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A computational model for a continuous-wave, Rotating Magnetic Field (RMF) thruster
is employed to characterize the dominant efficiency mode losses during operation. The
test article is a 10-kW class, conical configuration that employs both an applied magnetic
field and three saddle-shaped coil antennas to produce a time-dependent RMF. The com-
putational framework is a quasi-1D formulation based on equations for neutral and ion
continuity, ion momentum, and electron temperature. Key free parameters in the model
include a factor for magnetic wall confinement, the contribution of a self-induced magnetic
field to the RMF, an anomalous collision frequency, and the plume divergence angle. The
free parameters are inferred by regressing the model’s prediction for thrust and power
coupled into the plasma against experimental measurements of the test-article. These
measurements were taken over a range of operating conditions with an applied magnetic
field of 77-135 G and plasma-coupled power of 5.6-7.1 kW for a constant RMF frequency
and flow rate. Efficiency and constituent power modes of the thruster are extracted from
the calibrated model. The dominant loss process is the residual thermal energy at the
thruster’s exit plane, accounting for ∼ 45 − 55% of the total power coupled to the plasma.
The calibrated model was then leveraged to identify possible design strategies to improve
performance. These results show that increasing the magnitudes of the applied radial and
rotating magnetic field serves as the prime factor to improve overall thruster efficiency.

I. Introduction

The Rotating Magnetic Field (RMF) thruster, an inductive electric propulsion (EP) device, offers key
advantages over other state-of-the-art EP technologies. While more mature technologies like Hall Effect

Thrusters and Gridded Ion Thrusters now serve the propulsion needs for several commercial and governmen-
tal missions, such as station keeping, LEO to GEO transfers, and interplanetary robotic missions, there are
notable challenges in extending these technologies to certain new mission architectures of strategic interest.
For example, while state-of-the-art electric propulsion classically resides in the 1-5kW range,1 there is a
growing need for thrusters that operate in a higher-power regime for applications such as a crewed mission
to Mars.2 Conventional EP technologies have difficulties with size and mass when scaling to the power level
necessary to facilitate these high-power missions. Similarly, while noble gases such as xenon, krypton, and
argon have been predominately used as the propellant of choice for EP systems, there is growing interest in
the use of non-conventional propellants to facilitate processes such as in-situ resource utilization, multi-mode
propulsion, and air-breathing propulsion. These applications present the unique challenge that some of the
alternative propellants of interest can poison the thermionic cathodes necessary to operate conventional
EP systems.3–6 Because of these hurdles and the desire to extend the operating envelope of conventional
technologies, there is a need to explore alternative thruster architectures.
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Inductively-coupled plasma thrusters (IPTs) are a potentially promising architecture that, in principle,
can operate on alternative propellants and scale favorably to high-power applications. IPTs operate on
Faraday’s law, where a time-varying current inductively produces a Lorentz force to accelerate its propellant.
This process does not require plasma wetted electrodes, as energy is coupled wirelessly into the plasma.
Additionally, the energy coupling mechanism has comparatively high thrust-densities relative to electrostatic
schemes such as Hall or Gridded Ion Thrusters.7 With that said, there are challenges that have precluded
IPTs from wide-spread adoption. Chief among these is the need for very high transient voltages and currents
in the driving circuit to facilitate effective inductive coupling. This can be problematic for the power
processing unit and the lifetime of the thruster.8

The rotating magnetic field (RMF) thruster, a design variation on IPTs, can circumvent these traditional
obstacles while maintaining their key advantages. In the RMF thruster, the current induced in the plasma
is generated by a rotating magnetic field such that the resulting Lorentz force depends on the frequency of
rotation rather than the magnitude of applied currents in the driving circuit. This, in principle, reduces the
need for large voltages and currents to generate thrust.9

In light of these advantages, several groups have constructed and characterized the performance of RMF
test articles over the past two decades. The majority of these studies were conducted using pulsed operation
i.e. where the RMF was applied using a limited duty cycle.10–14 Although these previous works have yielded
new insights into the operation of these devices, the maximum peak efficiency of this class of device to date
has been low compared to other technologies. The highest value reported has been ∼ 8%,10 though this
efficiency measurement is likely an overprediction given that the calculation did not take into account full
power supply losses, plume divergence, or mass utilization.9

In an effort to identify the mechanisms driving this low performance, subsequent parametric experimental
studies conducted at the University of Michigan (UM) identified radiative losses as the main factor, con-
tributing to ∼ 80% of the total power loss in a pulsed operation mode.15 To mitigate this issue caused by
high ion densities in the thruster, an updated iteration of the RMF test article was developed to operate
in continuous-wave (CW) operation. The hypothesis was that a non-pulsed mode would allow for lower
densities in the thruster at a given power, thereby reducing radiative losses. Subsequent testing performed
at UM did ultimately show the efficiency of the thruster was increased from 0.5% to 2.9% when operating
in a CW mode.16

While this increase in efficiency demonstrated that CW operation is a promising operational path for the
RMF thruster, the performance is still an order of magnitude lower than state-of-the-art electric propulsion
systems. In an effort to further improve performance in this mode, there is a need to identify and po-
tentially mitigate the driving detractors to performance. In practice, however, experimental techniques for
characterizing the efficiency modes (divergence, mass utilization, etc.) of this class of thruster are inherently
time consuming, intensive, and perturbative. On the other hand, computational models validated against
experimental data that is more easily collected, such as performance, can offer an expedient alternative tool
for assessing possible efficiency modes. This type of tool, once validated, also could in practice enable a
preliminary assessment of design improvements. With this objective in mind, the goal of this work is to
develop and calibrate a reduced fidelity model of a continuous wave RMF thruster, to interpret its results
to illustrate the key factors that reduce performance, and to leverage the model to identify design strategies
to reduce these losses.

To that end, this paper is structured in the following way. We start by laying out the RMF operating
principles and the key assumptions made for simplifying the system into a set of quasi-1D equations. Next,
we present the details of the quasi-1D computational framework and experimental test campaign utilized to
calibrate the model. Following this, we describe the efficiency modes and the contribution of the inelastic
process to the total plasma-coupled power, as predicted by the model. The results lend credence to the
model’s validity. Finally, we use the model to establish scaling trends for a future RMF test article by
conducting three trade studies and an overall model-driven design optimization.

II. RMF Principle of Operation

Fig 1a illustrates the canonical geometry for the type of RMF thruster we investigated in this study. This
test article consists of an open tapered cone that bounds a plasma discharge. Saddle shaped antenna pairs
(typically 2-3 pairs) surround this cone with their common axes intersecting the centerline of the thruster.
Concentric solenoids, which produce the applied magnetic field, encapsulate the antenna and cone structure.
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An ionization source, typically a hollow cathode, provides a seed plasma for igniting the discharge.
As shown in Fig 1b-1d, during operation, the solenoids apply a steady magnetic field with a radial

gradient while the seed plasma is injected into the thruster. Neutral gas, in turn, can be flowed into the
geometry from both an upstream and downstream diffuser depending on the desired configuration. The
antennas then fire sequentially in such a way to generate a rotating magnetic field around the central axis
of the thruster. The frequency of this rotation is tailored so that it exceeds the ion cyclotron frequency but
is less than the electron cyclotron frequency in order to only effect the electron motion. The rotation of the
magnetic field, per Faraday’s law of induction, results in a time-varying axial electric field. The interaction
between this axial electric field and the RMF drives an azimuthal electron current via a Lorentz force. The
resulting strong electron drift facilitates additional impact ionization of the inflowing gas, generating a higher
density plasma and thereby further increasing the electron current. A subsequent Lorentz force interaction
between the azimuthal electron current and the radial magnetic field, supplied from the solenoids, accelerates
electrons out of the thruster. Since the ions from the discharge remained unmagnetized (by virtue of the
frequency of the RMF), their acceleration is driven by the ambipolar electric field that results from the
escaping electrons.

