chose three of these groups to sample. The regions selected for
sampling total 143 emitters and are those with bold borders in Fig.

In Fig. [ we plot the geometries of all 143 emitters measured from these regions as a scatter matrix.
This figure mimics the structure of a covariance matrix, such that the diagonal entries are histograms for
each parameter and the off-diagonal elements are scatter plots over the pairwise subspaces. In addition to
R., a, and 1y, we also plot the emitter height h for reference (see Fig. [1]).
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Figure 4. Measured emitter geometries from emitter chip 202, with colors denoting separate populations
(indexed n = 1,2,3); the diagonal entries are histograms for each parameter, while the off-diagonal entries are
scatter plots over pairs of parameters
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.,6102—the same as for the Em;’s. The CNC mill

The three populations denoted in Fig. [4] are similarly contiguous along j. They do not overlap each
other, nor does any population overlap a threshold corresponding to a tool change. The difference between
the populations, then, we credit to the finite tolerances with which the tools are fabricated. For example,

To further illustrate this segmentation of the emitter population, in Fig. [5] we plot the basal radius of
each measured emitter as as function of position in the array. As in Fig. [3] each circle represents the lateral

Notably, the emitters exhibit three distinct populations (the peaked structure to the distributions over «
and r, most clearly illustrates this division). We color these populations separately and overlay them to help

We find the emitter tip radius is peaked between 20-25 pm with spread order 15 pm, the cone angle spans
a range 16-19 deg, the basal radius varies from 130-150 pm, and the emitter height lies within 400-425 pm.
R, and h exhibit long tails and a strong anticorrelation with each other, evidenced in their pairwise scatter
« are comparatively narrowly distributed—but poorly defined wear processes (e.g., grinding by machining
differentiate, where light blue is the first population, red-orange the second, and yellow-orange the third.

swarf) cause the emitter to become duller and shorter as extra material is removed 2013
a new tool at some threshold ji, at which point a second tool cuts until some threshold js, and so on, such

that the populations of emitters cut by each tool occupy contiguous blocks along the sequence.
the diameter of the tool, which must be compensated for to control the emitter basal radius, is quoted only

is programmed such that a tool begins cutting emitters at j = 1 and continues to cut until it is swapped for
within a tolerance of 13 pm by the manufacturer.

We attribute these differences to the fact that the emitter chip was machined using multiple cutting tools.

plot. This relationship occurs because the cutting tools produce very consistent bodies to the cone—r;, and
The emitters are machined in a fixed sequence j =1, ..
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and sequential shift between populations in the figure (the change in color on the colorscale between the
outer, middle, and innermost sites). Indeed, a few of the regions imaged in the array (compare with Fig. [3)
include emitters from multiple populations.

The only difficulty with our explanation for the different populations is that only two tools were used
to cut the chip, and hence one tool has apparently produced two populations. Upon examination of the
offending cutting tool under a microscope, we determined that one of the teeth of the end mill had been
egregiously chipped, much more so than any tooth on the same or the other tool. We therefore posit that
this chip developed at some point while the tool was cutting, the resulting change in its geometry causing
subsequent emitters to be cut differently. This post-chip population is rendered in red-orange in Fig. 4} the
heightened cone angle and basal radius are consistent with there being a chip in the tool, such that it is
removing less material from the substrate (and leaving more behind). Since we cannot say exactly when,
sequentially, this change occurred, we must account for its uncertainty in our analysis.

2. Inference

To determine what the emitters we measured imply about the emitters we did not, we must first model
the populations themselves. Given the cohesive identity of the three populations (being cut by effectively
distinct tools), we suppose that they are independent from one another, and index them sequentially by
n =1,2,3. We further suppose that each population is described by a distribution of the form

IHRC]'
In(tan ;) | ~ N (pn, diag (0,) Ry, diag (a,)) , (28a)
Inry,

HRepn
Hn = Han ’ (28b)
_IU’T’bn_

ORep,
(28¢)

Oan ’

_O—Tbn_

1 PRc,ay,  PRe,rop
Ry = [proay 1 par |- (284)

_pRc,Tbn Povry g, 1

where the last emitter in each population is denoted j, (with jo = 0) such that j,—; < j < j, for popu-
lation n. Egs. indicate that each emitter is treated as a random variable independent and identically
distributed according to a multivariate normal distribution with mean vector u,,, standard deviation vector
o,, and correlation matrix R,,.

Notably, we describe this normal distribution over log space, such that the marginal distributions for
R, tan o, and 1, are log-normally distributed. Phenomenologically, this expresses that these quantities are
strictly positive and helps model the long tail toward larger values of R, evident in Fig. [f] and previously
seen in Ref. (13, Encapsulating o within the tangent merely serves to transform it monotonically from the
interval (0, g) to the interval (0, co)—consistent with the other two parameters—and is better posed because
« only appears in the model as mediated by trigonometric functions in the first place.

The parameters p,, o,, and R, encode the manufacturing tolerances in fabricating emitters for the
different populations, and we infer them from our measurements so that we can feed them forward into
our analysis over . To do so, we condition the distribution Eq. . We denote the set of all indices j
corresponding to measured emitters as (2, and our measurement of an emitter geometry as Em"), such
that the set of all emitter geometry measurements, Dgp,, is

DEm = U EmY) = U {Rﬁj),a(j),réj)}. (29)
FEQm FEQm

As in Sec. [IT.C] our prior for inference conditioned on D is the posterior from our inference conditioned on
Dgm, P(U;Em; | Dgm). Approximating there to be zero error in the measurement of the emitter geometries,
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we factorize the emitters we measured directly out of the joint distribution as

P(U;Em; | Dem) = P(Ujecoc Em; | Dgm) [ 6(Em; — EmY)), (30)
J€Qm

where Q8 denotes the set of indices not measured directly and 6 denotes the delta distribution, indicating
we are certain of the geometry of the measured emitters.

Letting

be the set of parameters describing the populations of emitters, and recalling j; is uncertain because we
are unsure at which index the tool chipped, we express our knowledge in the emitters we did not measure
directly as

P(U;coc Em; | Dim) = / P(U;coc By, Om. 1 | Dem) dfmdj,

= /P(UjngEmj | OBm, j1)P(0Bm, j1 | DEm) d0Emdji, (32a)

The second equality follows by factorization. It is not necessary to retain the conditioning on Dgy, in the
first term because the distribution over unmeasured geometries is conditionally independent from the values
of the measured ones given the parameters describing the population—that is, Dgm only informs Ujcoc Em;
through Ogm, so conditioning on fgy, already provides this information. The third equality follows under
an assumption our division of populations as presented in Fig. 4] is correct, which is very highly likely given
the data. The distribution P(Ujcqc Em; | 0gm, j1) is exactly the multivariate normal of Egs. ([28), which,
letting QS = {j € QS : 41 < j < jn}, is expressed

P(Ujeag Bm; | fem, i) = [ T (2m) 7 det (diag (00)* Ra) ~ exp[An], (33)
n jeQ§
T
In R, -1 In R,
Apj = 3 In (tan ;) | — Mn (diag (o) Rn) In (tana;) | — Hn (34)
In7y,; Inry,

Our prior belief in the emitter geometries is encapsulated, then, by our inference over the population
parameters, fgm,, which we again express hierarchically as

The likelihood P(Dgm | fEm) is also described by Egs. (28]). It thus has the same form as Eq. , merely
making the substitutions R.; — jo), o — ald), Toj — rbj and ercl = Qo =4{J € Un i 1 < < jn}
That is, the measured geometries are assumed generated from the same distribution as are the unknown
geometries.