Figure 1: (a) Sectional view of an RMF thruster and the internal processes that result in thrust generation.17

(b) A steady magnetic field with a radial gradient is applied as seed plasma is injected into the thruster
chamber. (c) The antennas fire sequentially to create an RMF as electrons are entrained and more particles
are ionized. (d) An azimuthal current is created, and ions are accelerated via the Lorentz force. Reproduced
from Ref. [15].

III. Quasi 1D Model Development

Informed by the qualitative description for the principle of operation in the preceding section, we describe
here our approach to modeling this process. To this end, we first overview how the domain is simplified and
discretized. We then introduce the governing equations for the thruster operation. Finally, we review the
quasi-1D numerical techniques utilized to implement the model.
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A. Model Domain Discretization

In order to model the RMF thruster, we simplify the system to a quasi-1D axial domain with a conically
increasing cross sectional area. Fig 2 illustrates this discretization, in which each subsequent cylindrical cell
in the domain is defined by an increasing cell-averaged radius. The dimensions of each cell are predicated
upon the thruster’s total length, the thruster’s half-angle, and the number of cells desired. The incremental
axial distance, dz, is used to determine the cell’s central z-coordinate along with the associated radius of
each cell.

Figure 2: The RMF thruster is modeled to be quasi-1D nozzle with cylindrical cells. Along the central z-axis,
each cell has an increasing average radius.

B. Governing Equations

1. Assumptions

We developed a multi-fluid steady state model that includes interactions of the neutrals, electrons, and singly-
charged ions. Our approach is based on applying control volume averages over the discretization shown in
the previous section to the continuity, momentum, and energy equations. To facilitate this approach, key
simplifications we include are:

• Neutral particles experience a constant velocity in the axial direction, vn,z, while the velocity contri-
butions in the other directions are neglected,

vn,r = vn,θ = 0.

Here the radial and azimuthal neutral velocities are vn,r and vn,θ respectively. We only resolve neutral
velocity in the axial direction as their inertia does not allow them to contribute to the azimuthal
current on the high frequency time scales associated with the RMF. The neutral radial velocity is also
neglected as neutral flux to the walls is reflected back into the geometry. Since the neutral thermal
speed is lower than the charged particles bulk speeds, the neutral change in momentum is a negligible
effect and the neutral axial velocity is held as constant.

• Ions experience no azimuthal motion as their inertia does not allow them to contribute to the azimuthal
current on the high frequency time scales associated with the RMF,

vi,θ = 0,

where vi,θ is the ion azimuthal velocity.

• Electrons and ions have the same axial velocity, as we assume local axial ambipolarity. This assumption
is justified based on the fact that in a quasi-1D geometry, the total current through a given cross-section
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is conserved. As the thruster is self-neutralizing (the cathode only provides seed electrons for igniting
the discharge), the total current in the system must be zero:

vi,z = ve,z = vp.

Here the axial ion, electron, and plasma velocities are denoted by vi,z, ve,z, and vp respectively.

• Ions are cold compared to the electrons such that they experience negligible pressure gradients,

∂pi
∂r

=
∂pi
∂θ

=
∂pi
∂z

= 0,

where pi is the ion pressure.

• There is a negligible contribution from anistropic electron pressure (
↔
Πe),

∇⃗ ·
↔
Πe = 0.

• There is no contribution from azimuthal electron pressure gradient to the steady-state solution,

∂pe
∂θ

= 0,

where pe denotes the electron pressure. An azimuthal pressure gradient, in the RMF thruster, is a
purely high-frequency effect.

• The electron mass is negligible compared to ions and neutrals,

me

mi
≈ me

mn
≪ 1,

where me, mi, and mn are the electron, ion, and neutral xenon particle mass respectively.

• Quasineutrality is conserved,
ne = ni = np,

where ne, ni, and np represent the electron, ion, and plasma number densities respectively.

• Heat flux (θe) of the electrons is negligible, as similar to a magnetic nozzle, the plasma is adiabatic-
like,18

θe = 0.

We recognize that this assumption is an expedient closure for the electron energy equation.

• The walls of the thruster are electrically isolated, permitting them to float. Consequently, factors
associated with wall recombination events are influenced by the dynamics of the plasma sheath.

• Since the high frequency dynamics of the electrons in relation to the RMF occur on a different time scale
compared to the steady state fluid model, modifications to the simplifying assumptions are necessary
when describing these dynamics in the governing equations.

– The steady pressure forces, as predicted by the model, are neglected as they are ∼ 40× less than
the associated high frequency electric fields. The pressure forces serve to capture the steady state
axial ion acceleration dynamics but are not relevant for expressing the azimuthal velocity of the
electrons.17

– Electric field axial gradients are much smaller than radial or azimuthal gradients.17
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2. Continuity Equations

Subject to the preceding assumptions, the control volume analysis over the 1D slices for the conical domain
yields for ion and neutral continuity:

∂

∂t
[⟨np⟩ ⟨A⟩] + ∂

∂z
[⟨np⟩ ⟨vp⟩ ⟨A⟩] = ⟨A⟩

〈
Γion

〉
− ⟨A⟩

〈
Γwall

〉
(1)

∂

∂t
[⟨nn⟩ ⟨A⟩] + ∂

∂z
[⟨nn⟩ vn ⟨A⟩] = −⟨A⟩

〈
Γion

〉
+ ⟨A⟩

〈
Γwall

〉
, (2)

where A is the cross-sectional area and nn is the neutral number density. Any term in angled brackets is
defined as a cell averaged quantity. We also have defined terms associated with ionization and wall losses:

Γion = ⟨nn⟩ ⟨ni⟩ ⟨σive⟩ (3)

Γwall =
SA

V
⟨0.6ni⟩

√
kb ⟨Te⟩
mi

DB , (4)

where ⟨σive⟩ is the ionization reaction rate coefficient for a Maxwellian plasma,19 SA is the surface area of
the cell excluding the end caps, V is the volume of the cell, kb is the Boltzmann constant, Te (K) is the
electron temperature, and DB is a magnetic diffusion coefficient:

DB =
βm

B2
0,∥

. (5)

Here βm is an effective magnetic “confinement” term and B0,∥ is the tangential component of the applied
magnetic field to the walls. We have in this case, for simplicity, assumed that cross-field transport follows
classical diffusion, which dictates that the plasma decay in the presence of a magnetic field exhibits a B−2

dependence.20 In brief, an increasing wall-tangential magnetic field will act to reduce the electron mobility
to the walls such that the flux of electrons leaving the system is lower than in an unmagnetized system. Since
sheath dynamics enforces that the flux of ions and electrons must be equal, the density of ions reaching the
walls is reduced proportionally. Thus, higher magnetic confinement of electrons corresponds to a lower βm

value and thus a lowered density of ions at the wall boundary than that in an unmagnetized system.