We close our specification of the prior over the Em;’s by then assigning the hierarchical priors of Tab.
We prescribe uniform priors on the p’s (location parameters) and uniform priors on the magnitudes of the o’s
(scale parameters). For the correlation matrix, we elect a Lewandowski-Kurowicka-Joe (LKJ) distribution 43
It is not possible to independently prescribe distributions over the individual correlation terms because the
correlation matrix is constrained to be positive definite. For example, if pr,,a,, = PR.,ry,, = 1, then pg ., =1
as well (if R. and « are perfectly correlated and R. and r, are perfectly correlated, then « and r, must
necessarily be perfectly correlated). The LKJ distribution encodes this dependency such that for unity
parameter (chosen here) the density is distributed uniformly over all valid correlation matrices.

Finally, we assume it is equally likely for the tool to have become chipped at any point between the last
emitter measured to be in population 1 and the first emitter measured to be in population 2. During the
fabrication process, the machine will occasionally have to pause cutting emitters to remove extra material
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Parameter Prior Distribution

HR.p R, ~ U(—00,00)

Han, 1R, ~ U(—00,00)

for ity ~ U(—o0, )

ORup Inog,,, ~U(—00,00)
Can Inog, ~U(—0c0,00)
Tryrr Ino,,, ~U(—o0,00)
R, R, ~ LKJ(1)

J1 J1 € {maxq,,, j,..., ming,, j}

P(j1 = j | DEm) o # of cuts from [j,7 + 1)

Table 4. Prior distribution over parameters defining the emitter geometry populations, gy, and ji

where emitters cannot be placed (e.g., where they would be shadowed by the extractor support frame, see the
star pattern of Fig. . The tool must make an additional cut to remove each of these would-be emitters, so
we leverage a probability proportional to the total number of cuts the tool has to make between two realized
emitters—that is, a distribution uniform over all cuts. This more evenly distributes the prior density over
all chances the tool would have to break.

E. Extractor Offset

Similar to our treatment of the emitter geometries, we ground our inference over the extractor offsets in
measurements. For the experiments of Ref. [35] the extractor offset was measured by varying the focus of a
microscope at 5 different emitters across the chip, four at the edge of the chip in each of four directions and
one at the center, which we report in Tab. [f]

Location Extractor offset A [pum]
North 558
South 544
East 602
West 609
Center 507

Table 5. Extractor offset measurements for chipset 202

Each of the locations corresponds to a specific emitter at which the extractor offset was measured,
J € Qup ex following earlier notation, and so the measurements constitute the set of of data

Da= |J AY, (36)

JEQm ex

on which we seek to condition our knowledge of the A;’s as with earlier analyses. In contrast to the Em;’s,
which vary stochastically from emitter to emitter, the extractor offset tends to vary smoothly across the
array. As an approximation, then, we model the spatial variation in the extractor offset across the array as
an interpolation—MATLAB’s linear scattered 2d interpolant—between the extractor offsets at the locations
where we took measurements, i.e.,

A=A (2,4 Ujeon... (25,45, 4,)) (37)

where again (x,y) is the lateral position in the array (see Fig. [3)), and €, . is the set of all indices where the
extractor offset was measured. The terms behind the semicolon indicate that the interpolant is parameterized
by a series of ordered sets of test points.
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We model the z;’s and y;’s as deterministic, but the offset measurements are subject to error because of
the finite depth of focus of the microscope. We treat this as Gaussian noise,

AD =8548, 18 ~ N (0.03), (38)

where for the microscope used we take oo = 2.5 ym. Following earlier treatment of the emitter geometries,
we express our prior knowledge in the A;’s conditioned on D as

P(U;A; [ Da) =P(Ujeae | Aj [ Yjean .. ) P(Ujean... A5 | Da), (39)
where
P(Ujeac . Aj [ Ujea, .. 8) = [ 0(8;=A (2,95 Ujcan.. (25,55, 4)))) - (40)
JEQS, o
Hence,
P(Ujea,...Aj | Da) x P(Da | Ujeq,, .. A) P(Ujeq,, .. Aj), (41)
N2
1 (AA — A(J))
P(DA | UjeQWL,ex AJ) = eXp _Ji ’ (42)
je(ll_m[,ez oAV 2T 2 (orA)2
JEQmca

That is, the extractor offsets at the sites in the array we did not measure are exactly known given those at
the sites we did, under assumption of the interpolant model, Eq. ; the likelihood of our observations,
Eq. , is given by our noise model, Eq. ; and we assign a uniform prior, Eq. , over the Aj’s at the
sites we took measurements.

F. Field Model

With our description of the Aj’s given, the functional form for the electric field profile, Eqg. , remains
the sole outstanding component of our inference over the current model parameters. The field profile on an
emitter plays a key role in our predictions because it dictates both when a meniscus deforms into a Taylor
cone—Eq. (3)—and the amount of current sprayed from that cone when it does, Eq. . Furthermore,
the spatial dependence of E’(s) can be crucial in capturing the macroscopic behavior of the emitter as the
composition over multiple emission sites, because these sites are themselves distributed in spaceZZB4HA4H5
To capture this dependency with comparatively high fidelity, then, we rely on electrostatic simulations of
the emitter-extractor geometries.

We model each emitter and extractor using the geometry of Fig. [I} which is 2d axisymmetric about the
emitter. While in practice the emitters are not perfectly concentric with their respective apertures, for our
system this misalignment is small (order 5-10 pm on the scale of a 230 um radius aperture) and can be safely
neglected (compare also with the 3d simulation of Ref.|34). The surface of the emitter and the emitter basal
plane are modeled as an equipotential surface at unity voltage, and the resilient extractor architecture is
modeled as a thin (1 pm) grounded sheet on top of a dielectric block the thickness of the extractor. For
this block the relative permittivity is e, = 6, consistent with the properties of MACOR. Lastly, the domain
is discretized with an unstructured mesh and solved using a finite element method (MATLAB’s Partial
Differential Equations Toolbox).

Figure |§| shows the 1d parameterized field profile E(s) extracted from the simulation of a representative
emitter-extractor geometry, while Fig. [7] shows the full 2d simulation results of the same, including the
meshing (a), potential profile (b), and electric field magnitude (c). The black line in Fig. [6]is the raw result
from the simulation, while the dashed red line is the result of fitting a parameterized Bézier curve to the
profile, with control points the red asterisks. We return to this topic in Sec. The gray dashed line
indicates the position at the edge of the emitter tip, by which point the field has decayed to ~ 70% of its
peak value, tending to restrict emission to the emitter tip34
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Figure 6. Electric field profile extracted from the simulation of Fig. m with raw simulation in black and a
Bézier compression of that profile in red, including control points

G. Numerical Methods

Fully and exactly characterizing the posterior distribution over the parameters # and 6’ is intractable as a
result of its nonlinearity and high dimensional nature—there are 4 uncertain geometric parameters defining
each of 6102 emitters in the array. Further, some parameters cannot be easily differentiated: swapping
the geometry of two different emitters, for example, would change their individual emitter currents but
not the total array current. As such, we must limit the scope of our inference and introduce numerical
approximations to make the problem tractable.

1. Pseudomarginalization

Crucially, we recognize that some of the parameters in 6 are merely incidental to the analysis. That is,
their value is necessary to compute the current model—and hence their uncertainty must be accounted for
in performing our inference—but we ultimately do not need to learn their value. This is either because we
anticipate our data will not be very informative relative to our prior knowledge or because they are unique to
this thruster and not extensible to other systems (e.g., the exact emitter geometries). As such, we partition
fas 0 =0"U 9~, where 0% denotes the subset of parameters we will learn. For the analysis presented here,
we focus our attention to the parameters 60* = {(y,(1,p2, m}. These constitute the key missing links in
the model that our prior knowledge does not inform well, so we must infer them that we may leverage the
model as a diagnostic and predictive tool. The remaining parameters, 0 = {Bo, B1, ¥, 01, Ky Pryy, py i, E} U
Uj{ch, a;j, T, Raj,te;, Aj}, we then marginalize out:

P (¢*,6' | D) o</P (D | 9*,(5,9') p (9) ad P (6*) P (8'). (44)

Essentially, the marginalization integral of Eq. indicates that our knowledge of the target parameters,
0*, is an average over all possible values of 6 within our prior knowledge.

Practically, this integral is also intractable, and so in evaluating the likelihood, we substitute a Monte
Carlo estimate, forming the pseudomarginalization®

P (6*,0' | D) ~ ;f% [P (D | 9*,51,0')} P(0*) P (@), 6 ~P(§>. (45)

=1
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Figure 7. Representative electrostatic field simulations of an emitter: a) simulation mesh; b) electrostatic
potential; c¢) field strength

where N, is the number of samples forming the estimate. That is, we take many samples, the él’s, of the
nuisance parameters according to their prior distribution, P 0 , and compute the arithmetic mean of the

likelihood evaluated for each of the samples. In the limit IV, — oo, this estimate converges to the true
likelihood.

In this work, we select IN,, = 1000, limited principally by computational expense. The largest bottleneck
forms in performing the electrostatic simulations to compute the position-dependent field profile, E (s). A
simulation for a single emitter takes order 0.1 CPU seconds to perform, and hence all N, x N,. = 6.1 million
evaluations for a single evaluation of the posterior would take 170 CPU hours. To mitigate this bottleneck,
we further approximate the pseudomarginalization by using a fixed set of samples for the 6,’s. Ideally,
one would draw a new set of ,’s each time the posterior was evaluated, such that the error inherent in
the pseudomarginalization of Eq. tends to average out over many evaluations. Using a fixed set of
samples permits bias by preventing this from happening. Critically, however, it allows us to compute the
field profiles only once for each of the IV, realizations and then simply store these results to use each time
we need to evaluate the posterior, dramatically lowering computational costs. Additionally, the bias is small
for a sufficiently large number of samples.

2. Bézier parameterization

While the computational overhead in terms of CPU time is greatly reduced by introducing the fixed set of
pseudomarginal samples, the need to store the field profiles remains a memory bottleneck. Since the field
profiles as output by the electrostatic model constitute a series of order 1000 discrete s-F (s) points, the total
memory needed to store every field profile for N, = 1000 is of order 100 GB. Additionally, performing the
integrals of Eq. over so finely discretized a representation may unnecessarily slow analysis.

Rather than store the field profiles directly, we instead parameterize each by a sequence of two cubic Bézier
curves. Bézier curves are an expressive family of parametric polynomial curves that excel at approximating
smooth geometries®? We divide the s- E curve into two domains, the emitter cap, s € [0, s.], and the
emitter body, s € [s¢, s + sp]. Defining a cubic Bézier curve over each domain, parameterizing as s = s(v)
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E (s(v)) for v € [0,2], and anchoring the curves to the 3 points (0, £(0)), (sc, E(s.), and
+ sp)), we have then

and EA’(S)A =
(8c + s, E(se

s(v) = se [3s1(1 —v)?v + 3s2(1 — v + 03], v e 0,1], (46a)
e+ sp [3s312(v — 1) + 3sqv(v — 1)2 + (v = 1)*], ve(l,2],
3 — )3+ 3E1(1 — v)2v 4 3E,(1 — v)v? 4 BB v e[0,1],
by = [FO 0=+ 3BA =3B -2t Bt velon
E(0) {Ecu?’ +3E502(v — 1) + 3B (v — 1)% + By(v — 1)3} . velL?,
- E(s.) .
E.= 50) " (46¢)
. E(sc+ sp)
E, = 7E(0) . (46d)

Apart from s. and sp, which can be computed online, the field profile is defined solely by the set of
11 parameters {E( ), s1, 82, B, Es, B, ss, 34,E3,E4,Eb} The quantities E(O) E,, and E, encode the field
strength—computed at the emitter tip, edge of the cap, and base of the body, respectively—and act as
fixed anchor points that tie the Bézier parameterization to the simulated profile. The remaining parameters,
(51, E1), (s2, E3), (ss, E3), and (s4, E4) are free anchor points for the curve that are adjusted to match the
computed profile. In particular, we fit them to the simulated profile by least-squares regression.

In this way, we have formed a compact representation of the field profile, E(s) We use this parameterized
form directly in computing our current model predictions, as we find that they are able to reconstruct the
simulated profiles with very little relative error (j0.1% typical on the cap, j1% typical on the body).

3. Sampling

It is necessary in forming the pseudomarginalization of Eq. to sample over parameters whose probability
distributions, while known, do not fall or factorize into forms that are readily sampled. To do so, we leverage
a Metropolis-Hastings sampler, a Markov chain Monte Carlo technique#® This powerful family of techniques
has the capability to draw a sequential chain of samples from broad classes of distributions, but has the key
drawback that the samples it generates are generally not independent from adjacent samples in the chain,
necessitating more samples be drawn to ensure the same effective sample size (i.e., to encode the same
information about the distribution).

Relatedly, while introducing the pseudomarginalization has greatly reduced the dimensionality of the
posterior over 6* and ¢, the nonlinearity of the current model in its parameters means that moments over
the posterior (e.g., to compute the average value of a parameter or make a probabilistic prediction for array
current) lack closed form. Consequently, we also rely on sampling the posterior via Metropolis-Hastings to
approximate functionals over the distribution via Monte Carlo.

IV. Inference Results

We now execute the inference we defined in the preceding section, characterizing our state of knowledge
in the parameters. We begin by reviewing the results of our nested inference over the onset criterion param-
eters (Sec. and the emitter and extractor geometry (Sec. . After performing these component
inferences, we leverage them to draw samples directly over the parameters of interest, 6* (Sec. .

A. Onset Parameters

Consistent with our treatment in Sec. [[I1.C| m we drew 20000 samples from P(8y, 51 | Dg) to infer the onset
criterion parameters from the data produced by the simulations of Coffman et al’¥ Given the form of Eq. .
it was useful to do so by sampling instead from P(8y, 81,05 | Dg) and then to obtain the target distribution
by marginalization. We tabulate the mazimum a posteriori (MAP), median, and interquartile range over
each parameter in Tab. @ The MAP is the highest posterior probability point (the mode) of the distribution,
and represents the single best estimate to the parameters. The median serves as one measure of the average
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Parameter MAP Median IQR

Bo 0.519 0.519 0.007
B1 0.400 0.400 0.013

Table 6. Summary statistics for prior inference over the onset criterion, P(5o, 31 | Dg)

value of the distribution; they are equal to the MAP because there is not skew in the distribution. The
interquartile range (IQR) is the difference between the 3rd and 1st quartile (75th and 25th percentile), and
is a robust measure of the spread of the distribution—that is, the uncertainty in the parameter.

We find the MAP and median values agree with the least-squares fit employed in previous analysis.** This
agreement follows because we assumed no prior knowledge (uniform priors) and modeled the likelihood as
constant Gaussian noise, under which assumptions the MAP is mathematically equivalent to a least squares
estimate. The key difference is that by adopting a probabilistic description over the parameters we have a
quantifiable measure of their uncertainty. This stems fundamentally from the fact that the model does not
perfectly reconstruct the data and that the data are subject to error. There exist, then, multiple plausible
values for the parameters, the measure of their plausibility being exactly the posterior.