3. Momentum Equation

We formulate a momentum equation from the summation of the ion and electron equations:

∂

∂t
[⟨np⟩ ⟨vp⟩ ⟨A⟩] + ∂

∂z

[
⟨np⟩ ⟨vp⟩2 ⟨A⟩

]
=

(
e ⟨np⟩
mi

⟨ve,θ⟩Br,0 ⟨A⟩
)
+ (⟨np⟩ ⟨νin⟩ (⟨vp⟩ − ⟨vn,z⟩) ⟨A⟩)

+
(〈
Γion

〉
⟨vn,z⟩ ⟨A⟩

)
−
(〈
Γwall

〉
⟨vp⟩ ⟨A⟩

)
−
(
⟨A⟩
mi

〈
∂pe
∂z

〉)
, (6)

where e is the fundamental charge constant and νin is the collisional frequency between ions and neutrals.
The left hand side of Eqn. 6 represents the time rate of change of the momentum, dependent on the source
terms on the right hand side of Eqn. 6. Respectively the ion momentum source terms account for axial
Lorentz force interaction, the collisional transfer of momentum between ions and neutrals, the momentum
transfer from ionization and wall recombination events, and the pressure gradient force.

In order to create a formulation for the azimuthal velocity of the electrons, we look to the high frequency
dynamics of the electrons relative to the RMF. Relaying on the high frequency set of simplifying assumptions,
we can use Faraday’s law of induction to express the time derivative of the magnetic field. Thus, we are able
to solve for the high frequency axial electric field,

Ez,1 = ωrBω cos(ωt− θ), (7)

where Ez,1 is the high-frequency axial electric field, and Bω is the magnitude of the RMF which oscillates
at an angular frequency of ω. Employing a generalized Ohm’s law for electrons results in the time-averaged
azimuthal electron velocity as
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⟨ve,θ⟩ =
2/3ωR

1 + 2(B2
0 + ζ2)/B2

ω

, (8)

where B0 is the magnitude of the applied magnetic field, and ζ = me(νei + νen)/e is a collisional drag term.
This formulation for the azimuthal electron velocity does not account for the effect of self-induced magnetic
fields which serve to cancel out contributions from the applied field.21 Capturing a closed expression for the
contributions of the self-induced magnetic field is not numerically tractable in this simplified model.22 Thus,
we include the addition of the coefficient, σ, which acts to encapsulate this phenomenon. Eqn. 8 is now
re-written as

⟨ve,θ⟩ =
2/3ωR

1 + 2(B2
0 + ζ2)/(σBω)2

. (9)

This expression shows that as the strength of applied field is increased, the electrons become more strongly
tied to the applied field and thus experience less entertainment to RMF, lowering the drift velocity. In
essence, the applied field and heavy particle collisions apply a drag force to the azimuthal electron motion.
Additionally, at an increasing thruster radius, the drift velocity increases as the electrons must move faster
to sustain the same angular frequency.

4. Electron Energy Equation

The electron pressure is updated via the electron internal energy equation,

∂

∂t

[〈
3

2
pe

〉
⟨A⟩
]
+

∂

∂z

[〈
5

2
pe

〉
⟨vp⟩ ⟨A⟩

]
= −⟨enp⟩ ⟨vp⟩ ⟨Ez,0⟩ ⟨A⟩ − ⟨enp⟩ ⟨ve,θ⟩ ⟨Eθ,0⟩ ⟨A⟩+ ⟨Pheat⟩ ⟨A⟩ −

〈
Γionϕion

〉
⟨A⟩

− ⟨Γexc
en ⟩ ⟨ϕexc,en⟩ ⟨A⟩ − ⟨Γexc

ei ⟩ ⟨ϕexc,ei⟩ ⟨A⟩ −
〈
Γwall

〉
⟨ϕwall⟩ ⟨A⟩ , (10)

where ϕion is the energy loss associated with a single ionization event, Γexc
en is the excitation reaction rate

between electrons and neutrals, ϕexc,en is the energy loss associated with a single electron/neutral excitation
event, Γexc

ei is the excitation reaction rate between electrons and ions, and ϕexc,ei is the energy loss associated
with a single electron/ion excitation event. The steady axial electric field (Ez,0), derived from a time-averaged
Ohm’s Law, is expressed as

Ez,0 = ve,θBr −
1

ene

∂pe
∂z

− me

e
νen(ve,z − vn,z). (11)

Similarly, the steady azimuthal electric field (Eθ,0) is

Eθ,0 = −ve,zBr −
me

e
ve,θ(νei + νen). (12)

The energy loss to the wall is dependent on sheath dynamics such that the internal energy loss as the
electrons leave the domain across the sheath edge is given by19

ϕwall =
kbTe

e
(2 + ln

[√
2mi

πme

]
). (13)

The excitation energy loss rate term is

Γexc
ss′ = ⟨ns⟩ ⟨n′

s⟩ ⟨σexcvs⟩ , (14)

where ⟨σexcvs⟩ is the excitation reaction rate coefficient for a Maxwellian plasma.19 The Ohmic heating term
(Pheat) resulting from the high frequency time varying electric field is,17

⟨Pheat⟩ =
π (eωBω)

2 ⟨R⟩4 np

4meνa ⟨A⟩

(
1− 1

1 + 2(B2
0 + ζ2)/(σBω)2

)
, (15)

where νa is a coefficient representing the anomalous collision frequency of the electron motion azimuthally.
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When substituted into Eqn. 10, the first term of Eqn. 11 represents cooling as the plasma is accelerated
out of the domain. The second term also represents cooling through the expansion of the plasma through
the expanding conical geometry, and the third term represents heating through collisional drag. Similarly,
when Eqn. 12 is substituted into Eqn. 10, the first term represents an RMF heating mechanism, and
the second term represents Ohmic heating from elastic collisions. Due to the high frequency of the RMF,
classical values of the collision frequencies are orders of magnitude too low to capture the correct effect of
the high frequency Ohmic heating, Pheat. One possible explanation is wave-particle interactions resulting
in a substantial contribution to an increased collision frequency.23,24 However, as this underlying physical
phenomenon is still an open question, we include the constant anomalous collision frequency in Eqn. 15
to encapsulate this phenomenon. Additionally, of particular note, is the interplay between the Pheat (Eqn.
15) and ve,θ (Eqn. 9) formulations relative to the Hall parameter term in parenthesis. Increasing this
parenthetical term provides an increase in Lorentz force and reduces Ohmic heating.

C. Numerical Techniques

In order for the successful operation of this finite volume method simulation, there are are number of numer-
ical techniques that needed to be considered including domain initialization, the flux residual calculation,
and the cell update process.

1. Domain Initialization

While the governing equations ultimately dictate the steady state solution, we must initialize the model
domain to a prescribed starting point to ensure numerical stability. This is achieved through the use of
restart files from previously converged solutions.