To illustrate this uncertainty, we form a posterior predictive distribution. That is, we take our knowledge
in the model parameters informed by the data and then use the model to predict additional measurements
subject to our uncertainty,

P(D)) | Dy) = / P(Dly, o, 1,75 | Dp) dfiodfidars (47)
- / P(DY | o Br,5)P(Bo frs 05 | D) dBodBrdas. (48)

This expresses that our predictions for new observations, Dg, are generated according to our likelihood
model, P(Dj} | Bo, B1,0p), but integrated over our uncertainty in the model parameters. Functionally, we
generate samples for D’ﬁ by taking our samples for 5y and 1, predicting the model at a range of measurement
locations for each one, and then sampling noise consistent with og to model the experimental error in the
measurement. We show the results of applying this process in Fig. |8l The blue are the training data, and the
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Figure 8. Posterior predictions for the onset criterion; blue are the training data and black are the predictions
from the trained model
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solid black line is the median prediction as a function of P.. The shaded region between the dashed black
lines contains 90% of the predicted probability, spanning the 5th percentile prediction to the 95 percentile
prediction.

These posterior predictions serve as a check that our model is able to reconstruct the training data.
Essentially, if we went to predict new measurements and found them inconsistent with our existing ones, we
would conclude that we had failed to model some key feature of the problem. As is evident in Fig. [8] this is
not the case. The data are linear with some modest deviation, and the model captures this.

B. Emitter and Extractor Geometry

Our inference over the emitter geometries is encapsulated by the population parameters gy, and so we
drew 50000 samples over the distribution P(gm | DEm). Noting that the three different populations are
independent, this distribution factorizes as

P(0km | Dem) = [[ P(@eaan | Demn). (19)

where Dgm, = UjEanEm(j ). That is, inferring parameters over all three populations is equivalent to

inferring the parameters of each population separately over its respective dataset, which is more efficient.
Figure [9] summarizes our inference over the emitter populations. Rather than plot distributions over
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Figure 9. Distribution over median (first row) and IQR (second row) inferred for tip radius, cone angle, and
base radius of the three emitter populations (different colors)

the parameters directly, we show their implications for the emitter geometry (once transformed out of log
space, etc.). The first row of figures shows the distribution over medians for R., «, and r,. That is, for
each sample of parameters drawn from Eq. , we compute the corresponding median over the emitter
geometries, consistent with Eqs. , for each of the geometry parameters. We then render histograms over
these samples for each population, where we have colored them consistent with the division of populations
in Fig. [f] and normalized so that the histograms integrate to unity. The second row of figures applies the
same methodology to plot the IQR for each parameter and population.

These distributions represent our uncertainty in the average emitter geometry (median) and spread in
emitter geometry (IQR) for their respective parameters and populations. For « and 7, we find there to
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be comparatively little uncertainty in the distribution. The median cone angle of each population is known
within 5 milliradians, and the median base radius of each population has an uncertainty only £+ 0.5 pm.
Further, these distributions corroborate quantitatively our earlier assertion that the cone angle and basal
radius are well controlled by the machining process: the IQRs for a are about 2% of their medians, while the
IQRs for 7, are about 1% of their medians—i.e., they are subject to small error on the scale of the parameter.
Indeed, we discern, consistent with the clustering of measured geometries of Fig.[4 that the variation between
populations (and hence, tools) is substantially larger than the variation within a population.

In contrast, the inference on the tip radii of the populations is muddied. The data only provide enough
information to estimate the median tip radius of each population within & 5 pm, of order 15-25% relative
error. We also note that the IQRs for tip radius are of comparable order to the median themselves, and
are greatly uncertain; taking the red-orange population as an example, the spread in tip radius could lie
plausibly anywhere from 10 to 30 pm. Hence the emitter tip radius is not only highly varied across the array,
but it is also difficult to assess exactly how highly varied.

This uncertainty is disconcerting because the model is a strong function of R.. The tip radius plays the
key role of amplifying the electric field on the emitter, much more so than does the spacing between the
electrodes or the other geometric parameters#? Since the electric field is so central in determining onset and
emission, we anticipate that the large uncertainty in R. will propagate into our predictions. We return to
this point in the discussion (Sec. [V]). ~

To generate realizations from the distribution P(U;Em; | Dgp,) and form the 6;’s of our pseudomarginal-
ization, Eq. , we take single samples over the population parameters and then draw from the conditional
distribution P(Ujeﬂ%/Emj | Ogm, j1)—i.e., we sample the mean and covariance for each population and then
draw from those distributions for each emitter within each of those populations. This produces a map of
what the geometry of each emitter in the array might look like, subject to our uncertainty. We plot the tip
radius for each emitter in the array for one such realization in Fig. As in earlier figures, the position of
each circle corresponds to the position of an emitter, with its color is mapped to different values for R.. The
larger circles in the array mark the emitters that were measured directly (compare with Fig. |3), while the
outlines color code the regions corresponding to the different populations.

Evident in Fig. is the large variance in R, found by our measurements and subsequently inferred for
the populations (Fig. E[) Specifically, for this realization the medians are (23.4,18.7,25.2) pm and the IQRs
(15.0,10.9,12.1) num for the respective populations (blue, red-orange, yellow-orange). While this means only
order half of all the emitters have a tip radius 20 pm or larger, the “fat” tail of the log-normal distribution
of Eq. means that a comparatively great number of emitters have larger tip radii, more than 25%
being 30 pm or more. This fat tail models the tendency for some emitters to break during the machining
processHHL30 The resulting large population of dull emitters will have weak field amplification, suggesting
many emitters may be inactive in the array.

Similarly, in Fig. [L1| we plot a realization of the extractor offset for each emitter in the array (the same
realization as for Fig. This figure reflects the bulk tendency for the extractor electrode to sag toward
its center (evidenced by the radial gradient), but that there is also azimuthal inhomogeneity resulting from
warping in each spoke of the superstructure (that each of the wedges has a different offset relative to the
emitter chip).

C. Model Parameters

The target parameters 6* represent the key unknowns in the model and the crux of our inference. We first
composed the set of pseudomarginal samples, U;6;. For the onset criterion parameters—fy and S;—and the
emitter-extractor geometries—the Em;’s and Ex;’s—we subsampled from the results of our nested inferences
(Secs. and respectively). For the remaining parameters—, p1, k, B, 7, p, g and £&—we drew
the N, = 1000 realizations directly from the priors of Tab. [2] After precomputing the field profiles for each
emitter of each realization consistent with Sec. (totaling 1000 x 6102 = 6.1 million simulations), we
were then able to evaluate the pseudomarginal posterior of Eq. .

Before drawing samples from the posterior distribution, we ran a numerical optimizer to identify the
MAP parameter set for 6* and #’, which we collect in Tab. |7 Initializing our Markov chain at this point, we
then drew 10000 samples from the posterior using a Metropolis-Hastings sampler. We tabulate the median
and interquartile range for each parameter alongside the MAP. We find that (o, (1, and ps are comparatively
narrowly distributed, with an IQR order 5-10% of their median. Since our priors were largely chosen to
be uninformative, this precise inference means our data were highly informative of these parameters—the
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Figure 10. Emitter tip radius for each emitter in the array for a single realization over the emitter geometry
distribution P(U;Em; | Dgy); the larger circles denote emitters that were measured directly, and the outlines
divide the populations

Figure 11. Extractor offset for each emitter in the array for a single realization over the extractor offset
distribution P(U;A; | Da); the larger circles denote emitters that were measured directly

likelihood dominants the posterior and there is a narrow range of values that plausibly explain the data
under this likelihood. In contrast, the distribution over m is broad, a consequence of the model not being
a strong function of m in this regime—large changes in m produce small changes in the predicted current,
so it is difficult to determine it very precisely. Conversely, knowing it precisely is not critical to analysis,
because it does not have much effect on our predictions.

For other parameters where we did not prescribe arbitrarily uninformative priors, comparing our prior
knowledge against the posterior knowledge is an essential means to assess that we learned something about
them. Indeed, we find that while the MAP value of ps is close to our maximum a priori, the IQR is narrower
(to 1.5 nm from 4.8 pum); that is, while our initial guess to po was accurate, we are more confident in that
fact given the data. This is because ps plays a key role in establishing the onset voltage of the emitters
(larger menisci have less capillary pressure to resist onset. Large changes in ps thus induce large changes in
the current predicted near onset, where our data is most precise—Eq. . Consequently, the likelihood is
highly sensitive to pa.

Relatedly, the learning for the noise floor og, which we had also given a weakly informative prior, was
more modest, with comparable uncertainty to our prior distribution and only a modestly shifted median,
from 1 pm to 0.71 pym. This indicates that the data are consistent with our prior assumption but cannot
more conclusively confirm it. Referencing Tab. [7] we see this is so because the 5% proportional error we
inferred for o; is larger than this noise floor over the entire domain: it indicates a noise increasing from 1
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Parameter MAP Median IQR

Co 3.25 x 1073 3.25 x 1073 0.35 x 1073
G 2.64 x 1073 2.69 x 1073 0.16 x 1073
D2 12.9 pm 12.6 pm 1.5 pm
m 1.73 1.48 0.68

o0 0.50 A 0.71 pA 0.91 pA
o1 4.95% 5.55% 1.55%

Table 7. Summary statistics for the posterior over the target parameters, 0*, and hyper parameters, 6’

A at 650 V up to 280 pA at 2000 V. Hence, it is difficult to estimate the comparatively small oy term when
the noise contributed by the o term is so much larger.

The other key comparison point for our inference over the model parameters is our previous study inferring
the current emission model over a single electrospray* Motivated by the suspicion that the parameters (o
and (; may not be universal physical constants, we declined to incorporate these results into the prior.
Indeed, we find that the onset parameters learned here disagree substantially with those inferred in Ref. |34,
which found ¢y = —4.5 x 1072 and ¢; = 4.1 x 1072 (cf. Tab. . On balance, we also prescribed 0 prior
probability that (y could be negative in our analysis. Practically, we first attempted to include the possibility
for negative (p, but revised our analysis finding it could not reconstruct the data. In principle this constitutes
a modest “bootstrapping” from the data, but realistically our prior was not active in the inference and serves
more as a numerical convenience.

We attribute this discrepancy to the fact that the single emitter experiments of Ref. 27, which formed
the training data for the study of Ref. |34, exhibited an anomalously smooth onset. That is, rather than for
the spray to turn on at some voltage and there be a jump in the current, as the form of Eq. implies and is
often the case,21813bY the authors saw a tenuous beam form at comparatively small current, growing rapidly
and smoothly with voltage thereafter. The only means by which Eq. can reconstruct this behavior is for
(o to be negative, predicting current to be suppressed even after onset has been achieved. In the study of
Ref. |34, this also induced a strong anticorrelation in {y and (7, meaning that the model could not differentiate
between a delayed onset at higher current and an earlier onset at lower current.

For the thruster we trained the model on here, we discern that such emitter behavior is an implausible
explanation for the array current. Rather, the array current is explained as the composition of many emitters
which turn on at different voltages and experience a jump discontinuity in current when they do (consistent
with positive (1), a point we return to in Sec. Importantly, this discrepancy suggests there exist some
physics which differentiate the two systems that is not captured in the dimensionless linearization of Eq.
and encapsulated via the parameters (y and (;. Further, we do not observe the same correlation between
these two parameters, instead inferring a weak positive correlation of 0.1. This further suggests the physical
consequences of (y and (; are distinguishable from each other in present analysis.

V. Discussion
Now that we have inferred the missing model parameters 8* from our data—training the model—we

leverage it as a diagnostic and prediction tool to better understand the dynamics underlying the array.
First, as in Sec. [[V.A] we form a posterior predictive. Here we do so over the array current,

P(D' | D) = / P(D',6,6' | D)dode’ (50)
= /P(D’ | 6*,6,0"P(6*,6,0' | D)do*dde’, (51)
where again P(D’ | 6*,6,6') is our likelihood and P(6*,6,6' | D) is the posterior.

However, in adopting the marginalized forms of Egs. and as concessions to facilitate analysis,
we also lost access to the information the data held about the marginalized parameters . As such, in making
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our posterior predictions we approximate the fuller posterior as
P(6*,0,0' | D) ~ P(*,0" | D)P(). (52)

That is, we substitute our prior knowledge in 6 for our posterior knowledge. Supposing the data D are only
weakly informative of 6—as we anticipated was the case—this constitutes a decent approximation, because
our prior knowledge and posterior knowledge would not differ much. This approximation is also logically
equivalent to making predictions for another thruster for which we had the same prior assumptions about
its propellant properties, charge to mass ratio, etc., and for which we had observed the same things in
characterizing its geometry.

We generate our samples from the posterior predictive by taking 1000 of our samples over the marginalized
posterior, P(8*,0" | D), and the 1000 realizations from our prior over 6 and sampling from the likelihood
conditional on each pair of these samples. That is, we make 1 million different model predictions (1000
samples of #* by 1000 samples of é) and then sample from the noise model of Eq. for each one to
simulate a measurement. Fig. displays these predictions. The experimental data appear in blue, the
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Figure 12. Posterior predictions for array current; experimental data3® (blue) against the median (solid black)
and a 90% credible interval (shaded between dashed black)

median prediction is the solid black line, and 90% of the posterior predictive probability is included in the
shaded region between the dashed black lines. To highlight both low and high current regimes, we plot the
same data on linear and logarithmic scales.

We see that the data lie within the uncertainty of the predictions, which confirms that—with training—
the model is able to reconstruct the experimental observations. In particular, the model captures that the
array current tends to increase at an increasing rate from 500 V to about 1500 V. The chief regime in which
the data and model diverge is at the highest voltages, where the model predicts a saturation to linear growth
but the data suggest growth in current may still be faster, a point we return to in Sec. [V.A] We observe
that the data do not appear to be randomly distributed about the median as Eq. might imply. Rather,
the median prediction underpredicts the data about 1000 V but overpredicts the data below 1000 V. This
is because the noise of Eq. tends to be a small contribution to the overall uncertainty compared to
the structural uncertainty in key parameters like the emitter geometry and propellant properties, which we
expand on in Sec. [V.B| Altogether, the capability to make these probabilistic predictions represents a key
capability in trying to design around these sources of uncertainty (Sec. .
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A. Emitter Variability

Understanding emergent phenomena in electrospray array thrusters—bulk behavior that arises only as the
composition over many individual emitters—is crucial to predicting array performance because key processes
like grid shorting can occur at the level of single sites in an array. Ideally, each emitter in the array would
behave the same, such that the array current was simply a multiple of a known, single emitter. As a
result of fabrication tolerances and other confounding factors, however, the array current—in particular the
voltage-dependent array current—is not so trivially determined.

We next examine predictions made for a single realization of the marginalized parameters 0. Isolating
a realization this way serves to illuminate the role of emitter variability in the system by considering one
example geometry for an array (for which the geometry of each emitter is different). In particular, we consider
the sample we drew to form the pseudomarginalization that maximizes the likelihood at the mazimum a
posteriori (MAP) target parameter values. That is, with

(0*,0) = argn;fix P(0*,0" | D), (53)

being the MAP over our inference, then the realization we examine, 0, is given by

6 — argmax P(D | 6*,0',6,). (54)
0

Insofar as the MAP parameters of Eq. represent the single best fit of the target parameters and hyper-
parameters to the data, this realization represents the best fit to the data over all realizations forming the
pseudomarginalization.