2. Flux Residual Calculation

The state in each cell, stored at cell center, for the neutral continuity, plasma continuity, plasma momentum,
and plasma energy equations are respectively

U =
[
nnA npA npvpA

3
2peA

]
. (16)

The flux in each cell for the neutral continuity, plasma continuity, plasma momentum, and plasma energy
equations are respectively

F =
[
nnvnA npvpA npv

2
pA+ peA

5
2pevpA

]
. (17)

We utilized a Russonov flux formulation to calculate the flux across cell boundaries, owing to the numerical
simplicity of the flux. The form of this flux is,

F̂ =
1

2

(
FL + FR

)
− 1

2
smax

(
UR −UL

)
, (18)

where UL is the left-hand cell state, UR is the right-hand cell state, FL = F (uL) is the cell centered flux
of the left-hand cell, FR = F (uR) is the cell centered flux of the right-hand cell, and smax is the maximum
propagation speed of the ion acoustic waves within the system considering both uL and uR. This maximum
propagation speed is calculated as

smax = max {smax,L, smaxR
} = max {|vp,L ± cL| , |vp,R ± cR|} (19)

where the ion sound speed (c) is defined as c =
√
γpe/npmi, and γ = 5/3 is the specific heat capacity

ratio. Interior to the domain, the calculations for the relevant flux use the cells left and right of the cell
boundary. However, at the inflow and outflow boundaries, the left-most and right-most cell are ghost cells.
The ghost cells are additional numerical cells that extend beyond the physical domain such that the required
boundary conditions are satisfied. At the upstream boundary, we implement the introduction of neutral
gas flow through a Dirichlet ghost cell, where we set the gas inflow equal to an experimentally measured
mass flow rate. For all data points we considered during model calibration, we held the gas injected into
the device at a constant flow rate. The ghost-cell states associated with plasma species are calculated
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from a linear extrapolation of the last two cells interior to the domain. Subsequently, we added back into
the neutral density population, at the neutral thermal speed, the ion mass flow exiting at the upstream
boundary. This serves to represent the recombination of the plasma species into neutral particles at the
backwall. At the outflow boundary, we treat all the ghost cell states through a linear extrapolation of the
last two cells interior to the domain. This specific linear extrapolation implementation of the ghost cells
represents supersonic inflow and outflow conditions.25

3. Cell Update

The residual of each cell (R) is calculated as

R = −dt

(
F̂R − F̂L

dz
+ Splasma + Sarea

)
, (20)

where F̂R is the nominal Rusonov flux at the right-hand boundary, F̂L is the nominal Rusonov flux at the
left-hand boundary, Splasma is the source terms due to RMF axial and azimuthal electric fields and in-
elastic collision processes, and Sarea are the source terms associated with the area expansion of the thruster
geometry. Splasma and Sarea are all terms on the right-hand side of the governing equations. A local timestep,

dt = 0.45
dz

smax
, (21)

calculated for each cell, dynamically adapts. The leading constant is necessary for numerical stability of the
system. The model then updates the states by summing the current state value and the residual value in
each cell,

Unew = Ucurrent +R, (22)

where Ucurrent is the current state, and Unew is the updated state, both defined at the cell center. This update
step incrementally moves the solution towards convergence. To determine when a steady state solution is
reached, we scale the cell’s residual by the updated state. If this scaled residual falls within the user-defined
convergence criteria, we consider the model to be converged to its steady state value. The model then uses
this converged state to calculate performance metrics. We consider the solution converged when the L2
residual norm, which measures an average error across all cells, falls below the threshold of 1× 10−4.

IV. Relating Model Outputs to Thruster Performance Metrics

In this section, we introduce how the model outputs predictive thrust and plasma coupled power mea-
surements. We also introduce an efficiency model to capture the contribution of the power loss mechanisms
in the thruster and their relative impact on overall thruster performance.

A. Thrust Prediction

Upon convergence, the model uses the steady-state flow field to compute the thrust produced. This value
predicted by the model is formulated as

FT = cos(θd)(ρpu
2
pA)exit, (23)

where FT is the model predicted thrust and θd is the divergence angle of the plume.

B. Efficiency Model

We established an overall efficiency model to better understand the individual loss processes internal to the
RMF thruster. The total efficiency is determined by multiplying its constituent components,

η = ηpηmηdηc = ηcηpost, (24)

where η denotes the overall thruster efficiency, ηp is the plasma efficiency, ηm is the mass utilization efficiency,
ηd is the divergence efficiency, ηc is the coupling efficiency, and ηpost is the post coupling thruster efficiency.
We provide more detail on each of these modes in the following subsections.
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1. Plasma Efficiency

The plasma efficiency (ηp) indicates the fraction of coupled power that is converted into thrust in comparison
to the total power coupled into the plasma. This efficiency is defined mathematically as

ηp =
Pmom

Pp
. (25)

The power absorbed by the plasma (“plasma power” or “plasma coupled power”) in the domain is

Pp = Pmom +

L∑
dz

[
vp

∂pe
∂z

Adz +menp

[
(v2p − vpvn + v2e,θ)νen + v2e,θνei

]
Adz + PheatAdz

]
. (26)

where the terms in the brackets result from the steady axial and azimuthal electric field contributions to
the electron energy equation. The second term in Eqn. 26 represents the power associated with pressure
gradient of the plasma. The third term and fourth terms represent the heating due to particle collisions.
The total power absorbed by the plasma is therefore the sum of the power absorbed in each cell throughout
the entire thruster domain in addition to the momentum power, Pmom, at the exit plane. Pmom also defined
as the power associated with the thrust, is calculated using the expression,

Pmom =
1

2
(ṁpv

2
p)exit, (27)

where ṁp,exit denotes the mass flow rate of the plasma species at the thruster exit plane.

2. Mass Utilization Efficiency

The mass utilization efficiency (ηm) quantifies the efficiency with which the neutral particles are ionized
within the thruster. It is mathematically expressed as

ηm =
ṁp,exit

ṁin
, (28)

where ṁin is the total inflow mass flow rate.

3. Divergence Efficiency

The divergence efficiency (ηd) reflects the degree with which the plasma plume is collimated as it exits the
thruster. It is quantitatively defined as

ηd = cos2(θd). (29)

Since the model does not self-consistently predict the divergence angle of the plume, it is thus treated as a
free parameter within the model.

4. Coupling Efficiency

The coupling efficiency (ηc) quantifies the effectiveness of the power processing unit (PPU) to deliver power
to the plasma via the antennas. As the model is independent of the power process unit (PPU), the coupling
efficiency is not estimated by the model. Regardless, this efficiency is mathematically expressed as

ηc =
Pp

PPPU
, (30)

where PPPU is the power supplied into the power processing unit.

5. Post Coupling Efficiency

The post coupling efficiency (ηpost) indicates the overall thruster efficiency disregarding the power losses
associated with coupling power between the PPU and plasma, via the antennas. This efficiency is

ηpost = ηpηmηd =
F 2
T

2ṁinPp
. (31)
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6. Inelastic Processes Power Fractions

We performed a detailed analysis of the power loss components, in order to determine the dominant inelastic
loss process,

Pprocess = Pmom + Pexc + Pwall + Pion + Pth,inlet + Pth,exit, (32)

where Pexc, Pwall, Pion, Pth,inlet, and Pth,exit symbolize the power loss due to excitation, wall recombination,
ionization, residual thermal energy at the backwall, and the residual thermal energy at the thruster exit
respectively. The power losses associated within the internal domain (excitation, wall, and ionization losses)
are calculated by taking the summation of the power loss in each cell over the entire length of the thruster:

Pexc =

L∑
dz

ΓradϕradAdz (33)

Pwall =

L∑
dz

ΓwallϕwallAdz (34)

Pion =

L∑
dz

ΓionϕionAdz (35)

The residual thermal energy power loss associated with the domain boundaries are taken to be the Rusanov
flux of the internal energy between the interior domain and the ghost cells at the respective locations. The
relative contribution of each power loss process, Pprocess, to the total plasma power is characterized by

αprocess =
Pprocess

Pp
. (36)

By evaluating the power loss fraction, α, for each inelastic collision process, we formulate a deeper under-
standing into the distribution and utilization of the plasma coupled power.