Figure is a scatter plot of the emitter current of each site in the array predicted for 6* and 6 at a
voltage of V' = 1410 V. We find the emitter current to vary substantially across the array, from the highest
output emitters at about 0.7 pA to emitters that have not turned on and so emit no current. Indeed, at this

voltage, approximately 50% of all of the emitters in the array have yet to activate. The realization 6 was
also used to create Fig. [I0] such that the two figures serve as an emitter by emitter comparison of tip radius
to emitter current. We observe, then, that the inactive sites have essentially one to one correspondence
with the duller (larger R.) emitters of Fig. reiterating the dominance of the tip radius in amplifying the
electric field and hence determining onset.

We discern that there are comparatively few emitters with a predicted current from 0.1 to 0.4 pA. Rather,
emitters exhibit a dichotomy between being on and sourcing substantial current and being off and sourcing
none at all. This is because emitters are predicted to exhibit a strong jump in current toward onset. To
elucidate this, in Fig. we plot the individual emitter currents as a function of voltage. The partially
transparent curves each show the voltage response of a different emitter, where for comparison we also plot
the mean, median, and standard deviation over all emitters (solid, dashed, dot-dashed).

Indeed, Fig.[I4]shows that each emitter turns on at some onset voltage and exhibits a jump discontinuity
in current when it does, evidenced by the many vertical gray lines. These onset events span the entirety of
the domain, such that as voltage is increased on the thruster, new emitters are constantly turning on. At
lower voltages, only a handful of the very sharpest emitters are predicted to be active, and it is not until
above 1400 V that more than half of them are, as evidenced by the abrupt rise in the median emitter current.
Even at 2250 V, the highest voltage predicted here, 10% of the emitters remain inactive.

This individual emitter behavior is a consequence of the positive offset, (y, in the linearized ionic emission
scaling law of Eq. and is consistent with a wide body of single emitter experiments demonstrating a jump
in current at onset 1$1%BY2 Interestingly, we also observe that the magnitude of the corresponding onset
current increases with voltage—duller emitters are predicted to turn on at higher voltage but to start at
higher current when they do. That blunt emitter geometries can produce current at heightened sensitivity
to operating voltage has similarly been reported2*°4 and is consistent with these emitters tending to have
lower hydraulic impedance. That is, emission tends to be concentrated at the very tip of an emitter because
the electric field is strongest here (compare with Figs. |§| and . A sharper tip helps amplify the electric
field and hence tends to promote earlier onset and enhanced emission, but because the emission region has
smaller area, fluid flow is more heavily constricted—e.g., the inverse R, scaling of Eq. . A duller emitter
has a wider area where emission sites can develop, with lower hydraulic impedance, and thus is predicted to
source more current for the same electric pressure.
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Figure 13. Emitter current predicted for each emitter in the array for the M AP parameters, 6* and maximum
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Figure 14. Individual emitter current (transparent) curves as a function of voltage predicted for 6* and é,
alongside the mean (solid), median (dashed), and standard deviation (dotted) emitter current over the entire
array

The aggregate effect of these individual current-voltage characteristics is to produce the mean current of
Fig. which is simply the array current divided by the total number of emitters. This inflected current
versus voltage response—where the current grows faster than linearly at lower voltages but tends to grow
more slowly at higher voltages—is endemic to porous array architectures BIOIIESEE anq is explained by
dissimilarity in emitter geometry. Because the field amplification provided by the sharpness of the tip varies
from emitter to emitter, the voltage at which an emitter first achieves an electric field strong enough to
induce emission does as well. Additionally, once an emitter has activated, the current is sprays increases
with voltage. As such, an increasing number of emitters each source an increasing quantity of current,
producing the inflection. This effect tends to attenuate at higher voltages, however, because most emitters
have already activated and growth reduces to the linear scaling of Eq. .

The width of this transition region of positive inflection in voltage space is proportional to the variance
in the emitter geometry. If the emitters were identical, they would all activate at the same voltage and
the array would immediately saturate to linear growth consistent with the dependence of a single emitter
(compare with the comparatively narrow onset region of Ref. . This suggests the possibility that inspecting
the I-V trace of an array system with this mechanism in mind could serve as an efficient proxy for the more
laborious and precise geometry characterization conducted here (see also Refs. and . By inspecting
over how broad the onset region of an array is and at which voltage it was centered, one can infer what the
corresponding mean and variance over tip radius is (given also the aperture radius, recession, etc.).

This mechanism by which the I-V curve is produced as the composition over dissimilar emitters has been
posited previously, motivated by experiments showing emission nonuniformityX® our ability to reconstruct it
grounded in measurements of fabrication tolerances greatly strengthens this hypothesis, and it underscores
the importance of emitter variability in modifying a thruster’s effective operational envelope. Across the
domain of the posterior predictions in Fig. the array current spans 3 orders of magnitude. Ideally,
this would imply a deep throttling capability, with a thruster able to operate at different powers to achieve
different mission goals (e.g., fine positioning, stationkeeping, orbit raising). Practically however, because this
dynamic range is a consequence of an uncertain fabrication process, it poses challenges to system reliability,
which we discuss further in the next two sections.
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B. Model Sensitivity

The uncertainty in our posterior predictions, Fig. [[2] is a combination over many different sources, from
variability in the emitter geometry to uncertainty in the scaling coefficients that abstract away more complex
physics. We characterize the relative influence of different error sources by performing a sensitivity study

varying the different parameters of the model. The model prediction for 6* and 6 serves as a reference to
which we will compare our results. That is, we compute predictions probabilistically as we did for Fig.
using multiple samples over the parameters. Instead of allowing all parameters to vary at the same time,
however, we divide the model parameters 6 into different subsets. For each subset, we compute model
predictions where those parameter values are drawn from their respective samples, but where all other

parameter values are kept constant at the 6*-0 reference point. For example, we compute a prediction where
we consider the emitter geometry to be uncertain, but not the propellant properties, charge to mass ratio,
or any other parameter.

We summarize the result of applying this procedure in Fig. As a function of voltage, we plot the
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Figure 15. Sensitivity study for various parameter sets 6C 0, plotting the IQR over predictions varying only
that parameter set, IQR [I(G)], normalized by the 6*-0 predicted current, I(é)

interquartile range for array current predictions over varying some parameter set 6 C H—abbreviated as
IQR [I (9)} —normalized by the array current predicted varying no parameters—denoted simply (8). The

different choices for 6 are labeled in the figure. The colored lines correspond to mutually exclusive subsets of
the marginalized parameters 6. The dashed black line represents allowing all of the marginalized parameters
to vary; the dotted line varies only the learned parameters 6*; and the solid black line represents allowing
all parameters to vary (i.e., the posterior predictions of Fig. less the simulated experimental noise). In
this way, we can examine the magnitudes of different error sources relative to the reference simulation over
different regimes.

We note that the error considering the entirety of 6 tends to decrease as voltage is increased, from 330%
relative error at 500 V to only 10% at 2250 V. This behavior results as a voltage-dependent balance between
two major error sources: the emitter geometry (green in Fig. and the fluidic properties (yellow). At
low voltages, uncertainty in the emitter geometry dominates. This is because only a handful of emitters—
the very sharpest—are predicted to be active. Referring again to Fig. [0} the high variance in the emitter
geometry, compounded by uncertainty in that variance, means that the number of emitters sharp enough
to have achieved onset here varies greatly: it could be none at all, only a few, or several—we cannot say
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precisely given our measurements.