V. Model Calibration

In this section, we introduce the experimental setup and the conditions relevant to the collected ex-
perimental data used to calibrate the model free parameters. We will also explicitly define the model free
parameters and outline the Bayesian inference approach that was used to calibrate them.

A. Test Article

This experiment was conducted in the Alec D. Gallimore Large Vacuum Test Facility (LVTF) at the Univer-
sity of Michigan’s Plasmadynamics and Electric Propulsion Laboratory. Fig 3 shows the RMF v3 test article
which obtains its conical geometry from a Pyrex glass plasma-bounding cone. We note here that while the
plasma-bounding cone is curved for the actual device, for simplicity in the quasi-1D modeling implementa-
tion, we calculated a cone half-angle via measuring the initial and final thruster radius. Tuning capacitors
mounted behind the backplate of the thruster ensure that the antennas fire at the correct frequency, and three
sets of two-phase antennas are wound in a saddle-like loop pattern along the body of the plasma-bounding
cone which generate the RMF within the device. An applied-magnetic field is created by a pair of solenoids
(or bias magnets). These solenoids are comprised of magnet wire wound on a circular aluminum structure
and connected via rods to an aluminum backplate. Seed plasma is provided by an externally mounted LaB6

cathode such that cathode inlet flow is injected back into the thruster body. Neutral gas is also separately
introduced at the backwall, within the plasma bounding cone, via a circular injector.

B. Operating Conditions and Experimentally-Generated Data

Table 1 lists the geometry of the RMF v3 thruster, the neutral injected flow rate, and the applied and RMF
field strengths associated with the experimental thrust and plasma-coupled power measurements gathered.
The RMF v3 thruster was operated in a continuous wave mode to obtain thrust measurements using an
inverted pendulum thrust stand. Plasma coupled power is calculated by comparing antenna waveform traces
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between vacuum shots and plasma-loaded shots in order to determine the amount of power coupled into the
plasma. More details in regards to the experimental test campaign and the associated data can be found in
Ref [17].

Figure 3: The RMF v3 test article in the Large Vacuum Test Facility at the University of Michigan.

C. Model Parameters

In order to leverage this computational framework for thruster performance insights and design trade studies,
there are a number of unknown coefficients that must be tuned to calibrate the accurateness of the model to
experimental data. The free parameters are the magnetic confinement factor dictating ion flux to the walls
(βm), the induced magnetic field factor (σ), the high frequency anomalous collision frequency (νa), and the
plume divergence angle (θd). Table 1 summarizes the model free parameters, their physical bounds, and
there associated dependencies within the model.

D. Bayesian Inference to Determine Free Parameters

Due to the low fidelity of the one-dimensional model, there are inherent limitations in regards to its accuracy
of performance predictions. Thus, we must tune the free parameters so that the model is able to recreate
experimental thrust and plasma power measurements at given applied magnetic field strengths.

In order to gain these calibrated free parameters, we employ Markov Chain Monte Carlo (MCMC), a set
of algorithms aimed at sampling from arbitrary distributions to create posterior distributions. The goal of
MCMC, when applied to Bayesian inference, is to sample from the posterior distribution of the model. The
sampler works by first generating a proposed set of free parameters, running the model, and generating a
predicted thrust and plasma power value. The sampler then evaluates the acceptance probability of moving
from an accepted set of free parameters to the proposed set based how closely the model performance
predictions compare to the experimental data. The sampler will only move to the proposed set if the
acceptance probability is above a certain threshold. If a proposed sample has a free parameter outside its
given physical bounds, the acceptance probability is set to zero. We are thus able to explore the posterior
distribution of the model and generate sets of free parameters that allow the model to accurately predict
thruster performance.

The specific MCMC algorithm chosen was Delayed Rejection Adaptive Metropolis (DRAM). If a sample
is initially rejected, the delayed rejection portion of the algorithm proposes a secondary sample based on the
initially rejected sample location before moving on in the sampling process. The adaptive metropolis portion
of the algorithm recursively updates the covariance matrix, used to generate proposed samples, based on the
ever-growing set of accepted samples.
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E. Summary of Parameters

Table 1 lists all the associated experimental, learned, and output parameters necessary to run the one-
dimensional model.

Parameter
Type

Parameter Name Symbol Numerical Value Units

Model Input Thruster Length L 0.11 m

Model Input Initial Thruster Radius r0 0.07 m

Model Input Cone Half Angle θcone 46.4 deg

Model Input Injector Mass Flow Rate ṁinj 272 sccm

Model Input Neutral Thermal Speed vn 150 m/s

Model Input Applied Radial Bias Field Strength Br0
23.01, 28.78,
34.50, & 40.30

G

Model Input Applied Axial Bias Field Strength Bz0
73.82, 92.38,

110.77, & 129.24
G

Model Input Rotating Magnetic Field Strength Bω 20.46 G

Model Input Rotating Magnetic Field Frequency fRMF 413.2 kHz

Learned
Wall Confinement Coefficient

(Dependent Calculation = Γwall )
βm 0 → ∞ G2

Learned
Anomalous Azimuthal Collision Frequency

(Dependent Calculation = Pheat)
νa 0 → ∞ s−1

Learned
Induced Magnetic Field Factor

(Dependent Calculation = ve,θ & Pheat)
σ 0 → ∞ –

Learned
Plume Divergence Angle

(Dependent Calculation = FT & ηd)
θd 0 → 90 deg

Model Output Thrust FT – mN

Model Output Plasma Coupled Power Pp – kW

Table 1: A summary of all the experimental, learned model, and output model parameters associated with
model calibration process.
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VI. Results

In this section, we present an analysis indicating how accurately the calibrated model predicts thrust
and plasma coupled power. We then show a comparison between the model predicted and experimentally
determined efficiency metrics. The section concludes by exhibiting the model predicted power fractions, Eqn.
36, which give insight into the dominant loss mechanisms of the thruster.

A. Model to Experimental Results Comparison

Figures 4a and 4b show, respectively, a comparison between the experimentally measured and model pre-
dicted thrust and plasma coupled power. We can see that the calibrated model is able to recreate the
experimental thrust measurements within the uncertainty bounds. The calibrated model similarly matches
the increase in plasma coupled power with applied field strength. For both the thrust and power results,
we note there are trends in the experimentally-measured median values that are not captured by the model
median values. However, the predictions in all cases remain within experimental uncertainty, and thus these
deviations may not be statistically significantly. We proceed then in the following under the assumption
that the model is sufficiently calibrated to extract insights into the efficiency modes driving the thruster
operation.

(a) (b)

Figure 4: A comparison of (a) thrust and (b) plasma coupled power values between the experimental data and the
calibrated model results over a range of applied magnetic field strengths.

B. Model Validation Through Efficiency Modes Comparison

Fig 5a shows the mass utilization, divergence, and plasma efficiency, while Fig 5b shows post coupling
efficiency all plotted against the experimental applied field magnitudes. The coupling efficiency is not
calculated as the model simulates thruster dynamics and does not account for PPU losses.

Overall, our results indicate that the predominant loss process is the plasma efficiency, consistent with
previous experimental work (See Ref [17]). The model predicts an average plasma efficiency of 16.5± 2.3%
comparable to an experimentally measured plasma efficiency, at a lower power condition, of 9.6 ± 2.3%.
Plasma efficiency increases with applied field strengths, as the axial Lorentz force driving plasma acceleration
strengths. Under the assumption of singly charged ions, the model calculates that mass utilization is on
average 88.8 ± 1.1%. This is a slight decrease from 98 ± 8% measured experimentally, at a lower power
condition, but not a major driver to explain poor performance. In terms of the divergence efficiency, the
model predicts an average of 40.0± 6.1%, corresponding to a divergence angle of 50.8± 3.6◦ consistent with
experimental probe measurements conducted at lower powers.17 Fig 5b corroborates the accuracy of our
calibrated model, showing a comparison between experimental measurements of the post coupling efficiency
and model predictions, as the model predictions for post coupling efficiencies fall within the experimental
uncertainty bounds.
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(a) Mass Utilization, Divergence, and Plasma Efficiency (b) Post Coupling Efficiency

Figure 5: Model predictions of the (a) mass utilization, divergence, and plasma efficiencies for the experimental
data set used for model calibration. (b) Model predicted values vs. experimental measurements of the post coupling
efficiency.

C. Power Fractions Breakdown

Armed with the insight from the previous section, that the plasma efficiency is the dominant loss mechanism
in the system, we turn here to investigating the processes that drive this low efficiency. To this end, we show
in Fig 6 for the applied field conditions used to calibrated the model, the breakdown in plasma power as
distributed amongst useful power (momentum power) and the power loss processes.

Figure 6: Constituent contributions to the plasma power as inferred from the model for different applied
magnetic field strengths.
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The first result we note is that the residual thermal energy at the thruster exit. At higher applied field
strengths, the residual thermal energy power loss increases. This stems from Eqn. 15, which indicates that
at higher applied field strengths electrons experience a larger drag force, become less entrained to the RMF,
causing increased heating of the plasma. The residual thermal energy at the thruster exit has the largest
contribution to the plasma power, accounting for 42 − 54% over the applied field conditions, due to high
predictions for the electron temperatures. Fig 7 shows that the model predicts a sharp increase in electron
temperature throughout the domain resulting in ∼ 95eV electrons at the exit plane for the strongest applied
field case. We believe these high electron temperatures are non-physical as secondary inelastic loss processes
such as secondary ionization and the activation of higher excitation states will commence which will constrain
the electron temperature. This would serve to increase the constituent contributions of other loss processes
to the plasma coupled power but reduce the residual thermal energy lost at the thruster exit. We discuss
the reasoning behind the overestimate in predicted electron temperatures in Discussion Section D.

Figure 7: An axial profile of the electron temperatures at increasing applied field strengths.

After the residual thermal losses, the next dominant loss is power to the walls, amounting for at most
20.8% of the plasma power. Physically, this result stems from the fact that as charged particles stream to the
walls, through the sheath boundary, they remove energy from the plasma. The power to the walls is reduced
with increasing applied magnetic field due to the enhanced effective magnetic confinement of electrons.

The radiation and ionization losses are comparable to the wall losses in the system, though we remark
that in a departure from previous pulsed work performed on a similarly configured thruster,15 these radiative
losses are not the dominant mechanism. This is further validation that the CW method serves to mitigate
this loss process. With increasing applied field strengths, due to greater Lorentz forces, ions are accelerated
to higher speed. This lowers the average plasma density in the system, commensurately lowering radiation
and ionization losses but also decreasing mass utilization efficiency.

We also observe that the backwall losses are negligible. This stems from the fact that at the backwall,
the electron temperatures and associated Bohm speeds dictating this power loss are low. The primary
RMF heating mechanism contributing to this, the high frequency Ohmic heating term (Pheat), is relatively
small near the backwall since this term is dependent on the thruster radius to the fourth power (Eqn. 15).
With increasing applied field strengths we also notice that backwall losses increase slightly as higher average
electron temperatures are associated with higher applied field cases.

As a final note, we show here that the useful momentum power increases with increasing applied field.
This likely can be explained by the fact that the axial Lorentz force driving plasma acceleration is enhanced
with increased applied field.
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In summary, from the above analysis, we find that the residual thermal energy at thruster exit is the
primary contribution to power loss. However, overestimates in electron temperatures would cause the pro-
portional contributions of the lesser power loss processes to grow. Overall, the momentum power remained
at less than 20% across all applied field conditions, which correlates to the low plasma efficiencies predicted
by the model.

VII. Discussion

In this section we start by analyzing a posterior free parameter sample to gain insights into the RMF
operation. We then use the calibrated model to perform three design studies and model-driven global design
optimization that all serve to inform the design of a future RMF test article. We conclude this section by
mentioning the known model limitations and their effect on performance predictions.

A. Physical Interpretation of the Maximum Likelihood Estimation Free Parameter Set

We take one sample from the posterior distribution, listed in Table 2, in order to illustrate the effects of
the model free parameters values on the RMF thruster operation. We will refer to this posterior sample as
the maximum likelihood estimation (MLE) point, as it represents the set of free parameters with which the
model most accurately recreates the experimental data. The full plots of the 1-D and 2-D marginals of the
free parameters are presented in Appendix A.

As the magnetic field wall confinement factor (βm) is dependent on the tangential component of the
applied field at the wall, the flux of ions to the walls is also dependent on the total applied field strength.
Between the experimental cases where Br,0 was 23.01 G, 28.78 G, 34.50 G, and 40.30 G, the posterior sample
represents an ion flux reduction to the walls of 67%, 79%, 85%, and 89% respectively. These relatively high
reductions in the ion fluxes help to minimize the power lost to the wall.

The posterior sample of the self-induced field coefficient (σ) indicates that the magnitude of applied
field is decreased by 2.67× due to the imposing contributions of the self-induced magnetic field. This
effective decrease in the applied magnetic field strength increases the azimuthal electron velocity as electrons
experience less drag forces and instead rotate more synchronously with the the applied RMF frequency. This
also serves to decrease the high frequency Ohmic heating term.

The high frequency anomalous collision frequency (νa) sample suggests a frequency equal to 1.40× 1010

s−1. This is ∼ 10, 000× larger than classical collision frequencies accounting for heavy particle interactions
within the thruster. Anomalous frequencies in Hall thruster models, however, are typically only 10− 100×
larger.24 One explanation is the effect of wave-particle interactions which would decrease the electron re-
sistivity within the device and effectively serve to increase the anomalous collision frequency term.23,24 In
terms of this free parameter effecting the model predictions, Fig 4b demonstrated that the calibrated model
does not correctly capture the inflection of the plasma power curve seen experimentally. This is likely due
to the assumption of a constant high frequency anomalous collision frequency across all the experimental
data points. Adding fidelity to the formulation of this parameter, for example a dependence on electron
temperature, could better allow the model to capture the correct slope of the plasma power trends.