The effect of geometric uncertainty diminishes with increased voltage because a greater proportion of
emitters have activated. That is, even though individual emitter current can be highly variable as a result
of the variance in geometry implied by o, the effect of any one emitter on the array current diminishes
as the number of active emitters increases. Put differently, the average over many emitters becomes better
defined the more emitters one considers (i.e., the law of large numbers). As such, at higher voltages it is the
hierarchical uncertainty in the parameters themselves that dominates, because this changes the average over
all emitters.

Analogously, imagine that we are trying to estimate the average height of all ships within a harbor
relative to a fixed point on shore. The height of each ship varies based on size from dinghies up to cruise
liners. Additionally, the average altitude of each ship varies with how high the tide is, since it will raise all
the ships. If the harbor tends not to be very busy such that there are only a few ships at port, then whether
or not there are two cruise ships or two dinghies will create a large variance in the average altitude, on top
of the fact that the tide goes in and out. This is the case at lower voltages where very few emitters are
active. If the harbor instead is very busy such that there are many ships at port, whether there are 100 or
101 dinghies will not make as much difference to the average, but whether the tide is in or out will. This is
the case at higher voltages where many emitters are active.

Consequently, we find that the uncertainty in our predictions at elevated voltages is dominated by uncer-
tainty in the propellant properties—yellow in Fig. [[5}—and hence the operating temperature of the thruster,
T. This sensitivity is a consequence mostly of variation in the viscosity of the propellant, p. The hydraulic
impedance of the source, Eq. , is directly proportional to the dynamic viscosity, so the current is as well by
Eq. . The viscosity is highly sensitive to temperature: from 289.8 to 292.5 K—which represents the IQR
over our prior on temperature—y changes from 0.0419 to 0.0375 Pa-s, a decrease of 11% and comparable to
the variance in our predictions induced by the propellant properties.

The dependence of emission current on temperature has been documented before, including to tie it to
changes in hydraulic impedance PLETE8 These studies also demonstrated that the temperature can influence
other aspects of the spray, including the charge to mass ratio of the plume®? Even without modeling these
additional dependencies, our analysis indicates that an uncertainty of even a couple degrees can have major
implications for array performance, constituting the dominant error mode above 1300 V. This sensitivity
suggests that measuring and reporting the operating temperature of these sources—or indeed controlling
it—should be standard in emitter experiments.

The next most major source of uncertainty is the parameters we learned in our main inference, 8*, with
a magnitude about half that of the propellant properties. This underscores the importance of treating these
parameters as probabilistic. Above about 1300 V where the geometry error ceases to dominate, failing to
account for uncertainty in these model parameters—e.g., if we had done a least-squares fit to the data or
considered only the MAP, would underestimate our uncertainty, as evidenced by the difference between the
error curves for 6 and 6. This effect is of increasing importance as we refine our understanding of the other
parameters. If we were to measure the temperature more reliably, say, then uncertainty in these parameters
may begin to dominate analysis.

Our sensitivity analysis informs what additional experiments we might do to reduce our uncertainty. If
we were intending to operate the thruster above 1300 V, these results suggest that refining our estimate to
the propellant temperature could help reduce uncertainty. Below 1300 V though, additional emitter geom-
etry measurements to reduce uncertainty in the underlying geometry distributions could be more effective.
Following our earlier discussion, however, the effect of additional geometry measurements is weakened by
the underlying reliability of the manufacturing process. In the limit that the manufacturing process were
perfectly reliable, producing emitters with no variance in geometry, it would only be necessary to measure
a single emitter to infer the properties of the entire population¥ Thus, at some level, only improving the
underlying manufacturing process would help limit variance. The interplay of these effects is a function of
the scale of an electrospray array thruster—thrusters with fewer emitters than the MEAT-1.2 have array
currents more sensitive to manufacturing tolerances, because they have a smaller sample to average over.
This trade represents a key design point in ensuring reliable systems.

C. Implications for Robust Design

A primary motivation in conducting probabilistic analyses like that in this work is to enable robust design.
That is, we have a system—in our case an electrospray array thruster—whose performance is uncertain
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stemming from multiple sources of error, like those examined in Sec. [V.B] We can then formulate a design
problem over this system to optimize objectives related to this uncertainty. The exemplar is to ensure
mission requirements; if we had some minimum specifications the system needed for a successful mission—
thrust, specific impulse, device lifetime, etc.—we would seek a design that maximizes the probability these
specifications are met, subject to our uncertainty5963

Similarly, we might aim to optimize some aspect of the thruster’s performance subject to a minimum
performance constraint. As an example, we consider a toy optimization problem to pick an operating
condition for our array. We suppose that due to mission constraints, the thruster must be able to provide
at least some thrust setpoint 7.4, where—ignoring inefficiencies in the system such as the divergence of the
beam—we idealize the thrust produced by the device T as

r=1,]%- (55)

We further suppose that we wish to minimize the necessary operating voltage of the thruster—e.g., to reduce
demands on electrical isolation for the spacecraft and minimize the size of the needed power supply. We can
define this as an optimization problem of the form

V*(C, Treq) = mvin{V (P(T > Teq) > CY, (56)

where V* is the optimum maximum operating voltage for some confidence level C' € [0, 1] with which we

demand the thrust requirement be met.
We perform this optimization over our posterior predictions for several values of C and 7,¢q, the results

of which we plot in Fig. The solid lines show the thrust reliability, P(7 > 7,¢4), for the different values of
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Figure 16. Probability of the thruster exceeding a thrust specification, 7., as a function of voltage, for various
Treq; the dashed lines illustrate the minimum voltage satisfying various confidence thresholds

Treq, While the dashed lines highlight different choices for C' and the corresponding V*. The thrust reliability
adopts sigmoid shapes resembling an error function.

The C = 0.5 threshold at the center of the plot illustrates the design point that would be chosen if
variance in thrust were not accounted for (i.e., if we only designed to the median prediction of Fig. . The
figure indicates that as the required confidence in meeting the specification is increased, additional margin
must be incorporated into the operating voltage, relative to the 50% confidence level. For 7., = 500 pN, for
example, a margin of only 30 V (from 1610 V to 1640 V), is needed to hedge to 75% confidence, but a 130 V
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margin (from 1610 V to 1740 V) must be incorporated to meet the requirement with 99% confidence. The
needed margin also increases with the thrust requirement, because the absolute variance in array current
increases with voltage, even though the relative error (i.e., normalized to some reference) decreases per
Fig.[15} Qualitatively, these results are intuitive and perhaps even unremarkable; the power in the approach
pursued here is that quantitative predictions for margin and reliability can be made, and they flow down
explicitly via statistical inference.

Another area of concern in electrospray array thrusters is the decrease in device lifetimes associated
with variance in emitter current, a consequence of a heightened probability that any one emitter induces a
life-ending short23 As an illustration of this effect, we assume that the lifetime of an array of N, emitters
is inversely proportional to the maximum current shed by any emitter—i.e., it sprays the most and so will
short out first—such that a proxy for the total throughput of an array is the array current divided by the
maximum emitter current, within a scaling constant. We plot the median predicted throughput as judged by
this proxy as a function of voltage in Fig. For simplicity, we consider predictions made only varying the
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Figure 17. Median predicted throughput over varying emitter geometry, 6= U; {ch,aj,rb]-,Aj}

emitter geometry, 6 = Uj{ch, Qs Ty, A}, since this is the primary driver of differences between emitters.

Our study predicts the maximum throughput of the device is achieved at the maximum operating voltage.
This follows noting the finding in Sec. [V.A] that the array current is positively inflected over voltage as a
result of an increasing proportion of emitters activating. The total current grows more quickly than does
the current of any one emitter—and hence the maximum—so the throughput increases monotonically. Once
most emitters have become active, however, the growth in total and maximum current become comparable,
and so the predicted throughput plateaus.

For a less idealized analysis, this scaling will be balanced by divergence in the beam. As voltage is
increased and emitters form additional emission sites off center, these additional beamlets can increase the
spread of the beam, increasing interception to the extractor2%4% Similarly, duller emitters, which preferen-
tially activate at higher voltages, may also have heightened divergence or are otherwise more deeply recessed
relative to the extractor (see the anticorrelation of R. and h in Fig. [{4)) and so also increase interception.
These additional dependencies will tend to decrease expected throughput at higher voltages and likely induce
a maximum at lower operating voltages, where emission is not as stressed.

Given finite manufacturing tolerances like those inferred in Sec. [[V.B] designing to maximize throughput
becomes a problem of selecting a nominal emitter design (i.e., a target base radius, cone angle, emitter height,
etc.) that best balances these effects under uncertainty. Similarly, broader goals of ensuring reliability in
the thruster are predicated on treating the performance as something that cannot be controlled or predicted
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exactly, as something uncertain. By applying probabilistic tools of inference and learning like those employed
here, one can rigorously derive uncertainty in performance from underlying error sources, driving development
with confidence.

VI. Conclusion

The variability of individual emitters within an electrospray array induces emergent phenomena which
can have deleterious effects on thruster performance (lifetime, current yield, etc.). This and other sources of
uncertainty in the operation of the device must be accounted for to make design decisions with confidence—
to ensure reliability. To that end, in this study we interrogated the effect of this emitter nonuniformity
and quantified the effects of different sources of uncertainty by performing an inference problem to train
a multi-site emission model—predicting individual emitter behavior—on data taken on the MEAT-1.2—an
array of over 6000 porous conical emitters.

We did so by adopting a Bayesian formalism to describe our state of knowledge in the inputs and outputs
of the current emission model (the temperature of the propellant, individual emitter geometries, predicted
current, etc.) as probability distributions. Most of these parameters were drawn from direct measurements,
datasheets, and similar sources, but others represent scaling parameters that cannot be assigned a priori.
Consequently, we inferred these missing scaling parameters from experiments measuring the emission current
of the array as a function of operating voltage. To capture the uncertainty in individual emitter geometries,
we measured the geometry of 143 emitters in the array via surface profilometry. Concluding the emitter chip
was composed of three distinct populations of emitters (defined by cutting tool changes while machining), we
then inferred the distribution in emitter geometry for each of these populations to feed back into our main
learning problem. The posterior distribution over the model parameters represented a space of more than
20000 dimensions (due to individual emitter geometry), so to facilitate analysis we adopted an approximately
pseudomarginal form for the inference, which restricted inference to only the parameters we did not have
strong prior understanding of by integrating out the effect of the other parameters.

We drew samples from the distribution over the parameters learned in this way to characterize our state
of knowledge. With regard to the emitter geometry, these results indicated that the emitter base radius and
half angle did not vary substantially within each population (interquartile ranges of < 2 pm and < 8 mrad,
respectively. However, we observed that these parameters varied more substantially between populations
(order 10 pym and 20 mrad) between populations. The tip radius of the emitters was more consistent
across populations (approximately 25 pm mean), but varied more substantially within each population
(interquartile range of order 20 pm), confirming that this parameter is comparatively poorly controlled
during the manufacturing process. With regard to the scaling parameters of the model, we identified that
those related to the formation of menisci on the surface of the emitter were similar to values inferred when
training the model on data taken on a single emitter—indicating that menisci can be as large as 13 pm in
diameter and that their relative number density as a function of diameter scales inversely as the % power.
However, we found that parameters dictating emission current from individual menisci differed from previous
studies, and concluded this discrepancy derived from the source in prior studies having a current trace that
increases smoothly above their onset voltage while the source in our study has emitters that experience a
jump discontinuity in current at onset. We posited this dichotomy in behavior was a nonlinear effect not
captured by our linearized current model.

Using these parameter samples to then make probabilistic predictions over emitter performance, we
confirmed that the model was able to reconstruct the behavior of the array, a positive but not conclusive
demonstration that it is capturing the physics. Our predictions retrieved the common observation that
while individual emitter currents are often linear functions of voltage, the emission current over an entire
array tends to be a positively inflected curve that eventually saturates to be nearly linear. By inspecting
predictions for a single realization of the emitter geometry, we showed this is a consequence of variations
in onset voltage of emitters across the array: an increasingly large number of active emitters each yield
an increasingly large amount of current, producing the inflection. At sufficiently high voltages such that a
majority of emitters have activated, then, this growth saturates to the linear dependence of an individual
emitter.

To establish which sources of uncertainty were dominant in our analysis, we made additional predictions
where we considered only one subset of the model parameters as uncertain at a time, to form a sensitivity
study. Uncertainty in emitter geometry tended to be the dominant source of error in the predictions at
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very low voltages, which we attributed to the fact that only very few emitters, if any, are active at low
voltages. Consequently, whether or not any individual emitter is active has a larger effect, in a relative
sense, on the total prediction over the array. At higher voltages where many more emitters are active, this
uncertainty diminishes however, essentially a consequence of the law of large numbers: increasingly many
samples over a distribution—the number of active emitters—provide an increasingly precise estimate to its
average—the relative variance in the array current. Thus, for increasing voltage the dominant source of error
in our analysis was uncertainty in the properties of the propellant. Though our uncertainty in temperature
may seem small (order 2 K), the change in viscosity of the propellant over this range is order 10%, which
directly propagates into the current measurement since current is predicted to be inversely proportional
to the viscosity. As such, we concluded that providing greater control over propellant temperature could
substantially reduce uncertainty in the performance of a system, echoing experiments which have sought to
characterize this dependency.

Finally, we leveraged these probabilistic predictions to perform a toy robust design optimization, where
we considered minimizing the operating voltage of the source subject to the constraint that it must produce
some minimum thrust with confidence. We verified that as greater confidence in meeting the requirement was
sought, greater voltage margin was necessary (since thrust increases with voltage). Additionally, increasing
the requirement on thrust also tended to demand greater voltage margin because uncertainty in the prediction
scales proportionally to the average prediction. As a result of these effects, while only a voltage margin of
only 30 V (relative to the average prediction) was necessary to meet a thrust requirement of 100 pN with
75% confidence, a margin of 50 V was necessary to meet a requirement of 1 mN with the same confidence,
and a margin of 200 V to meet it with 99% confidence.

These three main discussion points—individual emitter behavior, model sensitivity, and robust design—
constitute a primary motivation for the present study. Deconvolving the behavior of individual emitters
from the performance of an entire array is experimentally challenging, and so modeling it like we have here
provides a means to interpret what might be going on at the single source level, directly informed from
array dynamics. Similarly, examining which sources of uncertainty are dominant in our analysis motivates
improvements in manufacturing methodologies (e.g., to tighten fabrication tolerances) and operations (e.g.,
to more thoroughly control propellant temperature) that we might make to minimize uncertainty and increase
reliability. Finally, quantifying uncertainty in our predictions is the only means by which we can make design
decisions with confidence, determining what changes may be necessary to meet requirements more robustly.
In aggregate, then, the present study represents a step forward in ensuring performant electrospray array
thruster systems.

Data Availability

The data that support the findings of this study and the codes used to generate and analyze them are
available in an external repository, Ref. [40.
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