The posterior sample for the divergence angle (θd) is nearly identical to probe measurements, conducted
at a lower power condition, which specified a divergence angle of 45◦.17 The assumption of a constant plume
divergence angle coefficient, could explain why the calibrated model is unable to capture the experimental
optimum thrust value seen in Fig 4a. Increases in applied field strengths, could serve to enhance beam
collimation. This added level of model fidelity could help match experimental data further by allowing for
more fine tuning of the self-field coefficient which, we conjecture, dictates the location of the optimum thrust
value seen experimentally.
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Free Parameter Symbol Posterior Sample

Wall Confinement Factor βm 20.04 G2

Induced Magnetic Field Factor σ 2.67

Anomalous Azimuthal Collision Frequency νa 1.37× 1010 s−1

Plume Divergence Angle θd 48.79 deg

Table 2: A free parameter posterior sample of the calibrated one-dimensional RMF thruster model.

B. RMF Thruster Design Trade Study

Now with the calibrated model in hand, we are able to leverage this tool in order to perform trade studies
to motivate the next design iteration of the RMF thruster. To this end, three trade studies were performed
in which the injector mass flow rate was held constant at its experimental value and the MLE-values were
used as the model free parameter set.

1. Angular Geometry Trade Study

As our results from the preceding analysis have shown, in order to overcome the low plasma efficiency for this
system, the primary mode we need to target is plasma efficiency. To address this, we start by identify designs
that either reduce wall losses or facilitate higher Lorentz driven acceleration in the device. This motivates
our first parametric study in which we vary the half cone angle and the relative angle of the magnetic field.
The former will serve to reduce wall losses by allowing for a larger aperture of the system. As we assume
that the initial radius of the device is constant, increasing the half angle also has the effect of leading to a
larger average radius of the device. This in principle can enhance the Lorentz force as the electron current
(Eqn. 9) scales with the device size. Increasing the relative contribution of the radial component of the
magnetic field in principle also has the effect of enhancing the Lorentz acceleration (Eqn. 6).

To highlight these trades quantitatively, we show in Figures 8a, 8b, and 8c parametric plots for the
plasma, mass utilization, and post coupling efficiency of the system. To generate these results, we have
assumed the a constant total applied field strength of 135 G. The trends in the plasma efficiency largely
support the preceding interpretation for how plasma efficiency will improve with both radial component
and half angle of the thruster. The results suggest that both should be approximately maximized, enabling
plasma efficiencies as high as 30%. Physically, the thruster geometry that would emerged from this type of
variation would start to appear planar with a predominately radial magnetic field tangent to the surface.
This is a notable result as it broadly mirrors the configuration of planar inductive thrusters that have been
explored in previous work.26 We note here that these improvements in plasma efficiency generally translate
to increases in the overall efficiency of the system. This is captured in Fig 8c.
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(a) (b)

(c)

Figure 8: (a) Plasma, (b) mass utilization, and (c) post-coupling efficiency results of a trade study comparing the
contributions of the bias field components to the thruster half angle. The location of the experimental calibration
data is indicated by the red asterisk marker.

2. Length Scale Trade Study

Another potential method for improving thruster performance is to increase the length scale and radius.
Given that the Lorentz force is a volumetrically acting force, increasing the dimensions of the thruster, in
principle, will allow for an enhanced contribution of this effect. To evaluate this parametrically, Fig 9a and
9c show the plasma and post coupling efficiencies as we vary the length and radius of the thruster. In this
case, we have fixed the cone angle of the thruster to 46.4◦.

As in the preceding section, we find that both of these factors improve plasma efficiency of the system,
though with not the same combined effect as adjusting cone angle and radial component of the magnetic field.
Although the plasma efficiency increases for this result, in a departure from the previous section, the overall
thruster efficiency does not exactly mirror the plasma efficiency. This suggests other efficiency modes suffer.
To this point, we show in Fig 9b the variation in mass utilization. This result can be explained intuitively by
the fact that as the thruster radius and length increase, the effective plasma density and neutral density in
the system decrease, resulting in lower ionization rates in the acceleration region. As a result of this trade,
we anticipate that simply scaling the current device to larger size is not a viable design improvement without
also altering mass flow rates.
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(a) (b)

(c)

Figure 9: (a) Plasma, (b) mass utilization, and (c) post-coupling efficiency results of a trade study manipulating the
thruster initial radius and length. The location of the experimental calibration data is indicated by the red asterisk
marker.

3. Magnetic Field Strength Trade Study

We motivate the third trade study by considering the inter-dependence of azimuthal electron velocity (Eqn.
9) and applied magnetic field on the axial Lorentz force (Eqn. 6) dictating thrust generation. By increasing
the magnitude of the RMF, with respect to the applied field, the azimuthal electron velocity will increase
as electrons experience less drag forces and are able to become more closely entrained to the applied RMF
frequency. However, as the axial Lorentz force is also dependent on the radial component of the applied field,
it is important to maintain applied field strengths. To characterize this trend, we conducted the third trade
study by varying the magnitude of the RMF and the total applied field (at a constant ratio between the
radial and axial contributions) for the experimental cone angle, initial radius, and total length. To generate
these results, we have assumed the experimental condition, where the radial applied field contributed 30%
to the total applied field strength.

Fig 10a illustrates that as we continue to increase the field strengths, the model predicts an improvement
to the plasma efficiency. Above a bias field magnitude of 150G and RMF magnitude 125G the plasma
efficiency is predicted to be greater than 20%. The increase in the applied field magnitude both serves to
decrease wall losses while concurrently increasing the radial field strength component necessary to boost the
Lorentz force. Fig 10b, however, illustrates that at these high plasma efficiency cases, the mass utilization
efficiency suffers. Again, this is a result of increased acceleration of the plasma species, in turn decreasing
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the plasma density in the acceleration region of the thruster. Consequently, these lower densities lead to a
reduction in ionization events, substantially driving down the mass utilization efficiency. Discussion Section
D addresses this point further, and highlights that the model may be under-predicting mass utilization
efficiencies. We show in Fig 10c, the post-coupling efficiency, highlighting the trade between the plasma and
mass utilization efficiency. Here, we identify an optimal performance envelope in which a peak performance
envelope that is achieved with lower total bias field strengths, provided an RMF magnitude of 50G is
surpassed.

(a) (b)

(c)

Figure 10: (a) Plasma, (b) mass utilization, and (c) post-coupling efficiency results of a trade study comparing the
magnitude of the applied field to the RMF magnitude at a constant ratio between radial and axial contributions to
the applied field. The location of the experimental calibration data is indicated by the red asterisk marker.

4. Trade Study Conclusions

The first design study highlighted that to increase the plasma efficiency it is vital to increase the contribution
of the applied radial field strength over the axial field strength in order to generate stronger Lorentz force
interactions. This in turn will increase the momentum carrying power fraction over the other power loss
fractions. The second design study illuminated that increasing thruster radius and length serves to increase
the plasma efficiency but commensurately decrease the mass utilization efficiency. The third design study
ultimately motivated a thruster design in which the magnitude of the RMF is increased from its present
value. Moreover, it underscored the necessity of maintaining an optimal ratio between the strengths of the
RMF and the applied field to maximize the post-coupling efficiency.
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C. Model-Driven Optimization of Design

As a last exercise, in order to evaluate the maximum possible predicted performance of the RMF thruster
using this model, we seeded an unconstrained optimizer (fminsearch in MATLAB) with the experimental
thurster geometry and operating conditions. We let the optimizer alter radial bias field strength, axial bias
field strength, RMF strength, thruster length, thruster initial radius, and cone half-angle. The injected mass
flow rate and RMF frequency were held at their experimental values.

Table 3 summarizes the initial design and the final optimized design, while Fig 11 illustrates these design
changes. In addition, Table 4 summarizes the associated performance metrics and highlights the high-
powered nature of an optimized RMF device, with a predicted plasma coupled power of 100kW, and an
expected thrust of 1N. The results of the optimizer indicate that in order to improve post coupling efficiency,
key changes must be made to improve the plasma efficiency values. Particularly, the optimizer substantially
increased the magnitude of the applied radial field (seen to benefit performance in Discussion Sec. 1). This
serves to increase the Lorentz force acceleration, thus leading to higher plasma velocities at the thruster
exit. Commensurately, the magnitude of the applied axial field is reduced, serving to keep the overall bias
field strength low as to operate in the maximum post-coupling efficiency envelope shown in Fig 10c. The
magnitude of the RMF is also increased, offering better entertainment of the azimuthal electron motion to
the RMF frequency, and improving the momentum carrying power, motivated via the magnetic field trade
study in Discussion Sec. 3. Finally, the optimizer indicated that the idealized test article should be longer,
with an smaller initial radius, at a similar cone angle to the v3 test article (consistent with results in Fig
9c). A longer thruster lengthens the acceleration region to increase the momentum carrying power. A
smaller initial radius maintains high plasma densities in the ionization region of the thruster, resulting in an
improved mass utilization efficiency.

As a major caveat to this study, we note that despite these improvements, the overall anticipated efficiency
for the device remains comparatively low to other state of the art devices (20%). This can likely be attributed
again to the the plasma efficiency. We see from the plasma power breakdown in Fig 12, that the residual
thermal energy at thruster exit is the culprit for this loss process. With that said, we do not necessarily
believe this is a fundamental limitation of the thruster as there are some assumptions in our model about
energy transport that may be leading to overpredictions for this loss term. We elaborate on these in the
following section.

Design Br0 Bz0 Bω Length Radius Cone Angle

v3 Test Article 40 G 130 G 20 G 0.1 m 0.07 m 47 deg

Optimized 106 G 32 G 290 G 0.6 m 0.03 m 38 deg

Table 3: Starting and final locations of the optimizer.

Design ηm ηd ηp ηpost
Thrust
(mN)

Plasma
Power (kW)

v3 Test Article 85 % 43 % 16 % 6 % 140 6.7

Optimized 98 % 43 % 48 % 21 % 990 98

Table 4: Performance metrics associated with the starting and final locations of the optimizer.
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Figure 11: The geometric configuration and relative applied field contributions of (a) the v3 test article and
(b) an optimized RMF thruster.

Figure 12: Plasma coupled power fractions for the optimized test article.

D. Model Limitations

As the RMF thruster is inherently a high-frequency three-dimensional device, by modeling the steady-state
dynamics via a quasi one-dimensional approximation there are a number of associated model limitations.
First, the divergence angle is not self-consistently calculated by the model. Instead, it is a learned constant
model free parameter across all applied field magnitudes, such that the predicted divergence efficiency is
constant. However, we expect the divergence efficiency to increase in the proposed optimized geometry as
the decrease in cone half angle should result in a more collimated beam.

Additionally, we note the limitations of utilizing the inferred model parameters for prediction purposes.
As the inferred model parameters are informed by the v3 test article, they may inherently linked to its design.
With that said, as the geometries evaluated in the design trade study and optimization efforts were similar

23
The 38th International Electric Propulsion Conference, P. Baudis Convention Center, Toulouse, France, June 23-28, 2024

Copyright 2024 by the Electric Rocket Propulsion Society. All rights reserved.



to the v3 test article, and we expect these model parameters to hold to the proposed optimized geometry.
The last notable model limitation, a result of neglecting heat flux, drives the excessive residual thermal

power losses. In reality, the applied axial magnetic fields will physically allow for heat conduction, thermal-
izing the electrons smoothly in the axial direction. In fact, in previous pulsed mode RMF test campaigns,
triple Langmuir probe measurements indicated a peak electron temperature of ∼ 10 eV.27 However, more
experimental data is needed for continuous wave operation to fully express this discrepancy. The addition
of an non-zero electron heat flux will increase back plate heating as local electron temperatures will rise
at the upstream boundary. However, the low mass utilization efficiencies, exhibited primarily in the third
magnetic field trade study, would increase. This would result from the increase of electron temperatures at
the upstream condition. In this location, where the plasma densities are the largest, an increase in electron
temperature would serve to facilitate stronger ionization rates, increasing the plasma density and the overall
mass utilization of the device.

VIII. Conclusion

The goal of this study was to create a one-dimensional model, including an equation for neutral continuity,
ion momentum, and electron temperature, to encapsulate the physics inherent to continuous wave RMF
thruster operation. Due to the low fidelity of the model, a number of coefficients were unknown which dictated
the performance metrics predicted by the computational simulation. Using Bayesian inference, we tuned the
free parameters by comparing the predicted performance results with the experimental measurements of both
thrust and plasma coupled power. The calibrated model was able to recreate this experimental data within
uncertainty bounds. We were then able to gain insight into efficiency metrics through the validated model.
By further investigating the breakdown of the constituent components to the total plasma coupled power,
we found that the residual thermal energy at the exit plane constituted the dominant power loss process.
Results were discussed in light of model limitations primary the neglect of electron heat flux resulted in
an overestimation of the electron temperatures expected within the device. Finally, to optimize thruster
performance, we ran three trade studies and an global performance optimizer, to motivate the design of
future RMF test articles. These trade studies demonstrated that the thruster must operate at both higher
radial bias field and RMF strengths to increase the post coupling efficiency to an estimated maximum of
∼ 20%. However this result is likely constrained due to the assumption of a constant plume divergence
angle, injected mass flow rate and RMF frequency. Overall, by creating and validating a computational
framework of the RMF thruster we were able to show that there are design pathways available to improve
its performance, and the technology remains a viable candidate in ongoing high power electric propulsion
research.

Appendix

A. Posterior Distribution

Fig 13 shows the posterior distribution of the free parameters, specifically their 1-D and 2-D marginals. The
1-D marginals, plotted along the diagonal, indicate that the free parameters all have Gaussian distributions.
However, βm, σ, and νa lack tails on the left-side of their distributions due to the physical bounds set. The
2-D marginal plots, show the reliance of the free-parameters on each other. We note that the σ and νa
free parameters are highly correlated as their sub-plot forms a linear shape. This result is expected as both
parameters affect the high frequency Ohmic heating term (Eqn. 15).
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Figure 13: The 1D and 2D marginals plots of accepted model free parameters.
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